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Abstract. In this paper, the Ritz method is developed for the analysis of thin rectangular
orthotropic plates undergoing large deflection. The trial functions approximating the plate
lateral and in-plane displacements are represented by simple polynomials. The nonlinear
algebraic equations resulting from the application of the concept of minimum potential
energy of the orthotropic plate are cast in a matrix form. The developed matrix form equa-
tions are then implemented in a Mathematica code that allows for the automation of the
solution for an arbitrary number of the trial polynomials. The developed code is tested
through several numerical examples involving rectangular plates with different aspect ratios
and boundary conditions. The results of all examples demonstrate the efficiency and accu-
racy of the proposed method.
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1. Introduction

The application of orthotropic plates has a remarkable contribution in the
construction industry such as corrugated plates and laminated composite plates.
In many applications, especially if some of the plate edges are free, plates are likely
to undergo large deflection. Analytical solutions for the large deflection of
orthotropic plates are available for only very few cases involving simply supported
and clamped boundary conditions [3-11]. Energy methods offer a more powerful
tool for obtaining approximate but fairly accurate analytical solutions to plates with
mixed boundary conditions. The Ritz method, in particular, has the advantage of
being flexible due to its ability to accommodate trial functions satisfying only
the geometric boundary conditions. The application of energy methods to plate
analysis can be found in standard textbooks on plates, such as [1, 2, 12].
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Numerical methods such as the finite difference method [13-16], the finite ele-
ment method (FEM) [17], the finite strip method [18], the dynamic relaxation
method [19], the radial point interpolation method [20] and the method of differen-
tial quadrature [21, 22] are also possible candidate methods for the current prob-
lem. However, all of these numerical methods yield discrete solutions as compared
to energy methods which derive the solutions in a functional form. Having the
solution in a functional form is of a great advantage, especially for design and
optimization purposes.

In this paper, the Ritz method is used to cast the nonlinear equations resulting
from the application of the concept of minimum potential energy of the orthotropic
plate in a matrix form. The developed matrix form equations are then implemented
in a Mathematica code that allows for the automation of the solution for an arbi-
trary number of trial functions. The developed code is tested through several
numerical examples and the accuracy of the obtained solution is verified by com-
parison with available solutions in the literature and the FEM solutions.

2. Ritz method formulation for large deflection of orthotropic plates

The Ritz method is essentially based on minimizing the potential energy in a de-
formed body [23]. The potential energy of a plate subjected to a load q is defined
as the difference between the strain energy stored in the plate during bending and
the work done by the applied load. In the following, the strain and potential ener-
gies corresponding to large deflection of the orthotropic plate are derived first.
Then, the equations resulting from the minimization of the potential energy are cast
in a matrix form in order to automate the method and make it easily coded for
an arbitrary number of Ritz trial functions.

2.1. Strain and potential energy

Consider a thin elastic orthotropic plate subjected to a lateral load q(x, y) caus-
ing displacements u, v, and w in the x, y and z directions, respectively. The strain
energy stored in the plate during bending with consideration of the large deflection
strains has mainly two components; the membrane strain energy and the bending
strain energy. The membrane strain energy of the plate is defined by

1
Um = Eﬂ (Ny €0 + Ny €40 + Nyy Vxyo) dA (D)
A

where {€x, €50, Yxyo} are the membrane strains of the middle surface of the plate
which are given by
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and {Ny, N, Ny, } are the membrane forces which are related to strains by

Ny Ap; A 0 €x0
Ny = [A12 Az 0 { €y0 } (3)
ny 0 0 A66 yxyO
where [A] = f_tf/zz [Q]dz is the extensional stiffness matrix and matrix Q is given by
Qi1 Q12 O 1 Ex VyxEx 0
Qiz Q22 O ] R pv— VayEy  Ey 0
0 0 Qes EL 0 0 Gyy(1—vyyvyy)

Substitution of Equation (2) along with Equation (3) in Equation (1) yields the mem-
brane strain energy of orthotropic plate in terms of displacements derivatives, i.e.:

