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Abstract. The object of research is an open HM-network with one-type messages bypass of
systems in the transient behavior. Two cases are considered: when incomes from transitions
between network states are deterministic functions depending on states and time, and
network systems are single-line, and when incomes from transitions between network states
are functions depending on random variables. The purpose of the research is to find the
expected incomes of such a network in both cases on condition that the probabilities of
messages bypasses of systems network and the parameters of incoming flow of messages
and services depend on time. Examples are considered.

General information

In [1], a study was conducted in open exponential networks with multiline
queuing systems (QS) with one-type messages bypass of systems in transient
behavior. In [2] we found the nonstationary state probabilities and the average
characteristics of the network in the case, when the probabilities of messages by-
passes of systems network and parameters of incoming flow of messages and ser-
vices depend on time.

In this paper there are considered open HM (Howard-Matalytski) - network
incomes of such type, when the probabilities of messages bypasses of systems
network depend on time. Here we will consider two cases: when incomes from
transitions between network states are deterministic functions depending on states
and time and the QS networks are single-line, and when incomes from transitions
between network states are functions depending on the random variables (RV).

1. Formulation of the problem

Consider an open exponential QN with one-type messages, consisting of n QS
S,,S,,....S,. Messages during the transition from one to another QS bring some
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income and, accordingly, the income of the first system is reduced by that amount.
It is necessary to find the expected incomes systems in the network during the time
¢ o condition that we know its state at the initial time ¢,.

Let m, be the number of identical service lines in the QS S, /, - a vector of
dimension #, consisting of zeros except the i-th component, which is equal to 1,

i=1ln p; - the transition probability of the message after service in the system S,

into the system S./’ i,j :m. We assume that the system S is the external envi-
ronment. Let us consider the case when the parameters of the incoming flow
of messages and services depend on time, i.e. the time interval [z,¢+ Af) in the
network receives a message with a probability A(¢)Af+ o(At), and if at the time ¢
of service on the line i-th QS located in a message, at the range [¢,f+ Af) of its

services will end with a probability 1 (¢)At +o(At), i= 1,n. The message is sent to

the i-th QS with probability Po;» Z DPo; =1. The message sent to this QS from the
i=1

external environment at a moment of time #, with a probability 7" (k,r) when the

network is in a state (k,t), joins the queue, and the probability 1— ) (k,¢) is not

attached to the queue, regardless of the handled (i.e., its time of service with

a probability of 1 is equal to zero). If the message has been served in the i-th QS, it

is likely to be sent immediately to the j-th QS with probability p,, and leaves the

QN with the probability p,y, Y p; =1, i=1,...n.
j=0

Let k(t): (k,t) = (k,k,,....k,,t) be the state vector of the network, where £, -
the number of messages at the moment ¢ in the system S;, i :I,_n; ®; (k,t) - the
conditional probability that the message is delivered to the i-th QS at time ¢, when
the network is in a state (k,t), will not be serviced by any of the QS; i (k,t) - the
conditional probability that the message is delivered to the i-th QS outside at time
t, when the network is in state (k,t), the first time, a service in j-th QS; «; (k,t) -
the conditional probability that the message, served in the i-th queuing system at
time ¢, when the network is in a state (k,t), will no longer be served in any of QS;

B, (k, t) - the conditional probability that the message, served in the i-th queuing
system at time ¢, when the network is in state (k,t) for the first time then receives

services in the j-th QS, i, j zl,_n.
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2. Finding the expected incomes, when incomes from transitions
between network states are deterministic functions,
depend on states and time

Let v,(k,t) - total expected income, which the system S, gets during time ¢, if
at the initial moment the network is in state ., and it is assumed that this function
is differentiable in #; r,(k) - income of system S, at a time when the network is in
state k; r,,(k+1,,t) - income of system S;, when the network makes a transition
from state (k,7) in the state (k + 7,7 + At) during time At; — R,,(k —I,,¢) - system
income, if the network makes a transition from state (k,¢) in the state (k -1, t+ At) R

r (k+], -1 j,t) - income of system S, (consumption or loss of system S ), when

the network changes its state from (k,f) to (k+1,—1 j,t+At) during time At,

i,j=1,n.

Suppose that the network is in state (k,7). During an interval of time it can re-
main in state £ or move to states (k—],), (k+1,), (k+], —IJ), i,jzl,_n. If the
network is in state (k,z + Ar), then the expected income of system S, will ber,(k)At
plus the expected income v;(k,¢), that it will receive the remaining time ¢ units.

