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SECOND GENERATION SOLIDIFICATION MODEL.
SENSITIVITY WITH RESPECT TO MOULD PARAMETERS

Maria Lupa, Romuald Szopa, Wioletta Wojciechowska

Institute of Mathematics and Computer Science, Technical University of Czegstochowa

Abstract. In the paper the solidification model basing on the Mehl-Johnson-Avrami-
-Kolmogorov theory is discussed. In particular the sensitivity analysis of solidification
process with respect to the mould parameters is presented. The method allows, among other
things, to analyze the influence of the mould parameters on the temperature field in
the system considered. The casting-mould domain is treated as a 2D one. On the stage of
numerical computations the boundary element method is used. In the final part of the
paper the example of computations is shown.

1. Mathematical background

The temperature field in the casting domain is described by the following ener-
gy equation

o —aTla(’;’ ) v, t)+L—afSa(:’ /) (1)

where: Ti(x, f) is the casting temperature, fg (x, t) is the solid state fraction at

the point x, ¢, is the volumetric specific heat, A, is the thermal conductivity, L is
the volumetric latent heat, x = {x;, x,} and ¢ denote the spatial co-ordinates and
time, correspondingly.

The equation

¢ 0 Tza(j» t)

describes the temperature field in the mould sub-domain. Along the contact surface
between casting and mould the continuity condition is given:

oT, (x, 1) aT, (x, 1)

IR P R 3)

T (x. 1)=T, (x. 1)

=4 v T, (x, t) ()

On the outer surface of the system the Robin condition is taken into account:

oT, (x, t)_
on a

L,: -4, alr, (x, 1)-T, | (4)
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where o is the heat transfer coefficient, 7, is the ambient temperature. In equations
(3)and (4) 0 (-)/6 n denotes the normal derivative.
For ¢t =0 the initial temperature field is known:

t=0: T, (x, 0)=T,. T, (x, 0)=T) (3)

where T is the pouring temperature and 73 is the initial temperature of the mould.
A value of solid fraction f; of the metal at point considered results from the

Kolmogorov type equation [1-3]
fs=1-exp(-0) (©)

where
g ton [t T
a):a)(x, t)zgﬂ"(!-; [}[Z/ldf] dr (7)

In equation (7) N is the nuclei density, nucl./m’, u = u(x, ) is a rate of solid phase
growth, ¢ is a moment of crystallization process beginning. If we assume the con-
stant number of nuclei, then

3
4 t
w=—naN||udt 8
ool ¢
The solid phase growth (equiaxial grains) is determined by equation
OR
u=——=uAT 9
5 ©)

where R = R(x, t) is a grain radius, u is a growth coefficient and
AT=T" -T (10)

is the undercooling below the solidification point 7. Additionally we assume that
for T>T, :AT =0, in other words # = 0 and then the lower limit in integrals (7)

and (8) equals ' =0. So
4 ’ ’
a)ZEﬂN|:J-,uATdT] (11)
0

Introducing (7) to equation (1) one obtains

oT; 0w
cla—t‘:xl V2T + L, exp(-o) ™ (12)
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or

3

2
¢ 867; MVAT +4nN L, MATUMAMTJ exp —gnN[ijTer (13)

2. Sensitivity analysis

Now we will present the sensitivity analysis of solidification process with re-
spect to the mould parameters (thermal conductivity and volumetric specific heat)
at the same time the direct method is applied. The direct approach requires
the considerations corresponding the sensitivity of distinguished parameters sepa-
rately, but from the theoretical and practical points of view such approach is
essentially simpler than the adjoining one [4].

The first step of sensitivity model construction consists in the differentiation of
the boundary-initial problem with respect to the parameters considered.
Differentiation of the mathematical model with respect to A, leads to the additional
boundary initial problem in the form

xeQ: 8£8TJ AVZ(GT] Li(afsj
8t 04, 04 o0t\ 04,

xeQ,: GKGT] %Vz[%]Jrc—z%

04 oA, ) A, Ot
or, 0T,
0 0
xel}, b 0% (14)
a2 [om)_en  ofor,
on 82,2 on on\ 04,
xely: 22 o 0{8T2+6T2
onl 04, 04, On

t=0: 0T /04 =0, 8T,/04, =0

We denote U, =0T1,/04,, U,=0T7,/0 4, and

! !

rS:J-,uAsz', Py :IuUldr (15)

0 0
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Then

0 afq 4 3
=L, — > \=4xNL,exp|——ax Nr; |x
9 V@t(@%j % p( 3 N

(16)
X[4”NﬂATPU rs =2uAT pyrg = U, ”SZ]

In this place the Schwarz theorem and the rules of the complex function dif-
ferentiation can be used. Finally, the boundary initial problem (14) can be written
in the form

oU
xeQ: ¢——=4 VU, +q,
ot
ou oT-
xeQ,: ¢, 2=/12V2U2+C—2 2
ot A, Ot
U, =U,
xely,: oU, 0T, ou, (17)
-4 = -4
on on on
ouU oT.
xely: —A,—2=aU, +—2
on on
t=0: U =0, U,=0

Now, we differentiate the basic model with respect to ¢,:
oT, oT, 0
xeQ: cli L= v —L +LVi /s
ot\ dc, Oc, ot\ Oc,