1
Um = g-ff (All(Zu,x + W,?x)z + Azz(zv,y + W,%/)z
A

+ 241, Quyy + w2 (20, + Wh) )
+4 Age(Uyy + Vi + Wiy W,y)z) dA

The bending strain energy is defined by
b1
vt =< A(Mx Ky + My Ky + My, Ky )dA 5

where {Ky, Ky, Ky} are the components of the plate curvatures which are given by

Ky W,xx
{ Ky } = {W'yy} (6)
Kxy W,xy
and {M,, M,,, M, } are the bending moments which are related to curvatures by
Mx Dll D12 0 Kx
My = (D12 Da 0 { Ky } (7
M,, 0 0 Dgel\2Ky,y
where [D] = [ t/2 [Q] z dz is the bending stiffness matrix.

-t/2
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Substitution of Equation (6) along with Equation (7) in Equation (5) yields
the bending strain energy of orthotropic plate in terms of displacements, i.e.:

ur =1 (D13Wiix + DaaW3y + 2 D1y WigyWiyy + 4DggWiy A (8)
2 4 11%Wrxx 22%Wryy 12 WixxWryy 66"Vrxy

The work done by the external force can also be expressed

W=quwdA ©)

Finally, the potential energy is given by

n=Um+U?-w (10)

2.2. Ritz method in matrix form

For convenience, the derivation of the equations will be performed using
indicial notation. The first step in formulating the Ritz method is to approximate
the solutions for u, v, and w by the following

ulx,y) =C'eix,y),  i= 1N,
U(x:)’) = ij){j(x:y): ] = 1'N17 (11)
W(x»)’) = Cllévlpk(x'y)r k = 1'NW

where the trial functions ¢, x; and i, are selected to satisfy only the geometric
boundary conditions; N,,, N,,, and N, are the number of terms for each of the three
trial functions; and the coefficients C;*, €/ and C}’ are to be determined based on
the principle of minimum potential energy, i.e.:

H'C}‘ = U‘Zzy + U'Ié}} — W’ny =0, r=1, Nu
Mey=Ugy +Ugy =W,p=0, 5= 1N, (12)
H;Cg/V = U’rCr.iw + U’légv bt W,Cg/v = 0’ t = 1’ NW

Inspecting the dependency of the energy quantities, U™, U? and W, on the con-

stants C}*, C ]7’ and C}¥ and carrying out the lengthy task of all differentiations in the

system of Equation (12) results in the following equations written in matrix form

Kt K3 o ][ct X NLF1,(CY)
kst k3 o0 ||G|= +|  NLF2,C) (13)
cerllew] | [ aweaa
A

0 0 NLF3,(C¥,CP,CY)
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where:
K= [[ (Auadi Bt Acs Buy By )4 (142
A
rj _
Ki; = ff (A2 Xjry Proxt Aee Xjox Prry )dA (14b)
A
Kzsi = Jf (A12 d’irx Xs'y+ A66 ¢iry Xsix )dA (14C)
A
sj _
KZZ - ff (AZZ Xjry Xs'y+ A66 Xjrx Xsix )dA (14d)
A

Ks%c = ff (lpt:xx (Dll l/)k:xx+ Dlzl/)k:yy) + l/Jt:yy (DZZ lpk:yy‘l' D12 l/)k:xx)
A
+ 4 Do Ytrxy Yioxy )dA

(14e)

1
NLF1, = — ECIZV a” ff (rx (A11 Wiox Wi+ Az Wiy Yiy)
A
+ 2 A66 d’r'y wer ’l)z»y )dA

(149)

1
NLFZS = _ECI‘CN CZW ff (Xs:y (AZZ l/Jk,:y l/Jl:y‘|' A12 l/)k:x lpl'x)
A
+2 A66 Xsrx l/)k:x l/)l:y )dA

(14g)

1
NLF3, = =5 G G [[ (A e Be Y et Aszbioy Yoy Yy ey

A
* (Alz + 2A66)(lpk'y l:blﬁy Ymx Werx
+ lpk'x l:bl'x lpmﬁy lpt'y )) dA

- cicy f f (cpi,x (A Yrox Vet Arz Yioy Wiy ) (14h)
+ Ags Dy (e By Yioy Vi )) dA

6 [ Gt G oy o A s )

