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Introduction

Exponential polynomials and generalized Hermite-Bell polynomials were
defined by the well-known American mathematician (and intellectualist) E.T. Bell
in paper [1].

From the moment of the appearance of these polynomials, their properties
inspired many mathematicians to perform investigations. And as the analysis of
literature shows, the research is still developing. Moreover, the range of applica-
tions of these polynomials is still getting wider - including combinatorics, statistics,
theory of orthogonal polynomials, as well as quantum mechanics and probability
and random polynomials [2].

The observation of literature also gave us the inspiration for making an attempt
of collecting and comparing the properties of considered polynomials. We noticed
many similarities between these polynomials, arising mostly from the nature of
their generating functions. Differences, usually “slight”, between the polynomials
exist as well, certainly (for example the problem of binomial type of these polyno-
mials). Moreover, some new relations are received and many original proofs are
demonstrated in the paper.

1. Exponential polynomials

Exponential polynomials B,(x), n €N, also called the single variable Bell
polynomials, are defined by the formula
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B,(x) = Z xIml,

T

where 7 ranges over all partitions of n-element set and || denotes the number of
blocks in the partition 7 (see [3]). It is obvious that

By = ) {i} #*
k=1

where {Z} denotes the Stirling numbers of the second kind (the Karamata-Knuth

notation [4, 5] is used here). The above polynomials satisfy the following recurrent
relation

d
Bn+1(x) =X (Bn(x) + aBn(x)>- (1)

We shall now prove the following theorems on the generating functions for these
polynomials. Although relation (4) presented below is known, still the way in
which it was generated here seems to be completely new (see [1, 4, 6]).

Theorem 1. The following relations hold (x,a € C):

ar— 1 x
P 1( x+a e* ) Z k—1 ekx+ae , (2)
. N\ x"
ae-® extae’ — z Bni1(a) e 3)
x S x"
ea(e*-1) — Z Bu(@) = )
n=0 )

Proof (2): Since {Z} = 1, equality (2) for n = 1 holds. Suppose that (2) holds for
some positive integer n. Because
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it can easily be verified that
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d" x+ae* o m k-1 d k x+ae*
g () = ), (it (e =
k=1

{Tl} ak1 (k + aex) ekx+ae —

NEE

k
k=1 n
oS e el e
k=2
n+1
m n (n+1)x+ae"_z n+ 1] k-1 _kx+tae*
+{n}a e = { k }a e .
k=1

The application of principal of mathematical induction finishes the proof of
equality (2).

Proof (3) and (4): From (2) we obtain

n

ae ® (e*+e ex)::ol) = Z {Z} a® = B,(a),

k=1

which implies formula (3).
We note that (3) is equivalent to (4), since we have

X
z X
ajez+ae dz = e®¢" — 2
0
ie.

X
— z X_
ae aje”“e dz = e®(€™~D _q,
0

Remark 2. The general formula of type (2) can be found in [7]:

n

x) — Z {Z}ekx F(k)(ex).

k=1

n

dxm

Ifwe substitute F(t) = t e** (t = e*) formula (2) can be deduced.
Remark 3. We note that the function

P(): = e D)
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is the characteristic function of Poisson distribution [8]. By (4), the following
Jormulae could be obtained (see also formulae (19) and (20)):

2n

= ((p(t) + p(—t)) = e®ost=1 cos(a sint) = z (—1)"Byp(a) ——— ) (%)

and

2n+1

— ( t—1)
= (@) — p(~1)) = €% sin(asine) = Z (“1"Bans(@ Gy ©
which are similar to known Eulers formulae
1 . . 1
cost = (et +e™ ) and sint= Tl (eit — e,

Corollary 4. The following formula of convolution type for By, (x) holds:

n

Bu(a+b)= > () Be(@ Bui() %

k=0

thus, the Bell polynomials are of the binomial type and the whole machinery of the
umbral calculus can be applied to B,,(x), n € N [9-11];

n

i (Z Bi1 (@) By (= a))x ®

n=0 k=0

which implies

=2 () Ben@ Bus(-a),

=y O n@=1ey (S S ) o

Hence, we get

I M 8
Q
=
N
N/
S
I
—_

Our next result also follows from Theorem 1. It is treated as a new kind of
reduction formulae for the indices of the Bell polynomials.



