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Abstract. In this papethe Green’s function method for the free vibratmoblem of non-
uniform Bernoulli-Euler beams is presented. To fihé Green’s function of the fourth
order differential operator, occurring at the bemmguation of motion, the power series
method is proposed.

Introduction

The approximate approach for the vibration probt#frmon-uniform Bernoulli
Euler beams was presented in [1, 2]. The authothede publications used the
Rayleigh-Ritz method for beams with a polynomiadss section and moment of
inertia with additional discrete elements [1] aod different boundary conditions
[6]. An analytical solution of the free vibratiomgblems of the non-uniform beams
can only be found for some special types of thertsed he closed form solutions
of the free vibration problem for second and fouwtder polynomial parameters
characterizing beams have been found in [3, 4]. Gheen’s function method was
presented in papers [4-6].

1. Formulation and solution of the problem

Let’s consider a non-uniform beam lendthwith cross section are&(x) and
moment of inertid(x) carrying any number of discrete elements.

L

‘Fig. 1. A sketch of a non-uniform beam
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According to the Bernoulli-Euler theory the follawg equation governs a free
vibration of the beam with attached discrete eleméprings, masses, oscillators)

[5]:

ox? x> ot?

whereY is the function of deflection is the mass density of the beam mateHal,
is the modulus of elasticity and the form of oper&t depends on the nature of the
attached discrete systems. Functi@atisfies homogeneous boundary conditions

Bo[Y(xt)] =0, By[Y(xt)] =0 )

Natural frequencies of the beam are harmwﬁbct)Z\?(x)é”, therefore
equations (1) and (2) may be written in the form:

x=0

d_z{a (x)w}—pdA(x)\?(x)=ﬁ[7(X)] 3)

dx?

=0, El[\?(x)]

=0 (4)

x=L

| =<

By introducing non-dimensional coordinates and eaiuf=%, y=

Q* =%W, wherew is the natural vibration of the beam, we obtainatiquns
(3)-(4) in the form:
d? d’y(¢é) | .. e
s 1O ataie)yte) =F Tyt ®
Bo[v(¢)],, =0. Bi[¥(¢)],,=0 ()

The solution to this problem (5)-(6) can be obtdiméth the use of the Green'’s
function method and properties of the Green'’s fianctlf the Green’s function of

d2
dé?

solution to the problem (5)-(6) may be written albofvs:

y(é)=[6(E0)F[ ))& 7)

2
the linear differential operatok = ddfz[l (f) }—Q“A(E) is known, the
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Equation (7) is used in the analysis of the viloraf the beam. It yields to the
frequency equation which is solved numerically witispect to the eigenfrequen-
cies. The eigenfunctions corresponding to the éiggnencies are derived by us-
ing equation (7).

2. Green’s function of the fourth order differential operator

Let's consider the following operator [4]:

= o P e O |00 ®
ds d¢”) d¢ ds
The Green’s function of this operator (8) satisfles equation:
L[6(&.¢)]=a(¢~¢) ©)
whered is the Dirac delta function. Functi@has the form:
G(£0)=Gy(€4)+Gfe ¢ )HE <) (10)
H is a unit step functionzy andG; are solutions to a homogeneous equation
L[G(¢.¢)]=0 (11)
Gs also satisfies the following conditions:

_06(&4) _oGEq) [, 0Gkd) 1y
0¢ o0&’ L |, n(Q)

Gl(f,Z)LEZ | |
&= =

Assuming that p, (§) = ii;
rl

r=0

& fori=1, 2, 3, we are looking for the solution to
L[V(£)]=0 with the use of the power series method also a&s shm
V({) :ZQ%F . Substitutingg; andV into a homogeneous equation leads to:

P3,r+2 + I:>2r+1_ Q
r!

