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Abstract. We consider continuous operators TS +  in Banach spaces, where S  is 

Fredholm and T  is quasinuclear. By referring to the basic result of the  Fredholm theory, 

i.e. to the expression of the resolvent ( ) 1−+ TI λ  of the operator T  as a quotient of entire 

functions of λ , we derive analogous formulas for generalized inverses of operators TS + . 

We apply the Plemelj-Smithies formulas describing  terms of  determinant systems for the 

quasinuclear perturbations of Fredholm operators.  
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Introduction 

The classical Fredholm theory [1] is concerned with the problem of solving the 

equation ( )
0
xxTI =+ λ  in the space [ ]baC , , where T  is an integral operator with 

the kernel continuous on [ ] [ ]baba ,, × . The theory has been extended by many  

authors, first by Riesz, Hilbert and Carleman, to square-integrable kernels. 

Grothendieck [2] and Ruston [3] have generalized the theory to nuclear operators 

in Banach spaces, Leżański [4], Sikorski [5-7] and Buraczewski [8, 9] to quasi-

nuclear operators in Banach spaces. Later papers of Pietsch [10, 11] and nigoK ɺɺ

[12] dealt with absolutely 2-summing operators and absolutely p-summing opera-

tors ( 2>p ) in Banach spaces, respectively. The further important contributions 

were made by Gohberg, Goldberg and Krupnik [13-15] for operators acting in  

Banach spaces and belonging to normed algebras with the approximation property. 

The analytic formulas for determinants and subdeterminants for endomorphisms 

TI +  of [ ]baC , , where T  is integral, were first given by Plemelj [16] in 1904.  

A modification of these formulas was made by Carleman [17] and  Smithies [18, 

19] to make them applicable to endomorphisms T  belonging to the Hilbert-
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Schmidt class of a separable Hilbert space. The later results were obtained by  

Sikorski and Buraczewski in arbitrary Banach spaces. Sikorski [7] derived Plemelj-

-Smithies formulas for Fredholm endomorphisms TI + , T  being quasinuclear. 

Buraczewski [8] generalized these formulas in the case of endomorphisms TS + , 

where S  is any fixed Fredholm endomorphism of order zero with its given deter-

minant system and T  is any quasinuclear endomorphism. The further generaliza-

tion of the Plemelj-Smithies formulas in Banach spaces was made by Ciecierska 

[20] for operators TS + , S  being a fixed Fredholm operator with its given deter-

minant system and T  being quasinuclear.  

In the paper the Plemelj-Smithies formulas are used to provide generalized  

inverses of any quasinuclear perturbation of a fixed Fredholm operator acting in 

Banach spaces. By applying the results of the theory of determinant systems [7-9, 

21], we derive formulas which generalize the basic result of the Fredholm theory, 

i.e. the expression of the resolvent ( ) ( ) 1;
−

+= TITR λλ  of the operator T  as a quo-

tient 
( )
( )λTd

λTD

;

;
 of entire functions of C∈λ . We refer to the result and express gen-

eralized inverses of any operator TS +  of order r , S  being a fixed Fredholm  

operator with its given determinant system ( ) { }0∪∈Nnn
D  and T  being a quasinuclear 

operator determined by a quasinucleus F , as quotients 
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The functions )(FD
r

 and )(
1
FD

r+
 are entire functions, coefficients of which can 

be expressed by terms of a determinant system for TS + .  

1. Preliminaries 

We begin by recalling the terminology used in the theory of determinant sys-

tems. The notation is adopted from papers [5-9, 20, 21]. 

Given two pairs ( )ΧΞ, , ( )ΥΩ,  of conjugate linear spaces over the same real or 

complex field K, we consider multilinear functionals on m

ΥΞ
µ
× , { }0, ∪∈Nmµ . 

