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Abstract. In this paper we give an alternative proof, based on properties of the residue
at infinity, of Bezout’s theorem in C”.

1. The residue at infinity

Let [ = V(TO) denote a line at infinity in the projective complex space
P’ (with homogeneous coordinates T, :7; :T,). Further it will be called infinity.
If ael, then by @ € C* we denote the canonical image of the point @ in affine

part P’ —V(Y])z C’. For a polynomial 4 of two variables, h signifies a suitable
dehomogenization of the homogenization of the polynomial /. So, we have
}NZ(XI’XZ):deeghh(l/XUXz/Xl)‘

Let f,,f, and g be polynomials of two variables and let C,,C, be the closures
of the curves ¥( 1):{ZGC2 :fl(z):O},V( 2):{zeCz :fz(z):O} in the space
P°. Assume further that polynomials £, and £, are different from constants and
have not common factors of positive degrees. Put s =deg f; + deg f, —degg -3
and let /= (fl,fz) We define (see [1-3])

. Zﬁesggxf/(ﬁ,fz) ifs>0
celC1NCy )N,

R _R )= L
s, g/f =Res. /(. 12)=1 S Res, g/(7. X7 7,) ifs<0

and (0:0:1)eC, N1,

This number will be called the residue at infinity of the pair g, 1.

2. Application

Further we denote by J, :Jac( fis fz) (respectively, J 7 :Jac(}],fz )) the

jacobian of the mapping f :( fis fz) (respectively, 7 :(71,72)). The well-know
Euler identity for homogeneous forms easily implies the following formula
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- 5]7
. mh ox
X°J. +X,J. =det 2 )
1Yy 1v 7 B 8f
n, f5 8X2
2

where n =deg f|, n, =deg f, and 6=n+n,-2-degJ, 0.
Lemma. If the polynomials f, and f, have not common factor of positive degree,
then

Res., J,-/f = Z:multE 7 —mn,
» ce(

CinCy )N,

We adopt the first component of the right-hand side equal to zero when
CnC)ni, =@,

Proof. The transformation principle, formula (*) and the elementary properties of
the residues (see [3]) allow us to write

Res, J,/f=~ Z:Resa Xl"jf/(]‘l,ij) =

aeCiNly,
- 5]71
n
g . 7)-
_ Z Res; | det L -XJ; . X 1) =
aeCyNly, n2f2 a)(2
2

w3 ke o 2 ) Skes v, 70 -

aeCinly, a)(2 aeCyNly,

n, Z Res ajl/(fl,)(l)-l- ZResEJ?/(fl’]Nfz):

a
aeCinly, aXZ ce(C1NCy )iy,
1 1Mo

Zmunf f-n, Z:Res5 Jac(Xl,fl)/(Xl,fl) =

ce(C1NCy )Nl aeCinly,
ZmultE 7—n2 Zmulta(Xl,jN‘l): Zmultg 7—”2”1
ce(C1NCy )Nl aeCinly, ce(C1NCy )Nl

This ends the proof.
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Example. Let f(K.1,)=Y"-Y,, £,(¥.Y;)=F’-Y —1. Then J, =0 and
(€, nCy)N L, ={0:1:1),(0:1:-1)}. We have 7,(X,.X,)=1- X2, 7,(X,.X,)=
=1-X} - X;and .7f =0. Thus mult(o)l)(fl,fz)zz, mult(o,_l)(ﬁ,fz):2 and

0=Res,J,/f=2+2-2:2

From this lemma and theorem of residues (see [1, 3]) we immediately obtain:

Corollary (Bezout’s theorem). If the polynomials f, and f, have not common
factor of positive degree, then

Somult.(f. /)¢ Y mult, (7. 7, )= deg £, - deg f,

zel (7)) (12) ce(C1nCy )iy,
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