4P1: r
£ =0 (13)

oo
r=0
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r

whereR, :Z[ Jp, Ve 1= 1, 2, 3. We may write this equation (13) as fobo
’ ]

=0

G(r+2 Hr+1 L (r

Z[ Jp3,jvr+4—j +Z( Jpzijﬁz_j —Q“Z( .JleVr-J =0 (14)
i=o\ J i=o\ ] i=o\ J

From (14) we can determinate values of unknownfmeftsvi+4 (r = 0, 1, 2,...)
by means of factong, vi, vz, v

1 [@2(r+2 1 L (r
Vr+4:__|:2(- Jp3j r+4-j +Z£ ]pz,jvmz—j _QAZ(-jpljvr—j:| (15)
Pso| =2\ ) i=o\ ]

Equation (11) has four linear independent solutions

L& k=1,2,3,4 (16)

To find them we must assume that functidssatisfy conditons:

d'v’
gf) =0 in i=0,1,2,3,k=1,2,3,4 (17)
¢ |,
d'y’ .
where dq+1 is the Kronecker delta function. Because—ed}/—i({) =V, , we can
write (17) in the form =0
Vi =0y 1=0,1,2,3,k=1,2,3,4 (18)

With the use of formula (18) and equation (14) otteefficients of functiorvi are
calculated:

) 1 r+2 r+2 r+l ) r r .
Vk,r+4:__|:2(- J 3]Vk;+4—1 +Z( JpZJVkHZ—j _QZ(-jplekﬂ—j:|
Pso| =\ J i=o\ ]
k=1,2,3,4,r=0,1,2,.. (19)
Finally, a general solution to the homogeneous tmud. [V (¢)]=0 has the
form:

V()=3 0V (€)= jc{”v } (20)

k=1 f=o I'l

Wherev;,r are expressed by (18) and (19).
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To calculate a particular soluticﬁl({,i) (E —Z) to equation (9) it’s neces-

sary to have in mind condition (12) wherg,(¢)= i Po. Z Using them we

r=0

obtain the functior1(¢,0) as follows:

6.(60)= 3GV ) 1)
where ék (Z) = (F;?Z)V\\//\k/ W= de{wlj (Z)l,jzl,Z,S 4’ = de[[ :' ‘1 2, s f
. _d™V/ (¢)
j k=1,2,3 4andy ({)= TR

In result, the Green'’s functioB(&,) of the differential operatdr can be pre-
sented in the form:

slea)-gove) e ve) e

k=1 k=1 P3

Unknown constant€x are calculated with the use of boundary conditi(@)s
For example, the system of equations

()W,

4 +(i42) () = < K I\/*0+2) (1) = -
;Ckvk (0)=0, ;[Ckers(Z)W]Vk (=0 i=0,1 (23

gives the coefficients for a free-free beam:

(€)= 220 -bs(Jan(9 - (Ja{ 9]
() =15 (7L Wa(0) es(dau(9 e (Fa 9]

C,(¢) == (W) an(0) ~c,(Dan( 0 +ci Jad 4]

C,(¢)= - [c2(2)ans(0) —cy(Yay( 9 —c{da.{ 9] (24)
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For a clamped-free beam the boundary conditionasfellows:

iCkV?(O):O, i[cw(_l)kwk]v;(‘”)(l):o i=0,1

k=1 P; (Z)W

and the coefficient€ are:

C( Z [Cs 2(0) —¢,(Dd (9 -c(Id C)]

C,(¢) == () du(0) ~c,()da 9 ~c (3d.{ 9]

C,(0) =51 [€(1)da(0) ~¢,(9( O ~c.(§d.,{ 4]

C,(¢)= : [Cz(l)dls(o)_cl(])dzs(o)_CS(])dliQ]

Introduced functions and values occuring in (22%) (@re given as:

aij :Viknvi*m _v; vj ! dij :Vikvi*l _vi“V; !

b =B(C)V" +ACV", ¢ =B(OV A",

(25)

(26)

AQ) =S () W (O (D, BQ) = D ()W ()W, (1),

W(Z) k=1 W Z)k

and denominatorsl, N:

M(¢)= [324 a;(1) +a,(Ya {0 -a.{Qa,{)-
_334() 0) () 14(]) az(])alz( Q]

N(¢)= pS(Z)[d34( 0)ay,(2) +d,,(Qas ) -d [ Qa (I -
—d13(0)a24(1) +d23( 0)a14(]) +d 14( Qa 2{ ﬂ

=1
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Conclusions

The presented solution for the free vibration peablmay be used for numerical
calculations. The presented method may be useddlyze stepped non-uniform
beams with additional discrete elements.
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