If D  is a ( )m+µ -linear functional on m

ΥΞ
µ
× , then 1

1

, ,

, ,

m

D
y y

µ
ξ ξ 
 
 

…

…

 denotes its 

value at a point ( )1 1
, , , , ,

m

m
y y

µ

µ
ξ ξ Ξ Υ∈ ×… … . In the case 1==mµ , i.e. if D  

is a bilinear functional on Ξ Υ× , Dyξ  denotes the value of D  at a point 

( ) ΥΞyξ ×∈, . A ( )m+µ -linear functional D on m

ΥΞ
µ
×  is called bi-skew sym-

metric if it is skew symmetric both in variables 
1
, ,

µ
ξ ξ…  and 

1
, ,

m
y y… , i.e. for any 
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permutations ( )
µ

pp ,,p
1
…= , ( )

m
qq ,,q

1
…=  of numbers 1, ,µ…  and m,,1… ,  

respectively, the following identity holds:  
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We denote by ( )

,

,

m
bss Y
µ
Ξ  the set of all bi-skew symmetric functionals on 

m

ΥΞ
µ
× . D  is called ( ),Ω Χ - functional on m

ΥΞ
µ
×  if for arbitrary fixed ele-

ments 
1 1 1
, , , , ,

i i µ
ξ ξ ξ ξ Ξ

− +
∈… …  and Υ∈

m
yy ,,
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 for every Ξξ ∈  ( )µ,,1…=i  and 

for arbitrary fixed elements 
1
, ,

µ
ξ ξ Ξ∈… ,  ,,,,,

111
Υ∈

+− mjj yyyy ……  there exists 

an element Ωω ∈j  such that 









=

+− mjj

j
yyyyy

Dy
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µ
ξξ

ω  for every 

Υ∈y  ( )mj ,,1…= . A bilinear ( ),Ω Χ - functional on ΥΞ ×  is said to be an  

operator on ΥΞ × . We use ( )
,

,

m
L Y
µ
Ξ  to denote the set of all ( ),Ω Χ - function-

als on m

ΥΞ
µ
× ; in the case 1==mµ , ( )XYop →→ ,ΩΞ  denotes the set of all 

operators on ΥΞ × . Each functional ( )XYopD →→∈ ,ΩΞ  can be interpreted 

both as a linear mapping ΩΞ →:D  and as a linear mapping XYD →: . Thus 

( ) ( )DyyDDy ξξξ ==  for ( ), yξ Ξ Υ∈ × . For fixed non-zero elements Xx ∈
0

, 

Ωω ∈
0

, the operator 
00
ω⋅x  defined by  ( ) yxyx

0000
ωξωξ ⋅=⋅  for ( ), yξ Ξ Υ∈ ×  

is called a one-dimensional operator on ΥΞ × . 

Given ( ),A op X YΩ Ξ∈ → → , we define ( ) { }0: =∈= AxXxAN , 

( ) { }XxAxAR ∈= : , ( ) { }0: =∈= AA ωΩωN , ( ) { }Ωωω ∈= :AAR . A  is said to 

be a Fredholm operator on X×Ω  of order ( ) { }mnAr ′′= ,min  and index 

( ) mnAd ′−′= , if ( ) ∞<′= nANdim , ( ) ∞<′=mANdim , ( ) ( )⊥= AAR N  and 

( ) ( )⊥= ANAR . An operator ( )XY,opB →→∈ ΩΞ  such that AABA= , 

BBAB =  is called a generalized inverse of A . 
A sequence ( ) { }0∪∈Nnn

D  fulfilling the conditions:  

(d1) ( )YbssD
nn

mn
,

,

Ξ
µ

∈ , where { }0, ∪∈Nm
nn

µ ,   ,

0
n

n
+= µµ   

  nmm
n
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0

, ( ) 0,min
00
=mµ ; 

(d2) ( )YLD
nn

mn
,

,

Ξ
µ
∈ ;  

(d3) there exists { }0∪∈Nr  such that 0≠
r

D ; 

(d4) the following identities hold for { }0∪∈Nn : 
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where ΩωΧ ∈∈  ,x , ΥΞξ ∈∈ ji y , , 
nn

mji ,,1 ,,,1 …… == µ , is said to be  

a determinant system for operator ( )YXopA →→∈ ,ΞΩ . The least { }0∪∈Nr , 

such that 
r

D  does not vanish identically, and the difference 
00
m−µ  are called the 

order and the index of the determinant system ( ) { }0∪∈Nnn
D , respectively. 