The probability of this event is 1 — i(/l(t)pol (1=, (k. 0))+ 11,() (1 = B, (k. 1)) Ar + o(Ar).

If the network goes to the state (k ’:I,,t +At) with probability ﬂ(t)po,l//y- (k+1,0)Ar+
+0(Ar), then income of system S, is [’”o, (k + I,,t)+ v, (k+ I,,t)], and if in state
(k —I,,t + At) with probability z,(t)e,(k —1I,,¢)u(k,)At + o(At), then income of the
system is [— Rolk—1,0)+v,(k —I,-,t)], i=1,n. Similarly, if the network goes from
(k,0) to state (k+1,—1,,t+Ar) with probability g, (1), (k+1, — 1 .t)u(k,)At +o(A?),
it brings the system S, income of 7, (k +1,-1 /-,t) plus the expected net income for
the remaining time, if the initial state of the network was the state (k+1, —Ij).

Described above are summarized in Table 1.

Then, using the total probability formula for the mean value of the expected
income of the system S, a system of difference-differential equations (DDE) can
be obtained:

BED S 01k 1000~ ko

eSO P, o+ 10 Wy kv 1)+ 1,00 k= 1k, oy~ 1)+
Jj=1
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[, OB+ 1~ 1,0 utk, v,k +1,~1,,0)+
J=1
J#I

OB =1+ 1,0k v, (k=1 +1,,0)] +

+i[,uj(t)ﬂj,(k+li — 1 0k, yry G+ 1= 1,0+ )
=

+ 1 OB =1+ 1,0k (k=1 +1,,0] +

+ Y (OB N+ T, =1, )ulkyv,(k+1,—1,,0) +

c,s=1
c,s#I

+ Ao (b + 1, (ke + 1,,0) = g (O, (k = 1,0 Ju(k )Ry (k = 1,,0)+ 7, (k),

Table 1
Possible transitions between network’s states, their probability and incomes
of the system S;
Possible transitions Incomes of system S, of
between network’s The transition probabilities transitions between network’s
states states
1- Ale 1-@k,t))+
(k.t) > (k.t+Ar) ZI:( (o (1-,(k1) 1, (k)AL +v, (k1)
+ 11, (6) (1= B, (k.2)))Ar + o(Ar)
k,t k+1,,t+At
" )_)(j-;ij’ +an, M)po,wk+1,.0)At+ o(At) R (k)AL +v,(k+1,.1)
k,t k—=1;,t+At
(k) > . 7 A1, w0, k=1t )u(k;)Ar +o(Ar) r (k)AL +v, (k=1 ,.1)
J 1
(k.t) >
(k+1,—1,,t+Ar), ys(t)ﬁsc(k+lc—ls,t)u(ks)AHo(At) r(kR)At+v, (k+1,—1,,t)
c,S#I
(kt) = (k+ 1,1+ Ar) M)pow; (k+1;.0)At + o(Ar) For (ke + 1, 0) + v, (k +1,,1)
(k.t) > (k= 1.t +At) w,(Oa, (k= 1, ) u(k, )At + o(At) ~Rig (= 1,,6)+v,(k=1,.1)
. [(k,;)—> A OBt -1 ko Ars o) ry(k+1,—1,.0)+
+1.—1 ., t+Atr), pi\k+1;—1;,t)u(k;)At+ o(At ’
e e ) HAOP / / +v,(k+1,~1 1)
J#i
. I(k,j)—> ) OBkt 1 ke s o) —rylk=1+1;.0)+
—L+1 ., t+A0), () pi\k—1; + 1,1 Ju(k; )At + o( At
(k=1, L ) Hi ()P j v (k=1,+1,.0)
J#I
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Lx>0 .. . . . .
where u(x):{ - the Heaviside function. The number of equations in this

system is the number of states of the network. Relations for the conditional proba-
bilities ¢, (k,7), t//U.(k,t), a,.(k,t),[)’u.(k,t), i,j=1,n are given at [1].
For closed networks, the system of equations (1) can be reduced to the final of

the system of linear inhomogeneous ordinary differential equations (ODE) with
constant coefficients, which in the matrix form can be written as

av.(

. =0.(0) + AWV, ), Q)

where: V,T(t) = (v, (1,t),v,(2,t),...,v,(L,t)) - unknown vector of the system income

S;, L - number of states of the network. The solution of (1) can be found by using

the direct method, or the method of Laplace transforms. However, we should not
n-1

forget that the number of states of a closed QN equals L =C,x_,, where: K - num-

ber of messages served by the network, and it is quite large for a relatively small
n and K, i.e. the number of equations in (1) will also be large enough. Experien-

ce has shown that the method of Laplace transforms can make calculations
for networks with relatively small state space (L<300); the direct method can

be carried out for networks of larger dimension than the method of Laplace trans-
forms.

