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Abstract. The main purpose of this paper is to analyze the convergence of the proposed
algorithm of the finite element methods coupled with a Euler discretization scheme. Also,
an optimal error estimate with an asymptotic behavior in uniform norm are given for
an evolutionary nonlinear Hamilton Jacobi Bellman (HJB) equation with respect to the
Dirichlet boundary conditions.
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1. Introduction

In this paper, we extend our work [1] and continue to analyze the convergence
of the proposed algorithm of the finite element methods coupled with a Euler
discretization scheme. In addition, an optimal error estimate with an asymptotic
behavior in uniform norm are given, for the following evolutionary nonlinear HIB
equation:

u, + max (A’u—f’(u))zO inX,

I< i< M
u'=0onT, (D
u'(x,0)=u, = (x) in Q,
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where Q is a bounded open domain of RY, N>1, with boundary I' sufficiently
smooth and T set in R"xR, T=Qx[0,7] with T <+w, the f'().(i=1...M)
are given smooth positive functions, and the A’,(i =L..M ) are second-order, uni-
formly elliptic operators defined over (H 1(Q))M

Y0
z —a’y, +Zbk +a0(x)u
X

pratey

)
and whose coefficients
d (). b (x). dy(») e (7 (@) (@) xe Qui<k, j< N
are sufficiently smooth coefficients and satisfy the following conditions

ay(x) = ay(x);  ay(x)> B>0, Bisaconstant, 3)
with
N
D dn(NEE =y EER, >0, xeQ,
J.k=1 (4)
and the bilinear forms associated with 4', for u,v e Hy(Q)
ou' ov'
a (u v) J‘( ay (x ) Zbk —v +a0(x)u dx.
e )
f' is aregular function satisfying
rieo.r.ra)~co.r.ma' @), £ >o0. ©

We shall also need the following norm

= max HW’“ )
® i< M ®

M
YW= (wl,wz,...,wM)e HLW(Q),
i=1

Let (...) be the scalar product in I*(<Q).

In (cf. [1]), we applied a new time-space discretization using the semi-implicit
time scheme combined with a finite element approximation, we found (1) can be
transformed into the following full-discrete HIB equation
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max (B'u;;k -f (u;,’k))= 0,

1< i< M
u=00n0Q, @)
u(x,O) =u, in Q,

where ff(.):?, B' = A+ ul such that A’ defined on (2), ﬂ:i: , respec-

n
T
tively.

In [1, 2] we proved the theorem of the geometrical convergence and the exis-
tence and uniqueness of the solution of both the continuous and the discrete HIB
equation of the stationary case using Bensoussan's algorithm. Also, in (cf. [1, 2])
the system of parabolic quasi variational inequalities (PQVIs) can be transformed
into a system of the following full-discrete system of strongly coercive elliptic

il ik i ik i, ik k=1 _i ik i ik
b (“h Vi — Uy )Z(f (“h )+ﬂ”h Vi Uy )> v €V, )
k k-1 .
uy” <rMu," " i=1,2,..., M,
with
i, ik i ik )_ ik i ik il ik i ik i ik i
b (uh SV — U, )—ﬂ(”h SV — U, )+a (uh SV — Uy, ), Vi, Uy €V,
1 n . )]
IUZE:?, k=1,...,}’l, l=1,...,M,

where the discrete spaces V), of finite element given by

s it e (lorm@)n clo.r.1(@))". such that 00
! uy* lx,€ B, K; €1}, and u'(,0)=u)in Q, u' =00ndQ,

where 7, is the usual interpolation operator defined by

m(h)
nv="> K )e, ) (1)
i=1

and 7, denote the set of all those elements, 4 >0 is the mesh size and it is regular
and quasi-uniform. Moreover, the usual basis of affine functions ¢, [ = {l....,m(h)}

defined by ¢,(K,)=5,., where K, is a sum of triangulation mesh and B’ be
the M-matrices [3] with generic entries
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(B), =t'(py. 0,) 1<i<M. 121, s <m(h) (12)

and M is an operator defined by
M= L+yli), (13)

with L >0 and t//(uf) is a continuous operator from L~ (Q) into itself satisfying
the following assumptions

1. l//(u' )S l//(LNIi) whenever u' <, almost everywherein Q, i=1,..., M.