A linear functional F  on ( )ΧΥΩΞ →→ ,op  is said to be a quasinucleus on 

( )ΧΥΩΞ →→ ,op , if there exists ( )ΥΧΞΩ →→∈ ,opT
F

 such that 

( ) xTxF
F
ωω =⋅  for ( ) ΧΩω ×∈x, . The set of all quasinuclei on 

( )ΧΥΩΞ →→ ,op  is denoted by ( )YXan →→ ,ΞΩ . ( )ΥΧΞΩ →→∈ ,opT  

is called a quasinuclear operator on X×Ω , if there exists a quasinucleus 

( )YXanF →→∈ ,ΞΩ  such that 
F
TT = . The number ( )IFTrF =  is said to be 

the trace of ( )XanF →→∈ ΧΞΞ , . For ( )Υ→ΧΞ→Ω∈ ,anF  and 

( )XopC →→∈ ΥΩΞ ,  we define ( )XXanCF →→∈ ,ΞΞ : 

( )( ) ( )ACFACF =   for ( )XXopA →→∈ ,ΞΞ . 

Suppose ( ) ( )YLYbssD
mm
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function of variables 
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y,ξ  only, i.e. as the operator from ( )ΧΥΩΞ →→ ,op . 
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∈�   and then repeat the above procedure to define 

( )YbssDFF
m

,2,2 Ξ
µ −−

∈�� . We iterate the procedure k - times, { }mmink ,µ= , and 

define 
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,   ,    ,  , DFFDFFDF
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, 
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Ξ
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−
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… ��  ( )ki ≤ . For a fixed ( )YXanF →→∈ ,ΞΩ , 

�F  denotes the function which assigns DF�  to every ( ) ( )YLYbssD
mm
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,,
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µµ

∩∈ . 

We also use the symbol k
F
�  to denote the modified k -th power of F , i.e. 

�����
…

timesk

k

k
FFF

−
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�  

!

1 .  

2. Plemelj-Smithies formulas 

In this section we quote the basic results concerning the Plemelj-Smithies for-

mulas, which are necessary for the proof of the main theorem of the paper.  

Consider a continuous kernel  [ ] [ ] RbabaK →× ,,:  and the induced Fredholm 

operator  

 ( ) ( ) ( ) , ,∫=
b

a

dssxstKtTx   

[ ] [ ]: , ,T C a b C a b→
. In the classical Fredholm determinant theory the equation  

 ( )
0
xxTI =+ λ   

has a unique solution   

 ( ) , ;
0
xTRx λ=   

where ( )λ;TR  is the resolvent of the operator T , i.e. ( ) ( ) 1;
−

+= TITR λλ , provid-

ed 
λ

1
−  is not an eigenvalue of T . The basic result of the theory is to write the  

resolvent operator ( )λ;TR  as a quotient  

 ( )
( )
( )λ
λ

λ
;

;
;

Td

TD
TR =  (1) 

of entire functions of C∈λ . Plemelj [16] wrote explicitly d  and D  in (1) in 

terms of their power series 
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0
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where 
k
d  are complex valued coefficients and 

k
D are operator valued coefficients:  
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with IT =
0 .  

Sikorski [7] generalized previous expressions for quantities ( )Td  and ( )TD , 

due to Grothendieck, Fredholm and Plemelj, over arbitrary Banach spaces. He pre-

sented expressions both for the determinant and subdeterminants of any order of 

the endomorphism TI + . Let ( ) { }0∪∈Nnn
Θ  be a determinant system for 

( )XopI →→∈ ΧΞΞ ,  and let ( )XopT →→∈ ΧΞΞ ,  be a quasinuclear  

endomorphism determined by a quasinucleus ( ),F an XΞ Ξ Χ∈ → → , i.e. 
F
TT = . 

We recall that: 

 ( ) { }0,for           , 
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�  (6) 

and that ( )( ) { }0∪∈Nnn
FΘ  defined by 

 ( ) ( ) 
0
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=

=

k

knn
FF ΘΘ  (7) 

is a determinant system for ( )XopTI →→∈+ ΧΞΞ , . Sikorski expressed the 

coefficients of the analytic functions (7) by determinants involving traces of  
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iterates of T . More precisely, let k

n
T  denote the n2 -linear functional defined on 

nn

X×Ξ  by the formula 
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where the summation is extended over all finite sequences of non-negative integers 

n
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Buraczewski [8] extended Sikorski's result to endomorphisms TS + , where S  

is Fredholm of order zero and T  is quasinuclear. Let ( ) { }0∪∈Nnn
D  be a determinant 

system for ( )XXopS →→∈ ,ΞΞ  of order ( ) 0r S =  and index ( ) 0d S d= ≥ , 

( )XXopU →→∈ ,ΞΞ  be a generalized inverse of S , { }
d
zz ,,

1
…  be a complete 

system of solutions of the homogenous equation 0=Sx . For a quasinucleus 

( )XanF →→∈ ΧΞΞ , , which determines the quasinuclear operator 

( )XXopTT
F

→→∈= ,ΞΞ  let 

 ( ) { }. 0 ,       , 
,

∪∈=
+

NknDFFD
kn

k

kn

�  (11) 