+ Ass Xj:c (Yrox Yoyt iy Prx))dA

where the indices take values according to the following: r,i = 1,N,, s,j = 1,N,
and k,[,m,t = 1,N,,.
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The system of equations represented by Equation (13) contains a number of
(N, + N, + N,,) nonlinear equations in terms of the same number of unknown
coefficients. The computations of all integrals and the solution of the resulting
nonlinear equations have been carried out using Wolfram Mathematica [24].
The solution of the system of equations has been performed using the built-in func-
tion ,,FindRoot” of Mathematica, which is substantially easier than the well-known
iterative procedure.

3. Numerical examples

The accuracy and versatility of the proposed method is examined through three
numerical examples representing three different set of boundary conditions: (a) all
sides are simply supported and restrained against in-plane movement (SSSS),
(b) two opposite sides are simply supported and restrained against in-plane move-
ment and the other two are free to move in all directions (SFSF) and (c) three sides
are simply supported and restrained against in-plane movement and the fourth edge
is free to move both laterally and in the in-plane directions (SSSF).

1 F 7 w=Ew=v=0 —
| |
b : —
I rd b
¢ I
s y G
7 : ,Ia ' tﬂ I"_‘ I,Q‘
!.7 i e "
i e
| = =
|
I
I w=u=v=>0
L—a L S
(a) SSSS
i —
T I Free L I | Free |
| | | ‘ I |
b I P I | |
I /1‘**% <! b [ Pr— |
1 i’ vy ‘.JI\___," 0 l IT A | =
e — AR - \ a
[ L'_” LI ',* :H “7<) ||:
{ I " g ! [ T ||:\
y | i g
b | | b I ‘
I v |
} I . | J I = :"‘ y =) |
Free — - wxu=spv=0 ]
| ree ‘ ! { -
L L L ]
(b) SFSF (c) SSSF

Fig. 1. Rectangular orthotropic plates with sides of (2a x 2b)

The geometry and boundary conditions for the above three cases are shown
in Figure 1. To utilize symmetry, the origin of coordinates is placed at the center of
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the plate for the first two examples. For the third example, the origin is moved to
the center of the bottom edge. The dimensions of the plate are (2a x 2b) and
the analysis is carried out for three aspect ratios: b/a = 1/2,2/3 &1. To certify
the adequacy of the proposed method, the first case (SSSS) has been solved for
square orthotropic plate and compared with the obtained results by Reddy [17].
The results were obtained graphically similar to Reddy’s presentation for fair com-
parison. Then, the nondimensional graphical results of the deflection and stresses
for different aspect ratios were obtained and verified against the FEM. For the other
two cases involving free edges (SFSF, SSSF), there are no previously published
solutions and therefore, their results are verified against FEM solutions only.
The same plate properties assumed by Reddy [17] have been used here for all the
examples. These are: a =6 in, t = 0.138 in, E, = 3 X 10° psi, E,, = 1.28 x 10° psi,
Gyy = 0.37 X 10° psi and vy, = 0.32.

The FEM analysis was performed using ABAQUS software with an extremely
fine mesh having a maximum element size of a/60. The element type is STRI3
which considers geometrical nonlinearity based on classical plate theory [25].

Example 1. Uniformly loaded SSSS rectangular orthotropic plates

As per Ritz method requirements, the trial functions are required to satisfy
the essential boundary conditions. Thus, the solution can be obtained by employing
the following trial polynomials for this case of boundary conditions:

m n
u= 22 Cilj(az _ xZ)(bZ _ yZ)x2i+1y2j
j=01i=0
m n
v = zz Civj(az _ x2)(b2 _ yZ) xZiy2j+1
j=01i=0
m n
w = 22 Ci‘;}(az _ xZ) (bZ _ yZ) xZiij
j=01i=0

