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Abstract. This paper presents a new approach to comparingtiomistic fuzzy values.
Score and accuracy functions are used to build‘ibé profit” and “risk” local criteria,
which are aggregated in a generalized criteriomtplto account the weights of the con-
sidered local criteria depending on the risk awersf a decision maker. As opposed to
known methods, the new approach makes it pos@ldstimate the strength of the relations
between real-valued intuitionistic fuzzy values.indgs some numerical examples, it is
shown that the proposed approach provides intljtislear results.

I ntroduction

The intuitionistic fuzzy set proposed by Atanasgb} abbreviated here as
A-1FS (the reasons for this are presented in [2]), iB ohthe possible generali-
zations of fuzzy sets theory and appears to beaeteand useful in some applica-
tions. The concept of th&—IFS is based on the simultaneous consideration of
membershipuz and non-membershig of an element of a set to the set itself [1].
By definition 0< p+v <1, notation< 4,V > is usually used for the presentation of
intuitionistic fuzzy values.

An important characteristic of thA—IFS is the so-called hesitation degree (or
degree of uncertainty) which is defined as follows=1-u-v. Therefore
n+u+y =1

It is clear that if 77=0 then the A-IFS is reduced to ordinary fuzzy set
<ul-u>,

A similar approach, the so-called vague sets, megdy Gau and Buehrer in
[3] is proved to be equivalent to the—IFS in a formal mathematical sense (see
[4]). Since vague sets were proposed later thanAkdFS, in the current paper,
we shall always write abouA— IFS.

There are many papers devoted to the theoreticdllgms of theA—-IFS in
scientific literature (see [5] for an overview).

The most important applications of the—IFS are the decision making prob-
lem [6-12] and group decision making problem [13;26hen the values of the
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local criteria (attributes) of alternatives andtoeir weights are intuitionistic fuzzy
values (FV). It seems quite natural that if the local criterszd in the formulation
of a decision making problem ail&Vs, then the resulting alternative evaluation
should be arlFV as well. Therefore, there are many methods foreagging local
criteria in theA—IFS setting proposed in the literature (see, e.gs242}), which
provide final scores in the form dFVs The most recent and comprehensive re-
view of such methods is presented in [24].

If the final scores of alternatives are presentedmVs, the problem of compa-
ring of such values arises. Bustince and Burill®][2nalyzed the general
properties of intuitionistic fuzzy relations andogled that the definition of these
properties does not always coincide with the dediniof the properties of fuzzy
relations. Therefore, specific methods were dewdojp compardFVs For this
purpose, Chen and Tan [6] proposed to use the Iemcacore function
S(x) = u(x) —v(x), where X is an IFV. Let @ and b be IFVs It is intuitively

assumed that ifS(a) > S(b), then a should be greater (better) thdn but if

S(a) = S(b) this does not always mean ttaatis equal tob. Therefore, Hong and
Choi [7] in addition to the above score functiotraduced the so-called accuracy
function, H (X) = u(X) +v(X), and showed that the relation between functiGns

and H is similar to the relation between mean and vasain statistics. Xu [26]
used functionsS and H to construct order relations between any paintfiiion-
istic fuzzy values as follows:

If (S(a) > S(b)), then b is smaller than a;

If (S(a) = S(b)), then

() If (H(a) =H (b)), then a =b; (2)
(2) If (H (@) <H (b)),then a is smaller than b.

Based on these relations, Xu [26] introduced thecepts of an intuitionistic
preference relation, consistent intuitionistic prehce relation, incomplete intui-
tionistic preference relation and acceptable iignistic preference relation. The
method forlFVs comparison based on functio®&s and H seems to be intuitive-
ly obvious and this is its undeniable merit. On tther hand, as two different
functions S and H are needed to compaté&Vs, this method generally does not
provide an appropriate technique for the estimasioan extent to which atFV is
greater/lesser than another one, whereas suchmafon is usually important for
a decision maker. This problem was discussed inl[lf, where the heuristic
methods for aggregating functioi®s and H were developed.

Therefore, in this paper, we propose a new twaGatapproach based on the
real-valued score and accuracy functions whichrég fof the above-mentioned
limitations of known methods foiFVs comparison.
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For these reasons, the rest of the paper is setsdigilows. In the first Section,
we analyze the limitations of known approacheslE¥s comparison based on
method (1) and propose a new two-criteria methodéonparinglFVs, which is
free of these limitations. lllustrative numericalaenples are presented as well.
Finally, the concluding section summarizes the pape

1. Two-criteria method for comparing intuitionistic fuzzy values

Let us start by analyzing the limitations of theokum methods folFVs com-
parison based on reasoning (1).