2.1//(14’ +7)Su’ +y',7>0.

The class of the system of QVIs with coercive bilinear form includes at least
two well-known important problems: the system of variational inequality of feed-

back obstacle (VIs) (when y/(u’)z u'™' and u' =), and the system of quasi-
-variational inequality related to management of energy production (when y/(u’) is
identically equal to inf u*, >0, (cf. [4]).

i#u

The evolutionary HIB equations (1) have many applications in science, engi-
neering and economics; see for example [4] and references therein. They can arise
in solving optimal control problems by dynamic programming techniques. Many
nonlinear option pricing problems can also be formulated as optimal control
problems, leading to HJB equations.

In the last few decades, many numerical schemes have been proposed for
solving the stationary HJB equations; see for example [3, 5, 6] and references
therein. Lions and Mercier [7] presented two iterative algorithms for solving HIB
equations. At each iteration, a linear complementary subproblem or a linear
equation system subproblem is solved. Boulbrachene and Haiour [8], by means of
a subsolution method, conducted a finite element approximation study for the first
time, for the stationary of the problem (1) and by using Bensoussan-Lions algo-
rithm [4], a quasi-optimal error estimate in the L” - norm has been derived accord-
ing the following result

max||u), - u’”w <Ch’|log h|2.

1<isM

In [2], exploiting the above arguments, where we analyzed the theta time
scheme combined with a finite element spatial approximation for an evolutionary
HJB equation with linear source terms and we derived the following error estimate

| U,;n_muwgc*[thoghr{

o) |
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with C* a constant independent of both 4 (step of the space discretization) and &

(step of the time discretization), where U} = (u,lq’l,...,u,]q” ’"), the discrete solution

calculated at the moment-end 7' =nAt, 0 e [0,1] and U”, the asymptotic continu-

ous solution with respect to the right hand side condition. In addition, we extended
the above result [1] to nonlinear case but with the new generalized
space-time discretization stands using the theta scheme and we obtained the fol-
lowing result:

v v <c h2|10gh|3+[%j |

where ¢ is the rate of contraction of the nonlinear source term satisfying

c<p, 14)

with

ay(x) > B3>0, Pisaconstant. (15)

In this paper, an L”-error estimate is established combining the geometric
convergence of discrete iterative schemes using the known L”-error estimates for
stationary and evolutionary free boundary problems (cf., e.g., [2, 8]) which play
a major role in the finite element error analysis section. Finally the asymptotic
behavior in uniform norm is deduced which investigated the evolutionary free
boundary problem similar to that in [1].

The structure of this paper is as follows. In Section 2 and 3, we consider the
discrete system of quasi-variational inequalities, discretize the iterative scheme by
the standard finite element method combined with a theta scheme and an algorithm
iterative discrete scheme is introduced. Then its geometric convergence is proved
with respect to L”-stability of the solution and the right-hand side and its charac-
terization as the least upper bound of the subsolutions set (see also [1, 8]). It is
worth mentioning that this approach is entirely different from the one developed
for the evolutionary problem. Also, it is used for the first time for a system of sta-
tionary QVIs. In Section 4, a fundamental lemma and given optimal error estimates
with an asymptotic behavior in uniform norm are proved for the presented prob-
lem. Finally, we make some comments on the approach and the results presented
in this paper.

2. The discrete coercive system of QVIs

Definition 1: é’,f:( kS ) is said to be a subsolution for the system
of QVIs (8) if
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{b’( o )<(F(Er )+ ui o) Yo, s=1..m(h). 06

ik ik
WS ME".

Notation 1: Let X, be the set of discrete subsolutions. Then, we have the
following theorem.

Theorem 1: [1] Under the discrete maximum principle, the solution of the
system of QVI (8) is the maximum element of X,.