97

On similarities between exponential polynomials and Hermite polynomials

Theorem 5. The following recursion formulae hold
n
n
Bun@ =a Y (}) Bu(@, (10)
k=0

(D

n

Be@=a ) ("5 +e () @,

i@ = (1) 0 (@I (4)) e () B -

k
n+1)(n+3_kz_jf)+az (1) Be@

.4 :;: < n.+-2 ( *

k=0

(12)

and
n+3)(n+1)+

n+4(a)=azn:(("*3)+a<(zii)(k)+(n+z k -

k
n+3\(m+2 2 [(n+1 n 3 (M

L)) v (( ) ans) () (k)>3k<a>.

In other words, for every m € N there exist polynomials A,mi € N|[a]

k=0

k =0,1,..,n, such that
n
wem(@ = @ > A (@) B(@), (14)
m-—1
. —1 -1 -1
= (o (5 (IO (), 09
r=1
where
n
Anm+1 k(a) = C/Zn+1,m,k(a) + (k) C/Zn,m,n+1(a):
fork =0,1,..,n.
Proof.' By (2) and (3) we obtain
a— Z Bn(a) — | =
0
n
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which implies (10). Now, from (10) we get

n+1

Buz@=a ). ("+ Y Bu@=a ( w1 (@ +Z "+ Bk(a>>
k=0
2 < (r+1) (k)) B.(a)

which gives formula (11). Similarly, the other formulae can be generated.
m

Remark 6. The above recursion formulae are an alternative to other known
formulae of this type:
— Radoux formula [12]:

min{m,n}

k dk dk
Brn@®= ) o (d : m<x))( B(x))

k=0
— Spivey-Gould-Quaintance formulae [13]:

n

Z D] BrnC =22 > (7) P* Buio)

k=0

where [fn] denotes the Stirling numbers of the first kind (see [4, 5]), and

Bnin(®) = i Z J"K % By ()

j=0 k=0

— Cigler formula (and their g-analogue) [14]:

R

(h) nh-J B;(x).

D o [f] Bene =2 ) ()
k=1

j=0
Remark 7. By applying the following differential operator @ = x % n-times to e*,

we obtain
[ee]

_— knxk
O _2 k!

and, simultaneously, the formula

0"e* = e* B, (x),
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which implies the generalized Dobinski's formula (see [15]):

3 kM xk

B,(x) =e7* o

k=1

(16)

Harper (1967, [16]) showed that polynomials B, (x), n € N, have only real simple
zeros (see also [17] where some weaker result is discussed). We note that Caki¢
in papers [18, 19] studied some combinatorial properties of the gemeralizations
of the above O-differential operator.

2. Hermite polynomials

There exist some equivalents to many facts and identities from Section 1 for the
Hermite polynomials

[n/2]
— n ,x? dar -x2y _ (_1)k n! n—
Hy(x) = (=1)"e™ —5(e™) = ; K (n—2K)! (2 )" 2k,

We have:
— equivalent of (1) (see [20]):

d
Hn+1(x) =2xHy(x) — aHn(x); 17)

— Dobinski’s formula for the Hermite polynomials

(-1 2k —n+ 1), i}

Hy(x) = (-1)" e o 2, (18)
k=[n/2| '
since
v, d v x2k - Rk-n+1), . _
ax ¢ x)zdx"<z T D M
k=0 k=In/2]

where (t), denotes the Pochhammer symbol (i.e. (t)o:=1, (t):=t(t+
+1)..(t+n—1) foreveryn =1,2,..);

— in view of (17) and Theorem 2 from paper [21] (see also [22, 23]) all the roots
of polynomials H,,(x) are real and, what is more, the roots of polynomial H, (x)
separate the roots of polynomial H,, 4 (x) for each n € N;

— it is deduced from the Schur criterion that H,,,(x) and H,,_1(x)/x, n € N, are
irreducible polynomials (see [24]);
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— in view of the following reduction identity (see (7)):

n

H.,(x + y) + 2n-2ln/2] ([n/nZJ) (2 x)n-2ln/2] = Z (%) Ha () Ha),
k=0

the Hermite polynomials are not of binomial type. Moreover, there are analogues
of (5) and (6):