G. Ciecierska 20 

Then the sequence ( )( ) { }0∪∈Nnn
FD  defined by  
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is a determinant system for TS +  and the Plemelj-Smithies formulas are of the 
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Ciecierska [20] obtained the further generalization of the above result and  

derived the Plemelj-Smithies formulas for any operator TS + , 

( ),S op X YΩ Ξ∈ → →  being Fredholm and ( )YXopT →→∈ ,ΞΩ  being 

quasinuclear. Let ( )ΥΧΞΩ →→∈ ,anF  determine T  and { }
'1

,,

n
zz … , 
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,,
m
ςς …  be complete systems of solutions of the homogenous equations 0=Sx  

and 0=Sω , respectively. For a determinant system ( ) { }0∪∈Nnn
D  for S  and a gener-

alized inverse ( )XYopU →→∈ ,ΩΞ  of S , the following formulas hold:   
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n n r m n n r mn n r m n n r m

n

i ii i

m m n m r m m n

z

TU y TU y T UT z T UT zς ς ς ς

− +

+ − + + − ++ − + + − +

′

′ ′ ′ ′+ −
      

∑

⋮ ⋮ ⋮ ⋮

… …

 

where  for ',1 ms …= ,  ',1 nt …=  

 ( )[ ]( )

( )



=

=
=

+−+

−

+−+

+−+

+−+

kiifzUTT

iif
zUTT

srnnt

i

s

srnn

t

i

s
srnn

srnn

…,1

00

'

1

'

'

'

ς
ς  

and ∑ is extended over all finite sequences of non-negative integers 

'mr'nn
i,i

+−+
…

1
, such that kii

mrnn
=++

+−+ ''1
… .  

3. The main result 

In this section we describe generalized inverses of a quasinuclear perturbation 

of a fixed Fredholm operator acting in Banach spaces. As a tool of the description 

we use terms of a determinant system for the mentioned perturbation. We begin 

with the following consequence of the main result of [20]. 
 

Lemma 3.1. If  ( ) { }0∪∈Nnn
D  is a determinant system for a Fredholm operator 

( ),S op X YΩ Ξ∈ → →  of order { }mnminr ′′= ,  and index 0≥′−′= mnd , then 

for any ( ),F an Ω Ξ Χ Υ∈ → →  the sequence ( )( ) { }0∪∈Nnn
FD : 

 ( ) ( )     , 

0

,∑
∞

=

=

k

knn
FDFD  (18) 

where 

 ( ) ( )

1

2 1

0,0 0,

1 2 3 1

1 2 2 1

1 0 0 0

2 0 0
1

1,      ,    
!

1

k

k k k

k k k

k

k

D F D F k N
k

σ

σ σ

σ σ σ σ

σ σ σ σ σ

=

− − −

− −

−

−

= ∈

…

…

⋮ ⋮ ⋮ ⋮ ⋮

…

…

 (19) 
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and 

 ( ) { }

0

1

1

,

1

1 2 1

1 2 1

0 0 0

1 0 0
1

 ,    ,   0  ,
!

1

n

n

n k

k

n k k

k

n k k

T k

T k

D F n N k N
k

T

T

σ

σ σ σ

σ σ σ σ

−

− −

−

−

= ∈ ∈ ∪

…

…

⋮ ⋮ ⋮ ⋮ ⋮

…

…

 (20) 

k
σ  being defined by (16) and k

n
T being defined by (17), is a determinant system for 

F
TS + . 

 

Now we are in a position to describe a generalized inverse of a quasinuclear 

perturbation of a fixed Fredholm operator.  