The criterion for truncating the number of polynomial terms was based on con-
vergence to the fine mesh-FEM solution. The convergence study showed that the
complete agreement with FEM solution can be obtained with (m = n = 3) results
in 16, 16 and 16 unknown coefficients for u, v, and w, respectively. This problem
has been solved by Reddy [17] for a square plate (a = b = 6 in). The convergence
analysis in Table 1 shows that the deflection converges rapidly with few terms while
the normal and bending stresses required more term to get converge (m = n = 3).
The comparisons of the present solution with those obtained by Reddy [17] and
FEM are shown in Figures 2a & 2b for central deflection and maximum stresses,
respectively. The Figures show perfect agreement among the three solutions.
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Table 1. Convergence analysis results at center point for square SSSS plate, g = 2.6

/t 1(2b)? 1(2b)? Y u(2b)? ) u(2b)?
m,n w am om, ——— (2 (2 -
¥ Eyt? Y Eyt? ¥ Eyt? Y Eyt?
1 0.0925 0.0300 0.0136 0.7471 0.3702
2 1.6094 8.7776 4.1640 14.7027 6.7756
3 1.6021 8.8005 4.2804 13.4794 5.5947
4 1.6021 8.8082 4.2870 13.4536 5.5838
5 1.6021 8.8085 4.2868 13.4414 5.5809
018 {a) 25 (b)
016 1 —FEM  —+Reddy [17] -4 Fresent —FEM == Reddy [17] == Presert
0.1= 1 207
Fxtama-Fiher stress
012 4 _
o L
3 =
0.05 - - g o] Rendirg sirsss
0.00 1 o
002 4 gé Membrone siress
0o
u [ t
] 0.3 1 1.5 2 25 Q 0.5 1 1.5 2 25
q q

Fig. 2. Uniformly loaded SSSS-orthotropic square plates: a) central deflections,
b) membrane and exterme stress at (x =0, y = 0)

For the plate with aspect ratios @« = 1/2 & 2/3, no published solutions are
available and, therefore, the present solution is compared with the FEM only.

The normalized central plate deflection (w/t) and stress (uax (2b)?/ (Eytz)), where
= (1 —vyyvy,), are plotted versus the normalized load (q(2b)*/(E,t*)) in
Figures 3a and 3b for the deflection and stresses, respectively. The Figures confirm
the perfect agreement between the present solutions and those obtained by the FEM.

3q (a) 45 (b)
! —a=Presert b —FEM bla=1 —k-Present bia=
—FEM L 3 ~- Presert 40 + —TFEMbia=2/3 —&-Present bia = 273
25 ¢+ —TFEMEa=12 8- Presert —FEM bia =172 —&-Present bia =172
35 1
2 30 4
I
+ Luhq-g
23
S1‘5 E ~
=20
g
=15 1
K
&0 T
0.5 ; RN
2 Membrane stress
0 & + t + t 1 0 + t t+ + 1
0 120 200 300 400 500 0 100 200 300 400 500
G 2b)*/(E,t7) q(2b)*/(Eyt*)

Fig. 3. Uniformly loaded SSSS-orthotropic plates: a) central deflections, b) membrane
and exterme stress at (x =0, y =0)
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Example 2. Uniformly loaded SFSF rectangular orthotropic plate

The plate is simply supported, prevented from in-plane movement at the edges
(£a,y) and free to move at the edges (x, +b). The trial functions become:

_ 2 2 [ i
= Xjeo Lo Cij(a® —xHx* iy
_ 2 2 [ ]

v = XjooXizo Cij(a® — 2Dty
W= Y3 Nk CF (a? — x2)x2iy?

The verification of the proposed method is performed against the FEM solution
for different aspect ratios: « = b/a = 1/2,2/3, 1. Figures 4 and 5 show the re-
sults for deflection and stresses at the critical points of plate, namely: the center
and the middle of the free edges. The results presented in all Figures show a perfect
agreement between the two solutions.