Example 1

Consider a closed network with the following parameters: n=5, K =10. Let
intensity be A(1)= A1, y,(1) = p [cos(w)+1], i=1,5. The transition probabilities
between the QS network are p;,= py=psy=1 py= pss=0.3, p3y=py=pi=
=0.4, py;s=0.2. Because the network is closed, it equals the number of states
L:C;’;}(_lzloOl. Write down some of them (0,0,0,0,7), (0,0,0,1,6), (0,0,0,2,5),
(0,0,0,3.4), (0,0,0,4,3), (0,0,0,5,2), (0,0,0,6,1), (0,0,0,7,0), (0,0,1,0,6), (0,0,1,1.5)
etc. Rename them from 1 to 1001. Assume that the probabilities of the messages to

—it

join the queue at time # is given by f“(f)=1-e", i=1,5. Conditional probabili-

ties @, (t), l//,j(t), Q; (t) and ﬂ,j(t) are given at [1]:
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0,(k.1)=1 —f@(k,r))(p,o +> po, (k,r)], i=1n,
J=1

v, (k.0)= fOk0S, + (= fOk)Y. pawy(kot). i, j=1n
=1

al(kat): Dio +Zplj¢j(k_llﬂt)7 i:L_}1,
Jj=1

ﬁij(kat):Zpill//lj(k_lnt)a i,jzl,l’l,

/=1

3)

where 0, - the Kronecker delta. At [2] it was shown that they are cumbersome even

at n=3. As the incomes of 7;(k) were taken are some integers, i=1.5. As incomes

1y, (1,1), R,-O(l,t), r;(1,1), r;(I,r) were taken linear in 7 not depending on states k

functions: at + b, where: a are some real numbers, and b are some integers, i, j =1.5,

i # j. The initial conditions V;(0) - vector, consists of zeros, i=15.

The numerical solution of the DDE (1) is obtained by using the mathematical
calculations NDSolve package Mathematica, which by default is calculated with
the help of the Runge-Kutta method of fourth order. The graph of system income
S5, on condition that at the initial moment network is in a state (1,2, 3,4, 5) is

shown at Figure 1.
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3. Finding the expected incomes, when incomes from transitions
between network states are functions that depend on the random
variables

Consider the case when the conditional probabilities ¢, (k,z), Wi (k,t), a,(k.1),
B, (k,t), do not depend on the state of the network, ie. ¢,(k.t)=g, (),
Vi (k,t):WU(I), Q; (k,t):a, (t), ,6'0 (k,t): :Bz/‘ (t), i,j :L_n. As before, we consider

the case when the revenue from the state transition networks are RV or functions
that depend on them [3-5]. Let RV & - service time messages in the system S,

distributed exponentially with the distribution function (DF) F (1)=1-¢ ",
i=1,n. Consider the dynamic of system S, income Suppose that at the initial

moment income of the system is equal to v,,. We are interested in income of the

system V;(¢) at time moment #. We subdivide the interval [O,t] into m equal parts
of length Ar = L, considering the m large enough to find the income the system S;
m

write out the conditional probabilities of the events that may occur in the /-th time
interval, / =1,m. All possible transitions between network states, their probabili-
ties and incomes of system S; from such transitions are following:

1. With the probability p El) (L,t,A)= l(t)po,z//,j (t)Ar + 0 (A1) the system S, re-

ceived message from the external environment that will bring it an in come of

1y, Where: 7y; - RV with the expectation (m.e.) M(ro,): api» i =1,n.
2. With the probability p 52) ( lt,At ): )7 (t)g,(l)a, (t) u( k,-(/))At +0(Ar) message
from the system S, enters into the environment, with the income of the system

S; reduced by the value R,,, where: R, - RV with m.e. M(R,O)z b, k fl) - the
number of messages in the system S, (in a queue and serviced) on /-th time in-

terval, /=1,m, i=1,n. Value 5,-(1 ) means the number of lines of messages for

employment /-th time interval in the system S,, i =1,n.