2.1. Existence and uniqueness

In [2], we have proved the existence and uniqueness of the discrete QVIs (8)
using the algorithm based on semi-implicit time scheme combined with a finite
element method, which has already been used in our previous research regarding
the evolutionary free boundary problems (see [1, 2]).

For that, let us first introduce the initial vector U, ho = (ﬁ,}’o,...,ﬁ,ﬁw ’0), where LT,;’O
for i=1,...,M is solution of

b (@0v,)= (7 ()., ). wv, €77 (17)

where
o6t o i)
M
Let H =[] L7(Q), where L7(Q) denotes the positive cone of L”(Q).
i=1

Now, we consider the mapping

T, H'—> ()"
W TW =k = (g 2% (18)
o, (fx(wl,k—l)+W1,k—1’rth1+l,k—l)’

where & ,;’k is solution of the following problem
bt( ;,,k’vh_ ;,’k)Z (Fl,k’vh _ ;,,kl (19)
<, MWt =1L M, k=1,..,m,
where

F/,sz/(w/,k—l)+ Lo,
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2.2. A discrete iterative scheme

Starting from U =0, solution of (17), we define

Ul =T0? (20)
and
Uk=TU!", k=2,3...., 1)

where Uf = (ﬁ};k,...,ﬁfy ’k) is the subsolution of the problem (8).

Theorem 2: [1] The sequences (U }]f ) well defined in K and converge to the
unique solution of system of inequalities (8).
where

K= {We H* such that 0 <7< UO}. (22)

2.3. Regularity of sequences of HJB (21)

Theorem 3: (Lewy Stampacchia inequality) [4] Let 4 be an elliptic operator
defined in (2) and u the solution of an elliptic variational inequalities (VIs) with

a simple obstacle y € H'(Q), v >0 in dQ and the right hand side f e L” (Q) such
that Au > g in the sense of H~', where g e I*(Q). Then

fzAy=fng, (23)
Auec I (Q) (24)

and
ueWr(Q). (25)

Lemma 1: For i=1,..., M, we have

~ik
max H uy; ‘
1<isMm

W“(Q)j <C, 2< p<om, (26)

where L};,’k is a subsolution of the problem (8).
Proof: It is clear that

u;l,l — ah (fl (WI’O)'F ,UWI’O, rhMWHl,O)

is the solution of (8) with the obstacle r,Mw'™"*=r, and the right hand side
f’(w”°)+ uw™ and u) e W 27 (Q).
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Since
I PEFPSESCE
then, we have
By >-C + Ay,
where
B'=A4"+ Al

Using Lewy Stampacchia inequality, we get

|2, 2y = €2
where C, = max( C, /’LC3) with || 1//||W2 r@ <.
Now, we assume that

K LS

then y =r, Mw'™"* verify
|2 () < Cs
and we have B'y >—C, in H'(Q), then

<C,.

ik
H Un ‘ WP (Q)
3. Geometrical convergence of the discrete algorithm

Lemma 2: [1] For 0< A <inf| ——,1 |, where L is a positive constant defined

7,(0)> A|U}

in (13), then we have

L; 27)
Proposition 1: [1] Let @ < [0,1] such that

W-V<oW, YV,Wek, (28)
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then, we have

T,V -T,W<o(l-2)T,V. (29)
Proposition 2: Under the assumptions and previous notations, we have

HU/; - U,f“w <(1- /1)kHU,;° , (30)

where Uf = (ﬁ};k,...,dfy ’k) is the subsolution of (8), and U, is an asymptotic semi-

discrete solution of (1) using the standard finite element method.
Proof: Using Theorem 2, we have

0<UP<U,
then
0<U’-Ur<U’.
Using Proposition 1 with @ =1, we get
0<T,U)-T,U; <(1-A)TU},

or

0<U,-U;r <(1-2)U}.
Using Proposition 1 again with @ =1- 1, we get

0<T,U,-T,U; <(1-2)(1- )10},

i.e.

0<U-Ur<(1-2)U}
and by induction

0<Uf-Ur <(1-A)U}.
Under the third step of the proof of Theorem 3 in [1], we deduce that

0<Uf-Ur <(1-2)0).

