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Abstract. In the paper the application of the gradient methoupled with the boundary
element method for numerical solution of the ineeparametric problem is presented.
On the basis of the knowledge of temperature fielthe domain considered the tempera-
ture dependent thermal conductivity is identifi€tie non-steady state is considered and 1D
problem is discussed. In the final part of the pape results of computations are shown.

1. Direct problem

The following boundary initial problem is considdre

O<x<L: CM— 9 {)\(T)M}

ot dx X
x=0: a(x.t) =—A(T)% =q, )
x=L: q(x,t)z—)\(T)—aTa(:’t) =

wherec is the volumetric specific heak(T) is the thermal conductivityT, x, t
denote temperature, spatial co-ordinate and tigges the boundary heat flux
andT, is the initial temperature.

In order to solve the problem (1) by means of tbargary element method
the Kirchhoff transformation is introduced [1, 2]

u(T):]A(p)dp 2
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and then the governing equations (1) take a form

2
O<x<L: caU(X’t) :)\(T)—a U(;(’t)
ot X
_ _ U (xt) _
x=0 a(x.t) = o % 3)
oU (x.t)
=L t)=- =0
X a(xt) 9 X
t=0: U (xt)=U,
whereUg=U (Tp). We assume that
A(T)=b +b,T +b,T? (4)

whereb;, b,, b; are the coefficients.
If the direct problem is considered then all geainat and thermophysical pa-
rameters appearing in the mathematical model ave/kn

2. Sensitivity coefficients

In this chapter the sensitivity analysis of funaotld (x,t) (c.f. governing equa-
tions (3)) with respect to the coefficierts e=1,2,3 (c.f. equation (4)) is dis-
cussed. Here the direct approach is applied [3Addlitionally, it is assumed that
the volumetric specific heatis a constant value.

Differentiation of equations (3) with respectdge=1,2, 3 gives

0<x<L: ci[au(X’t)}:““)"z“(“) +A(T)a_2{M}

at| o, ab, 09X x| an,
<=0 aq(x,t):_i{au(x,t)}_aqb
ob,  ox| ab, | ah
0 t ouU (x,t ©
x=L: alx ):—i{ (% )} =0
ab, ax| ab,
‘=0: oU (xt) _auy,
ob,  on,

Because (c.f. equation (3))

02U (x,t) c 0U(xt)

¢ A(T) ot ©)
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SO
2
0<x<L: Caze(x,t): (T)a Ze(zx,t)+6)\(T) c oU(x;t)
ot 0 X ob, )\(T) ot
0Z,(x.t)
=0: -— =0
§ ox )
c=L: 0Z,(xt)
0 X
t=0 Z,(x.t)=0
where
oU (x.t)
Z.(xt)= =123 8
=5, e (8)
We calculate
OMT) 14, 0T o7 0T g4y AT OU gy pdTOU
ob ob, ob, du db, du db,
OMT) gy OT 47 0T 4y, AT OU Ly dTOU g
ob, ob, ob, du ab, du ob,
_(”\(T) :bzd_T +T2 +2b3T6_T =T?2 +b2d_T6_U +233-|-d_T6_U (11)
oh, db, ob, du ob, duU ob,
this means
a}‘(T):TH+ % Z,+2 B, TZ, =
ab, A(T) A(T)
4A(T) (12
L (b, +20,T)Z, +T°* -1 —— 17 4T
A(T) A(T) dT
Finally, the equations (7) can be written in thenfo
2 (13)
D<x<L: Caze(x,t) _ (T)a Ze(z,t) .\
ot 0 X
c | 1 d}\(T)Ze(x,t){T(x,t)]e—l oU (x,t)
AT A(T) dT ot
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x=0 W, (x,t)=0
x=L W, (x,t)=0
t=0: Z,(xt)=0
whereW, (x,t) = -0Z_(x,t)/dx

3. Boundary element method

The basic problem (3) and additional problems @®)nected with the sensi-
tivity functions have been solved by means of tingt scheme of the boundary
element method. This method is presented for thewWing equation

OF (x.t)
ot

=a(T)aZ—)((Z(’t) +%Q(x,t) (14)

wherea(T)=A(T)/c and for the basic problem (3J:(x,t)=U (x,t), Q(x,t) =0,
while for the additional problems (13j:(x,t) =Z.(x,t) and

Q(x1)= }\(CT) L\ (1T) dZ(TT) Z,(xt)+[T (X’tﬂﬂ

oU (x,t)

T (15)

The time gridt® <t'<..<t"™" <t' <...<t" <o with constant stepAt =t'—t'™*
is introduced. The boundary integral equation f@msition t'™ - t' has the
following form [1, 5, 6]

F(z,tf){af tj Fr(g.xt't)a(x.t) dtr

1
t x=0

tf—l

:{af tj J (z,x,tf ,t)F(x,t)dt] _ + (16)

x=0

TF*(E,x,t’,tf‘l)F(x,tH)dX+ a, tj TQ(XI)F* (Ext 1) o d

wherea is the mean value of thermal diffussivity for intat time [t'™t' |, & is

the observation point. In equation (1B) («E,x,tf ,t) is the fundamental solution
[1, 5, 6]



Identification of thermal conductivity by meanstbé gradient method and the BEM 151

Fext't)= . nafl(tf my exp{—4¥(_t§)_t)] (17)