3. The message from the system S, transformed into the system S with the prob-

ility »® - Oy e ln i
ability p;; (l, t,At)= p, (t)g, u(k;”") B, (t)At+o (At), j=Ln, i# j. Such a tran-
sition gives the system S, income reduced by the value R (£,). and the income
of the system S, increased by this value, in which R (£,) - the casual income

(loss) of the system S, because of the transition from the message the system S,
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o0 0

into system S, M{R i/'(fl )}: _[R i (t)d F. ()= IR ,.(t)ef’l’(’)tdt =7 i=Ln,

/)
0 0

j=Ln,i#].
4. With the probability

n

POLaan)=1=| 260N po 2w, )+ X w4 0er (1) (k) -
i=1 Jj=1

i=1
J#i

+3 10 Du®k NS 0
i=1 Jj=1

S0 -0 )+ 0= A0 1030

at the time interval A¢ network status will not change.
In addition, for each small time interval Az system S; because of containing

a message, increases the value of the income 7,Af, where 7, - RV with m.e.

M{n, =7, i=1,n. We also assume that RV Foi» Rois R, (&) are pairwise inde-

7
pendent, izl,_n, j :I,_n.
Let AV, (At) - changes in the income of system S, on /-th time interval associ-

ated with the transitions between the QS network applications. Then it follows
from the above:

ro, +7,At with the probability p")(1,z, Ar),
—R,, +17,At with the probability p P(I,z, Ar),

AV, (A1) = : S (3) =@
- R, (f, )+ 1At with the probability p (l, t, At), j=ln, j+#i,
1, At with the probability p'®)(1, 1, Ar).
The total income of the system S, is equal to
Vi(t)=v,y+ D AV, (A1) = v,y + V;(AD), (%)

=1

where V,(t) = ZAV,., (A¢) - income of the system S, from moving messages, i = 1, 7.
=1

We find an expression for the expected income of the system S, at time 7. Us-

ing the formula of total probability for the expectation, for a fixed realization of
the process k(¢) we can write:
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M{AV, (A k(t)} = (ag,+ 7,00 p (11, AL) + (= by + 7,40 p P11, AL) +

1

+(py+ )P0, A+ 7 Pt AL i =T

i

(6)

Further, substituting functions p,(l)(l,t, At), p,(z)(l, 1,At), pl(f)(l,t, At) and p(4)(l, 1,Ar)

for suitable transition probabilities, we obtain

MA{AV, (A1) k(0)} = (aq, + ﬁ,Ar)[ﬂ(r)po,i w, (()A1+ o (Ar)J +

J=1

+(=b,+ ﬁ,At)(u, (), () eVuk YAt + 0 (At))+

+ (— Z yy+ ﬁ,.AtJ( L (t)g,-(])u(k,(]))zn: B, (A +o0 (At)j +

J=1 J=1

@)
A 1= 20D po S, 0+ 3 10 0 Out ) + S 1 0 Ou kY. 5, 0)-
i=l c=1 j::l_ i=1 i=1 Jj=1

n

S G0p -0+ 1015 (r»l] mom} =T

Then, given that m Ar =¢, expanding and making some transformations it can be
written:

m

MV ()] k(0)} =Y MIAV, (A1) k(1)) =

=1

s {%,/1(1)]701 > v, 0)- s (t)e,-(])”(kf(l))(bloal o

i= j=1

BN

ﬁl]'(t)yg'J+77i:|t_

J=1

)
. m”z 7 !2 {}L(t)po,- i_l W, (t)+ )7 (t)gi(])u(kl(/))(a, (f)-i‘ i—] :Bz (f)jJ _

-3 1pu1-00)+ 4 0)0-4, (t))]} A+ o(Ar), i=Tm

Obtain expressions for the expected incomes v,(¢) = M {V,(t)}. Averaging over

k(t) with the normalization condition Y P(k(t)=k)=1, for the expected income
k
of the system S, we have
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v, ()= M{V, (1)} = ZPk(t) KMV, (1) k(1)} =