4. Optimal error estimates and asymptotic behavior

Before discussing the results, it is interesting to introduce the result of the
following problems
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{17;:7;0}3:0;, G

Uk=T,U"", k=2.3,..,

where U =0, solution of (17) and U %71 is the subsolution of (8).
Theorem 4: For all k=1,...,n and C is a constant independent with n, we
have the following estimate

HU"—&,’; “f Ch|log i, (32)

where U* =(ﬁ1’k ..... Mk ) is the subsolution of a semi-discrete problem in time

using the semi-implicit scheme.

Proof: The proof is similar to that in [3].

The following lemma will play a crucial role in obtaining the approximation
error:

Lemma 3: For all £=1,....n and C independent by &, we have the following
estimate
k
|o*-ai] < X|o-ail,. 63)
p=0

Proof: By induction, we have
71 50 1 50 77l 50
U :TU N thThUh’ thThU N
then
|o"-0i] <lo'-0i +|o"-5, <0~ O] + |50 .
Since 7, is Lipschitz, thus
~ ~ ~ ~ ~ ~ 1 ~ ~
|o"-i) <[o"-ai] + "0l = |0l
0 0 0 p:O 0
Assume that
~ ~ k_l ~ ~
|or-0i] < Xor-ai]
0 p=0 0
then, we have
|o*-0i], <|o*-Gi| +|o*-0i] <[ 0*-GH] |0 -n 0]

~k ik Skl vkl
<|o-ail +Jo-oi.
o0 o0
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Using the induction assumption, we get

k-1 k
Tk Tk Yk 1k Tk-1  yrk-1 Yk yrk
U'-U;| <|U*=U|| +D U= <> lU-U5] .
0 0 p—O 0 p—O 0

5. L”-optimal error estimate

Theorem 5: For all k£ =1,...,n and C independent by n, we have the following
estimate

|v*-uk| <cniogh]. o0
Proof: We have
| -0x| <|v*-0*| +|ot-Oi|_<|ot- 04| +| o - ok + |ok - k).

k
<|vr-0*| +|ok-ai] + Yoo
0 p:O [e9)

k
<|vt-o* +|oF -0* +“U°—U,?H +ZHUP—U,5’“ .

From the initial data in (1), we have U’=U (x,0)=¢(x) and UY=¢", then,
it can be used the following standard error estimate [3, 6] which investigated
the stationary case

HUO— U,?H <Ch|log . (35)
Using the estimates (30), (32) and (35), thus

HU"—U,f st Ch|log H + kCh|log 1 + (1 —1)"”00”41 —/z)kHUQ“.

Setting
(1-2)=hn
then
2| log h|
k=—7"—+.
| log(l - /1)

Therefore, it can be deduced

|v*-0k| < crloghf*.
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Proposition 3: [1] Under the assumption (14), we have for all k=1,...,n
the following estimates

Joi -vi <[ L8 oz -0

Now we evaluate the variation in (L”(Q))M - norm between U'h(T .x), the

discrete solution calculated at the moment 7 =nAt and U”, the asymptotic con-
tinuous solution of (1).
Theorem 6: Under the results of Proposition 3 and Theorem 5, we have for

|un-u7] < C[h2|log h|3+(ﬂﬂ (37)

(36)

1+(Ar) 8

Proof: Using Theorem 5 and Proposition 3, it can be easily obtained

. HU,:O_Uwngc[h2|logh|3+ (1xlae) ]

n 0 n 0
|vz-u]<|vi-vi

which completes the proof.

6. Conclusions

In this paper, the regularity and convergence of the presented algorithm sequen-
ces of the finite element methods coupled with the Euler time discretization scheme
are analyzed. Also, an optimal error estimate with asymptotic behavior in a uniform
norm are given for an evolutionary HIB equation with respect to the same proposed
boundary conditions in [2]. A next paper will propose a decomposition methods
for solving these problems. The convergence of the new scheme will be established
and the numerical example will be shown to prove that the new presented scheme
is efficient.
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