 

Theorem 3.2. We assume that: 

(i) ( ),S op X YΩ Ξ∈ → →  is  a Fredholm operator of index 0≥d   

 and of a determinant system ( ) { }0∪∈Nnn
D ; 

(ii) ( ),F an X YΩ Ξ∈ → →  determines the quasinuclear operator 

 ( )YXopT →→∈ ,ΞΩ  

(iii) ( )YXopTS →→∈+ ,ΞΩ  is of order ( ) rTSr ′=+ and the determinant 

  system ( )( ) { }0∪∈Nnn
FD  defined by (18)-(20); 

(iv) Yyy
r
∈′′

′
,,

1
… , Ξξξ ∈′′

+′ dr
,,

1
…  are such that 

 ( ) .0
,,

,,

1

1 ≠








′′

′′
=

′

+′

′

r

dr

r
yy

FD
…

… ξξ
δ  (21) 

Then the operator ( )ΧΥΩΞ →→∈ ,opB  defined by the formula  

 

( )

( ) 






 ′′










′′

′′

=

′

+′

′

′

+′

+′

r

dr

r

r

dr

r

yy
FD

yyy
FD

By

,,

,,

,,,

,,,

1

1

1

1

1

…

…

…

…

ξξ

ξξξ

ξ    for ( ) , , Yy ×∈Ξξ  (22) 

 where coefficients of the analytic functions ( )FD
r ′

 and ( )FD
r 1+′

 are expressed by 

Plemelj-Smithies formulas, is a generalized inverse of TS + .  
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Proof. Since ( )( ) { }0∪∈Nnn
FD  is a determinant system for TS +  and ( ) rTSr ′=+ , 

( ) 0≠
′
FD

r
. Moreover, elements Yyy

r
∈′′

'1
,,…  and Ξ∈′′

+dr '1
,, ξξ …  satisfy the 

condition (21). Since ( )FD
r′

 is ( ),Ω Χ - functional on rdr ′+′
×ΥΞ , there are ele-

ments Ω∈
'1

,,

r
ςς …  such that  

 

( ) 1 '

1 1 1 '

1 '

1 '

, ,

, , , , , ,

, ,

, ,

r d

r
j j r

j

r
r

r

D F
y y y y y

y

D
y y

ξ ξ

ς
ξ ξ

+

′

− +

′ ′ 
 ′ ′ ′ ′ =

′ ′ 
 ′ ′ 

…

… …

…

…

   for ( )',,1 rj  Yy …=∈ . (23) 

Furthermore, it follows from (23) and from a bi-skew symmetry of ( )FD
r′

 that 

ijj y δς =′  ( )rji ′= ,,1, … . Thus 
'1

,,

r
ςς …  and 

'1
,,

r
yy ′′…  are linearly independent. 

Similarly, bearing in mind that ( ) ( )
,

,

r r d r
D F L YΞ

′ ′ ′+
∈ , there are elements 

Xzz
dr
∈

+'1
,,…  satisfying the condition  

 

( ) 1 1 1 '

1 '

1 '

1 '

, , , , , ,

, ,

, ,

, ,

i i r d

r

r

i

r d

r

r

D F
y y

z

D
y y

ξ ξ ξ ξ ξ

ξ
ξ ξ

− + +

′

+

′ ′ ′ ′ 
 ′ =

′ ′ 
 ′ ′ 

… …

…

…

…

   for ( ).,,1  dri  +′=Ξ∈ …ξ (24) 

Since ( )FD
r′

 is bi-skew symmetric, it follows from (24) that ijij z δξ =′  

( )drji +′= ,,1, … . Consequently, elements 
dr

zz
+'1

,,…  and 
dr +

′′
'1

,, ξξ …  are also  

linearly independent. Moreover, the elements 
'1

,,

r
ςς …  are solutions of the homog-

enous equation ( ) 0=+TSω , because (23), (d4) and a bi-skew symmetry of 

( )FD
r′

 imply that 

 ( ) ( )
( )

1 '

1 1 1 '

, ,1

, , , , , ,

r d

j r
j j r

S T x D F
y y S T x y y

ξ ξ
ς

δ

+

′

− +

′ ′ 
+ = = ′ ′ ′ ′+ 

…

… …

 

 ( ) ( ) ( )
1 1 1 1 1 '

1

1 1 1 '1

, , , , ,1
1 1  0

, , , , ,

r d
j i i i r d

i r
j j ri

x D F
y y y y

ξ ξ ξ ξ
ξ

δ

′+
− + − + +

′−

− +=

′ ′ ′ ′ 
′= − − = ′ ′ ′ ′ 

∑
… …

… …

 

for each x X∈ . Similarly, elements 
1 '
, ,

r d
z z

+
…  are solutions of the homogenous 

equation ( ) 0S T x+ = . Indeed, since ( ) ( )
,

,

r r d r
D F bss YΞ

′ ′ ′+
∈ , in view of (24), 

(d4), we obtain  

 ( ) ( )
( )1 1 1 '