6, (@) 61 (b)
—FEM bla=1 —k—Present bja=1 —FEMb/a=1 =k~ Present bla=1
—FEM b/a=2/3 =A=Present bla=2/3 —FEMb/a=2/3  -A-Present bla=2/3

5 1+ —FEMba=12 —A-Present bla=1/2 5 4+ —FEMb/a=12  -A=Presentb/ia=1/2

0 1 60 2(‘)0 360 4(I)0 560 0 1 60 2(‘)0 360 4(I)0 560
q (2b)*/(Eyt*) q (2b)*/(E,t*)

Fig. 4. Deflection for uniformly loaded SFSF-orthotropic plate: a) at center (0, 0),
b) at mid-free edges (0, + b)
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q 2b)*/(Eyt*) q(2b)*/(Eyt")

Fig. 5. Membrane and extreme-fiber stress for uniformly loaded SFSF- orthotropic plate:
a) at center (0, 0), b) at free edges (0, = b)
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Example 3. Uniformly loaded SSSF rectangular orthotropic plate

In this example, the rectangular plate is simply supported and prevented from
in-plane movements while the fourth edge at (x, 2b) is free to move in all direc-
tions. The origin of this plate is at the middle of the bottom (simply supported)
edge. The approximate expressions for u, v and w are given by:

u= Z?:o Z?:o Ci’f(az - xz) x2i+1yj+1
v= ij'zo Yiso Civj(a2 — x%) x? y/H
W= Z}z_zo ¥, Civj(az — x2)x2iyitl
Figure 6 shows the results for the lateral deflection evaluated at the center and
at the middle of the free edge, while Figure 7 shows the corresponding membrane

and extreme-fiber stresses. The excellent agreements between all curves for the two
solutions confirm the accuracy of the proposed formulation for the Ritz method.

61 (2) 67 (b)
—FEMbla=1 —~Present bla= 1 —FEMbla=1 —&~Presentb/a=1
—FEMb/a=2/3 —a-Present b/a=2/3 —FEMbla=12/3 =a=Present bfa=2/3

5 1 —TFEMbla=12 —4-Present bla=1/2 5 + —FEMbla=1/2 —A—Present bla= 1/2

4 4
£ 3 £ 3
z 2
2 2
1 1 4
0 50 100 150 200 250 300 350 0 50 100 150 200 250 300 350
q (2b)*/(E,t*) q(20)*/(Eyt*)
Fig. 6. Deflection for uniformly loaded SSSF-orthotropic plate: a) at center (0, b),
b) at free edges (0, 2b)
50 - (a) 45 1 (b)
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4 4
q (2b)*/(E,t) q (2b)/(E,t)

Fig. 7. Membrane and extreme-fiber stress for uniformly loaded SSSF-orthotropic plate:
a) at center (0, b), b) at free edges (0, 2b)
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For the particular case of b/a = 1, a numerical comparison between the results of
the present solutions and FEM solutions for the above three examples is given
in Table 2 which gives the normalized central deflection and stress for different
loading values. Again, the numerical comparison confirms the accuracy of the
present method.

Table 2. Normalized central deflection and stress versus normalized load for d b/a=1

(2b)* SSSS SFSF SSSF
+ | Expression

Eyt FEM Ritz FEM Ritz FEM Ritz
100 1.0949 1.0947 1.1824 1.1823 1.1709 | 1.17132
200 wit 1.4231 1.4227 1.5291 1.5289 1.5193 | 1.52025
300 1.6433 1.6434 1.7672 1.7670 17552 | 1.75627
100 b7 19.7120 | 19.7135 | 20.5499 | 20.5535 | 209871 | 21.0876
200 o X T | 279968 | 27.9982 | 29.4061 | 29.3962 | 29.9903 | 30.1909
300 Y 343009 | 34.3228 | 363072 | 362757 | 36.8951 | 37.1475

4. Conclusions

The Ritz method is presented for the solution of large deflection of thin rectan-
gular orthotropic plates governed by von Karman equations. The nonlinear equa-
tions resulting from the application of the concept of minimum potential energy of
the orthotropic plate are first cast in a matrix form which facilitates the implemen-
tation of Ritz method in a simple Mathematica code capable of accommodating
as many polynomial terms as required to achieve convergence of the solution.
The derived matrix form is capable of handling different boundary conditions
including free edges and different degrees of orthotropy. The results of the numeri-
cal examples confirm the advantage of automating the Ritz method in terms of its
accuracy and capability in handling the present complicated problem.
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