Let A=(u,,V,), B=(ig,Vg) be IFVs. Then the score and accuracy func-
tions for A and B are calculated as followsS, =ty —Va, Ha = Up V4,
S5 =Hg Vg, Hg = g +Vg.

A score function is usually treated as a “net mastip”. Therefore if A is
a local criterion in a decision making problem,rtif8, may be treated as the “net
profit” provided by A.

Accuracy function H, = x4, +v, may be presented in its equivalent form
H, =1-7,, where 7, is the hesitation degree or degree of uncertalfeynce 71,
may be treated as the degree of risk associatéd tmiet profit” S, . Therefore the
following thinking may be justified: the smallél , is, the greater hesitation,

is and, as a consequence, the smalles. There are three important limitations of

method (1):

1) This method generally does not provide a teakmigr the estimation of a de-
gree to which anlFV is greater/lesser than another one, whereas sfoi i
mation is usually important for a decision maker.

2) The lack of continuity in the comparison Vs by this method.

Let us consider the following critical example. Ramo IFVs, A=<O.5,0.;%
and B=(0.4,0.2, we obtain:S, =0.2, §;=0.2, H, =0.8, Hy =0.6. Since S,=
=§ andH, > Hg, using (1) we getA> B.

Let us introduce a slight modification & in this example:B =<O.4,0.199>9
Then we obtain:S, =0.2, §; =0.2001 Since S, < §;, taking into account (1),
we are forced to conclude th#t< B', although the differenc&; —S,= 0.0001

which can serve as an argument in favorfof B' is negligible in comparison to
the differenceH, — Hg = 0.2001, which is the evidence fér> B'. Obviously, in
the last case, it should be acknowledged #hatB' if the accuracy function is not

completely negligible in local criterion for thermparison ofIFVs. In our opin-
ion, the shown problems with method (1) are caulmgethe fact that when compar-
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ing IFVs, we deal with two local criteria: the “net profitepresented by score
function S and the “risk” criterion represented by accuraayction H. From this
point of view, we can see that in method (1), thisk” criterion is implicitly as-
sumed to be of negligible importance, whereas thight of this criterion depends
on the risk aversion of the decision maker.
3) In method (1), the implicitly introduced locaiét profit
not taken into account simultaneously.
Therefore, to avoid the above mentioned limitati@hsknown methods, we
propose to formulate the problem tFVs comparison directly as a two-criteria
task. In the new method, possibilitiéq A>B) and P(A<B) are calculated to

indicate when thdFV is greater and to obtain the strength of inegualit
For two IFVs A and B, we denoteAS=S,-S; andAH =H, -Hg and in-
troduce two functions/,(AS) and 4, (AH), representing the local “net profit”

and “risk” criteria respectively.
These functions

and “risk” criteria are

AS+2 AH +2
s Moy (AH) =

s (4S) = 2)

defined in intervals-2<AS<2 and-2<AH <2 are shown in Figure 1.
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Fig. 1. Local criteria

Functions ,s(AS) and iy, (AH) can be naturally treated as the local criteria

and should be aggregated (taking into account thieights) to obtain the final
evaluation of the possibility that dffV is greater/lesser than another one.

There are many approaches to the aggregation af twiteria proposed in the
literature. Generally, the choice of an appropriatthod for aggregation is a con-
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text dependent problem. Since in our case we asshatea small value of local
criterion based olAS=S, —-S; may be partially compensated by a large value of
criterion based onAH =H, —Hg, the weighted sum seems to be the most suita-

ble aggregating mode.
Then possibilitiesP(A> B) and P(A < B ) can be presented as aggregations of

the introduced local criteria:
P(A>B) = aips(Sy —S3) + (1- )ty (HA —Hp)
P(B>A) = aups (S —Sy) +(1—a )y, (Hg —Hy) (3)

where 0< a <1 is the weight, which depends on the risk aversibthe decision
maker.