1 '

, , , , , ,1

, ,

i i r d

i r

r

S T
S T z D F

y y

ξ ξ ω ξ ξ
ω

δ

− + +

′

′ ′ ′ ′ + 
+ = = ′ ′ 

… …

…
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 ( ) ( ) ( ) 0
,,,,,

,,,,,
 1

1
1

1 '111

'111

1

11
=











′′′′

′′′′
′−−= ∑

′

= +−

++−

−′

+−

r

j rjj

drii

rj

ji

yyyy
FDy

……

…… ξξξξ
ω

δ
 

for each ω Ω∈ . Thus, { }
dr

zz
+′

,,

1
…  and { }

'1
,,

r
ςς …  are complete systems of solu-

tions of the equations ( ) 0S T x+ =  and ( ) 0=+TSω , respectively.  

Replacing ξ  by ( )S Tω +  in (22) and then applying (d4) for n r′= , in view of 

a bi-skew symmetry of ( )FD
r′

, we obtain  

 ( ) ( )
( )

=








′′

′′+
=+ +

+′

'1

'1

1
,,,

,,1

r

dr

r
yyy

TS
FDByTS

…

… ξξω

δ
ω  

 ( ) ( ) =























′′′′

′′
′−+⋅= ∑

′

= +−

+

′

r

j rjj

dr

rj

j

yyyyy
FDyy

1 '111

'1

,,,,,,

,,
 1

1

……

… ξξ
ωδω

δ
 

 ( ) ( ) ( ) .
,,,,,,

,,
 11

1

1 '111

'11

∑
′

= +−

+

′

−












′′′′

′′
−′−+=

r

j rjj

dr

r

j

j

j

yyyyy
FDyy

……

… ξξ
ω

δ
ω  

Taking into account (23), ( )
1

 
r

j j

j

S T By y y yω ω ω ς

′

=

′+ = − ⋅∑   for each ( ) Yy ×∈Ωω, . 

Hence, 

 ( ) ∑
′

=

⋅′−=+

r

j

jjyJBTS
1

 ς ,  (25) 

( )ΥΩΩ →→∈ YopJ ,  being the identity operator. Analogously, replacing y  

by ( )S T x+  in (22) and then using (d4) for n r′= , by a bi-skew symmetry of 

( )FD
r′

, we obtain  

 ( ) ( )
( )

=








′′+

′′
=+ +

+′

'1

'1

1
,,,

,,1

r

dr

r
yyxTS

FDxTSB
…

… ξξξ

δ
ξ  

 ( ) ( ) =
















′′

′′′′
′−+⋅= ∑

+′

=

++−

′

dr

i r

drii

ri

i

yy
FDxx

1 '1

'111

,,

,,,,,,
 1

1

…

…… ξξξξξ
ξδξ

δ
 

 ( ) ( ) ( ) .
,,

,,,,,,
 11

1

1 '1

'1111

∑
+′

=

++−

′

−










′′

′′′′
−′−+=

dr

i r

drii

r

i

i

i

yy
FDxx

…

…… ξξξξξ
ξ

δ
ξ  
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By (24), ( ) ∑
+′

=

′⋅−=+

dr

i

ii
xzxxTSB

1

 ξξξξ  for each ( ) Xx ×∈Ξξ , . Consequently, 

 ( ) ∑
+′

=

′⋅−=+

dr

i

ii
zITSB

1

 ξ ,  (26) 

( ),I op X XΞ Ξ∈ → →  being the identity operator. Formulas (25) and (26) 

imply that ( ) ( )S T B S T S T+ + = +  and ( )B S T B B+ = . This proves that B  is  

a generalized inverse of S T+ . Now, Lemma 4.1. yields the required result. 

Conclusions 

In the paper quasinuclear perturbations of Fredholm operators in Banach spaces 

were considered. By applying the Plemelj-Smithies formulas, we described terms 

of determinant systems for the mentioned perturbations. Moreover, we expressed 

generalized inverses of such perturbations as quotients of entire functions. The  

obtained result, in the case of the invertible perturbation, leads to the well-known 

expression of the resolvent operator in the classical Fredholm theory. 
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