= |:a01/1(t)p0i2‘//y'(t)_ﬂi(t)z gl(l)u(kl(l))[bloa Zﬁy 7UJ+77f:|t -
= =1

i=2 Jj=lo

- Z P(k(r) = k)m[Z{ )oY Il//,, (x)ax + 1, t)[a Z Bt J ) Sf’)u(k,(’))AtJ -

S0 0000 14O =1
We denote the expectation

M{e,(Yutk, ()} = p,(t). i=Ln, (10)

where p,(¢) - the average number of employed service lines in the system .S, mes-

sages at the time moment ¢, i =1,7.
At m — o« it will be At — 0 and:
m

> eDuck! )At—)J‘ &,(x)ulk,(x))dx, i=1,n, (n

/=1

where: k,(x) - the number of messages in system S, at the time moment x, &, (x) -
number of employed lines in the system messages S, at the time moment x.
According to (10) and (11), we obtain the following approximate relationship:

v, ()= M{V, ()= v, +v, () =V, +

+ |:(10fﬂ~(t)]70,il//,] (f)—,tl,( [ IOOt Z IBU ]/’/]I o,x dx + 77’]; -
N ’ (12)
gt

i=2 0

Sl 200 )+ 10 1 OA 01 1=

To find the value of p,(¢) you can use the technique, finding the average number
of occupied lines in network systems, as described in [4].



Finding incomes of the HM-network with one-type messages bypass of systems 121

Consider the special case when we have the HM-network without messages in
[4] the open Multiline HM-network with heterogeneous messages. Mesages in the
transition between systems network can change its type. Consider the case when
the incomes from the state transition network are RV or functions that depend on
them. Expressions were obtained for the expected incomes systems for each type
of network messages. In the case of similar messages, the expressions for the
expected incomes systems in the network, obtained in [4], took the form

Vi ()= + [am[l + A(I{Pm - ZH:PO,]I o (X)dxj + ﬁ} -
i=1 0

n t n n { o
- ﬁﬂl (t{bzopzo - Zpyyy]_.‘pz (x)dx +ﬁZZ/ul (t)py J-pz (X)dx, = lan-
0 0

j=1 i=1 j=1

(13)

In our case, ) (k,7)=1 then the expression for the conditional probabilities
0,(1), Wy (t). ,(r) and B, (). According to [1], there are as follows:

o 0)=(1-7 (")(t))[p,o +3 0,0, (t)] =0,i=1n,
Jj=1

l//y'(t) :f(i)(kat)é‘j/ +(1_f(i)(t))zpill//[j(t):5{/'9 i,jzl,_}7,
I=1 (14)

“z(t)zpzo +Zp,j(/7j(f)=p,0, i=ln,

J=1

ﬂlj(t):[rlzlpilv/lj (t): 2511 (t)pll’ l’.] :1,_}’1.
= /=1

Substituting them into (8), we obtain the expression (9). This confirms the
correctness of the research and the results on an open HM-network with the same
type messages bypass of systems in this case.

Example 2

Consider an open network n =35, K =100, other parameters as in Example 1.
Let us leave all the initial data the same as in the Example 1. Let the service rates

be equal g, (7) = %, i=15. Vectorof the QS network looks like m = (m,,m,....,m, )=

= (1 0,30,7,1,10). Random incomes systems are: R (§,) =3000¢,, i, j =1.5. Con-
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sider the time period of 24 hours, € [O,T ], T =24. Mathematical expectations

M{n,}:ﬁ,, and M{Ry (fl-)}: V> 1> J :I,_n, are equals respectively: 77, =100,
24

7, =200, 775 =77, =175 =500, 7, = 3000Ite_“’dt = 864000e ™.
0

Let at the initial moment #, =0 incomes system be zero. Then, using the

formula (7) and the package of mathematical calculations Wolfram Mathematica,
expressions were obtained for the changes expected in the incomes systems S,

i=1,n, and the income of the whole network at the time interval. The graph of this

function is shown at Figure 2, and the graph of the expected income of the whole
network - in Figure 3.
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Fig. 2. The graph of change of expected income in the system S;
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Fig. 3. The graph of change of expected income of the whole network
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Conclusions

An open HM-network with one-type messages bypass of systems in the transi-
ent behaviour was investigated. Two cases were considered: when incomes from
transitions between network states are deterministic functions depending on states
and time, and network systems are single-line, and when incomes from transitions
between network states are functions depending on the random variables.

The expected incomes of such a network were found in both cases on condition
that the probabilities messages bypasses of systems network, parameters of incom-
ing flow of messages and services depend on time. Two examples were considered
and calculated.
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