5 had 2n
et cos(2at) = nz::‘) (D™ Hyp(a) anr (19)
, © 2n+1
e’ sin(2a t) = ; D" Hana(@) Gy (20)

3. Generalized Hermite-Bell polynomials

Many properties of the Hermite polynomials can be easily transformed to the
generalized Hermite-Bell polynomials which are defined by the relation

n

d
H}(x) = (—1D)™ exp(x") mexp(—xr), n=2012,.. 20

for every r = 2,3, ... (this relation could be also discussed for all positive reals 7).
We note that polynomials H;,(x) are a special case of the polynomials

n

En (P, X371 = exp(=p x7) —exp(p x”),

introduced by E.T. Bell in [1], since
Hp(x) = (=1D)" $u(=1,x;7).

Moreover, the polynomials H2(x) are our classical Hermite polynomials H,, (x)
discussed in Section 2. Quite important fact is that the polynomials Hj, (x) for even
positive integers r > 2 do not form an orthogonal set with respect to the weight
function exp(—x") on the interval (—oo, ) [25].

Now a collection of the basic properties of polynomials H};(x) will be listed.
First one will be the following differential-difference equation (see (17)):

d
Hpa (x) = 72"V Hy (%) — = () (22)
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Second one, the Dobinski’s formula (see (18)):

(=¥
|

HI(x) = (—1)" exp(x") Z rk—n+1), 23)

k=|n/r]

for every positive real number r. Next, the generating function for Hj (x) (see

[26]):
exp(x” = (x = 1)) = Y Hi() — 24)
n=0 ’

This relation can be easily used for obtaining many new properties of polynomials
H},(x). For example, let w € C, " = 1, then

exp(x" —(x—1)") =exp((wx) —(wx—w1)"),

- T - ot th
D HIW) o= ) Hiwx)
n=0 " n=0

1e.

which implies
H} (x) = o™ H},(w x). (25)

If we take in (24) 7: = x(1 + e??™") = 2xe'™/"cos(m/r), then we get

exp(x” — (—)7) = Z oy O i),
ie.
N . (2xcos(m/r)" U 1, for evenr,
Z Hp () ———— nl cos (n _) - { exp(2x™),  foroddr, (26)
and
2 HE (%) (mesn#r))n sin(nm/r) = 0. @7)
n=0 '

Hence, for the special values of  we obtain:
— from (27) forr = 3:

[o'%e) x3n+1 x3n+2
_ Z (—1)" <H3n+1(x) Gt D +H§’n+z(x)m>,
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— from 27) forr = 4
4n+1 x4n+2 x4n+3 )

= z =H" ( Hin 1 () 70— (4n + 1! + an+2(x)m + Hipi3(x) m ’

— from (26) forr = 4

4n-1 an x4n+1 >

H Z " (3 s () sy H () o b s ()
—x H{(x) = (—4) 4n1xﬁ in(x (4n)! ant1 (X (4n+ D))

Let us also notice that from (24) it results that, similarly as the classical Hermite
polynomials H,, (x), also the polynomials H;,(x), n = 0,1, ..., are not of the binomial

type.
Indeed, we have

exp(x"+y" —(x—1) - (y—-1)") = Z 2 (Z) Hie ) Hn—ic (v) :l_r'l
k=0

n=0
and

n

T
exp(Ce+y) = (x+y =) = ) HiG+y) —

as well as, what is easy to verify, for every r,7 € R, r > 0, T # 0, the functions
(0,023 y) »x"+y —(x—D" = -1),
and
(0,023 ()P (x+y) —(x+y—1)
are different.
Considering the zeros of polynomial Hj,(x) let us notice that
Hy(x) =1,
Hi(x) =rx"1,
Hi(x) =x"2@2x" —r (r—1)),
Hi)=x"3@3x" =3r2(r—-Dx"+r(r—1)(r-2))

and in general [1, 26]:
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N
HEG) =275 ) (—1)* g x0T,
k=0

where n=qr+s, 1<s<r, q=0 and s are integers, N=n—q—1,
a, = ax(n,r) are all positive integers. Observe that H} (x) possesses at most two
real zeros, H} (x) for r > 2 possesses two or four real zeros, etc. Furthermore, in
paper [27] the asymptotic approximation for distribution of the extreme positive
real zeros of Hj,(x) is given.
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