J (E, X, t' ,t) is the heat flux resulting from the fundamentdlison

I (Extht)= x-§ ex{ ﬂ] (18)

a0 )7 | 4a (i)
and
3(xt)=-2 Fa(:’t) (19)

In numerical realization of the BEM the constarneénts with respect to time
are introduced

o] {j ((::)):j((;tt )) (20)

and then the equation (16) takes a form

f x=L

F(E,tf){af\](x,t’) TF (et t)a

tf-1

x=0

[afF(x,tf) tj J*(E,x,t’,t)dt} _ +f|=* (Ext"t™)F(xt™) & (21)

+ aij(x,tf‘l)HlF*(a,x,t‘ t) dt] dx
Flat)+g(&L)3(Lt')-9(8.03(0t")= (22)
h(gL)F(Lt')-h(E,0)F (0t )+ P(E)+ R(E)
where

g(&.x)=a; Fr(gxt't)dt (23)
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and
Mi@=m]f(ﬁmﬂﬂm (24)
while |
:fFf(z,xmefﬂ)F(xmfﬂ)dx (25)
and 0
=IQ(xt”l)g(E,X)dX (26)

It should be pointed out that the integrals (23%)(can be calculated in analytical
way [1, 6].
For & -~ 0" and& - L™ one obtains the following system of equations

F(ot")+g(oL)I(Lt')-g(0.93(0t)=

h(o".L)F (L.t ) h(o,QF (ot )+P (9+R( 0 )
F(Lt')+g(LL)I(Lt’)-o(L ( )

h(LoL)F (Lt ) h(L~0)F (o1 ) R(L)

which can be written in the matrix form

|:Gll G12j| J (0’tf ) _|:H 11 H 12:| F (0’tf ) + P(O) + R(O) (28)
Gy Gy J(L,tf) Hy Ho F(L,tf) P(L)+R(L)
This system of equations allows to find the “migSiboundary vales of or J.

The values of functioiir at the internal point§ are calculated using the formula
(c.f. equation (22))

F(&t")=h(EL)F(Lt')-h(E,QF (ot')-
@Lp( )+qzq( ﬁP@ﬁR@)

(29)

4. Gradient method of inver se problem solution

It is assumed that the coefficierdg b,, bs; in equation (4) are unknown. To
solve the inverse problem formulated, the additiomfarmation is necessary. Let



Identification of thermal conductivity by meanstbé gradient method and the BEM 153

=T,(%.t"), i=12..M, f=12.F (30)

are the known (measured) temperatures at the poifutstimest ".
The following least squares criterion has beenrtak® account [4]

., o

=1 f=1

whereU," =U ()g ,tf) is the calculated value of functidhat the point; for time
t', U/, if is the value of functioJ corresponding to the measured value of tem-

peratureT, at the poink for timet".

The necessary condition of optimum of functi®leads to the following system
of equations

98 2% S (ur -ug) 2o

oh T3 oh

=0, | =12,% (32)
b =b¥

where b for k=0 are the arbitrary assumed values of paramétemshile for
k> 0 they result from the previous iteration.
FunctionU," =U ()g ,t’) is expanded into the Taylor series

0l =) g en) @)
this means
U =) Z( ) (b2 —et) (34)
where
f k_anf
(Zie) a)\e - (35)

are the sensitivity coefficients.
Putting (34) into (32) one hak«1,2,3)

SR 3 e m)-vi @y o e

e=1
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or
F

Sy (E) (@) [ -w) =S u ) Jz) e

f=1e=1 i=1 f=

M=
i

wherel =1,2,3, whilek=0,1,...,K is the number of iteration.
The system of equations (37) can be written imtlagrix form

(27) 20" =(27)" Z*p* +(27)"(u, -U¥) (38)

5. Results of computations

The plate of thicknes& =0.05m has been considered. On the left surface
x=0 the Neumann conditiog,=9.210° W/nm? is assumed, on the right surface
x =L the zero heat flug(L,t) =0 has been accepted. Initial condititgr 100°C
has been also given (equations (1)). Additionally, was assumed that
c=400° J/(n?K) andb, =52,b,=-0.02,b; = - 0.00001 (equation (4)).
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Fig. 1. Heating curves

The basic problem has been solved by means ofahedary element method.
The domain has been divided into 100 internal calid At=1s. In Figure 1
the heating curves at the points-k; =0, 2- x,=0.01lm and 3- x3=0.02m are
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shown. Figures 2, 3, 4 illustrate the courses oSisity functions at the same
points.
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Fig. 2. Sensitivity functioriz,
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Next, the inverse problem has been consideredp@hmmeterdl, b2, b3 have
been identified under the assumption tbat51, b =-0,017, b’ =-0,000018
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In the first variant of computations only one hegtcurve marked by 1 in Figure 1
is taken into account (curves marked by 1 in Figuwe6, 7), while in the second
variant of computations three heating curves (Fglly are taken into account
(curves marked by 3 in Figures 5, 6, 7).
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Fig. 7. Identification obg

It is visible, that the iteration process is comestt, but even for the initial
values of parameter&’, b? and b close to the exact solution the number

of iterations is very big. The effectiveness of #igorithm proposed considerably
improves when three heating curves have been iakemaccount.
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Summing up, the algorithm proposed constitutes dffective tool of such
inverse problem solution but the number of poirds Which the temperature
course is known has an essential effect on the auoflterations.
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