Functions (2) and possibilities (3) are constructedsuch a way that if
P(A>B)>P(B> A),thenA>B and

ST(A>B)=P(A>B)-P(B>A) 4)

is the strength of this inequality.
It is easy to see that in the case of equay=S;, H,=Hg) from (3), we get
P(A>B)=P(B < A)= 0.5. We shall expose the features of the propasettiod

using the examples presented below. To make thanaat results comparable (at
least on the qualitative level) to those obtaineshg method (1), in all examples
we shall user =0.98, i.e., we suppose that the “net profit” efda is much more
important that the “risk” criterion. It is easy s®e that method (1) is implicitly
based on this assumption.

Example 1. Consider the above critical example. Lé=(0.5,0.3 and
B=(0.4,0.2 Then from (3) and (4) we geg®(A>B =)0.501, P(B> A )= 0.499
and ST(A>B)= 0.002. Therefore A> B with a strength equal to 0.002. After
a slight modification ofB in this example:B' =<O.4,0.199>9 we getP(A>B')=

= 0.506775,P(B > A)= 0.499024 andST(A>B')= 0.00775. Therefore, in this

case we haveA > B' with a small strength equal to 0.00775. As noteadva, this
is a more justified result than the one obtaingdgugl), i.e.,A<B'.

Example 2. Consider A=(0.4,0.1 and B=(0.3,0.6. Then from (1) we get
A> B. Using our approach we obtaiR(A>B =)0.645, P(B> A F 0.355 and
ST(A>B) = 0.29. ThereforeA > B with a strength equal to 0.29.

In this example, the great strength is caused &ythat difference betwees),
and S;.

Using the following two examples, we show that fireposed approach to
IFVs comparison is transitive on the quantitative level
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Example 3. For A=(0.5,0.3 and B=(0.4,0.2 from (1), we getA>B and
using our approach, we obtain the same result &TthA> B) = 0.02.

For A=(0.5,0.3 and B'=(0.4,0.15 from (1), we getB'> A and using our
approach, we obtaif?(A> B') = 0.489,P(B' > A)=0.511 andST(B' > A) = 0.022.

For A=(0.5,0.3 and B" =(0.4,0.} from (1), we getB" > A and using our
approach, we obtailP(A>B")= 0.477, P(B' > A)= 0.523 andST(B' > A)=
= 0.046.

For B'=(0.4,0.15 and B' =(0.4,0.1 from (1), we getB" > B' and using our
approach, we obtaifP(B'>B")= 0.488, P(B" >B')= 0.512 andST(B' > B) =
=0.024.

If our approach tdFVs comparison is transitive, then the strengthBof> B
should be close to the difference 8F(B' > A)-ST(B' > A) = 0.24. Since we have
obtained ST(B" > B') = 0.024, we can say that the proposed methodranaitive
one.

Example 4. Consider A=(0.6,0.4 B=(0.4,0.1 and C=(0.3,0.2. Then
from (1) we getB > A>C and using our approach we obtain

P(B > A)= 0.522,P(A> B) = 0.478 andST (B > A) = 0.044,
P(A>C)=0.527,P(C > A) = 0.473 andST (A > C) = 0.054,
P(B >C) = 0.549,P(C > B) = 0.451 andST (B > C) = 0.098.

Since ST(B>A)= 0.044 andST(A>C ¥ 0.054 we can expect that the
strength of B>C should be close t&T(B> A HST(A>C)= 0.098. As in the
considered case we have obtain8b(B>C = 0.098, we can conclude that our

approach to théFVs comparison is practically transitive on the quiatitie level.
Summarizing we can say that the proposed appraadiF¥s comparison is

free of limitations of known method (1) and prowd&ansitive quantitative as-

sessments of a degree to whichl&V is greater/lesser than another one.

Conclusion

The two-criteria approach to comparing real-valurditionistic fuzzy values is
developed. The first local criterion termed “nebfiif is based on the real-valued
score function in the case of real-valued intuistin fuzzy values. The second
local criterion called “risk” is based on the realued accuracy function. These
local criteria are aggregated into a generalizezltaking into account the weights
of the considered local criteria dependent on igleaversion of the decision mak-
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er. As opposed to the known methods, the develapptbach makes it possible to
estimate the strength of the relations betweenctimapared intuitionistic fuzzy
values. The proposed approach Vs comparison is free of limitations of the
known method and provides transitive quantitatigseasments of a degree to
which anIFV is greater/lesser than another one.

With the use of some illustrative examples, ith®wn that the proposed ap-
proach provides intuitively clear results.
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