T T T
xeQ,: 02i on =1, V? on |_9%
ot\ Oc, 0c, ) 0Oc,

o1, 0T,
xel 0e 06 (18)
. o (or o (or,
— A= =L =-2, —
on\Oc, on\Oc,
xell,: —-A i 0T, —aaT2
o >on oc, oc,

t=0: 8T, /8c,=0, 8T,/dc,=0

100



Prace Naukowe Instytutu Matematyki i Informatyki Politechniki Czgstochowskiej

Denoting V; =01,/ 0c,, V, =0T,/ 0c, and

1]
py =[uv, dr (19)
0

we obtain the formula determining the source function

0 fs
q, =L 9 (A):—47rNLV exp(—%nNr;jx

, —
ot\ Oc, (20)
x[2,uATerS+,uVlrS2+47rN,uATerS4]
So, the problem (18) can be written as follows:
o
xeQ: ¢,—-=A4 V'V, +q,
ot
ov. orT.
xeQ,: ¢ 2 VIV, ——2
2 275, 2 2775,
nh=r
xel),: ov ov. 21
12 —ﬂ,l—l:—/ll 2 ( )
on on
ov.
xel,: -4, —2=aV
on
t=0: V=0, V,=0

In order to determine the sensitivity of the process analyzed one should solve
simultaneously the basic problem and two additional boundary-initial problems
described by equations (17) and (21). The mutual connections between the basic
model and systems (17) and (21) require the knowledge of temporary temperature
field in the casting-mould domain. So, in order to solve the additional boundary-
initial problems the solution of the basic one must be known.

3. Method of numerical solution

On the stage of numerical computation the control volume method (CVM) has
been applied. The domain considered has been divided into N 2D control volumes,
additionally the time grid with the step Af has been introduced. The energy balance

101



Prace Naukowe Instytutu Matematyki i Informatyki Politechniki Czgstochowskiej

for the control volume considered AV, and the transition from ¢ to ¢ + Af can be
written in the form

m

AHy =AY 05, +At [qdV (22)

e=1 AV,

where: A Hy is the change of control volume entalphy during the time Az, the index
s is equal to for f+ 1 (in the problem considered the explicit scheme has been
used and s = f), ¢ is the capacity of internal heat sources. The quantity of heat
exchanged between the control volume AV, and adjoining ones equals

A s

Qgem:TeR_f% AA, At (23)

(4

where: A4, is the surface limiting AV} in direction e, Réf is the thermal resistance

0.5h, 0.5h
f_ e e
R, = v + i (24)

while 4, is the distance between central points of AV, and AV, .
The component corresponding to internal heat sources is transformed to the form

[adv=g,]av,] (25)

NG

where g, is the mean capacity of source function.

The change of enthalpy A H; results from the formula
Ay =of (17 =17 ) |av; | @6)

where ¢/ is the volumetric specific heat of control volume considered.
Taking into account the last formulas we have

of (10— 17) | a7, |:i uA@Aqu AV, [Ar 27)

e=1 Ref
or
m s _ s
TofH:Tof*Aft' (Z } f'O Fe+qu] (28)
€o e=1 Re

where F,=A A,/AV,. We denote

e

F, At B:qOAt

e = (29)

Y /
¢y R ¢
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and then
T/ =1/ +i(T; ~73)4, + B (30)
e=1
or
/" =1/ +iT: A, —T; iAe +B (31)
e=1 e=1

For the explicit scheme we have s = f. So

Tof”:(l— y AejToeriTef A, +B (32)
e=1 e=1
or
7/ :iTJ A, +B (33)
e=0
where
A, =1- 4, (34)

The problem of the boundary conditions modelling is a very simple. For the control
volumes being in the thermal contact with the environment (the Robin condi-
tion), the thermal resistance is defined as follows

- 05h, 1

R/ = +— 35
c =0 Ta (35)

where o is the heat transfer coefficient, additionally in a place of adequate 7./ the
ambient temperature appears. The condition between casting and mould is mod-
elled in a natural way (see: definition of thermal resistance). The stability of the
above scheme is assured if the coefficient 4, > 0 for every control volume.

As an example we consider the quarter of the rectangular aluminium bar
(0.05 x 0.07 m) produced in the sand mix mould. The parameters of casting
material are equal to A; =150 W/mK, ¢; =3 - 10°J/m’ - K, L=9.75 - 10® J/m’, solidi-
fication point 7., = 660°C. The parameters of the mould: A, = 2.25 W/mK, ¢; =
=2.261 - 10° J/m’ - K. The constant number of nuclei N = 10" I/m’ has been
assumed, growth coefficient: £ = 3 - 10° ms/K [7]. Initial temperatures: Ty, =
=700°C, T, = 30°C. The solution of the problem give the big number of informa-
tion concerning the course of the process.

For instance, in Figure 1 the effect of varying values of thermal conductivity
A, on the temperature is shown (cooling curves correspond to the point from
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casting domain located close to the boundary). The basic solution has been found
for A, = 2.25 W/mK, while the others results from the sensitivity analysis under
the assumption that AA, = 0.25. In this place the Taylor formula has been used

T(2+A)=T(4)*UAA (36)
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Fig. 1. Temperature distribution (= 120 s)
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Fig. 2. Cooling curves at the point from casting domain: 1 - 4, — A4y, 2 - 15,3 - 1, + A,
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In order to test the exactness and effectiveness of the method proposed the com-
putations have been vealized in two variants. At first the border values of 4, (4, =
=2 and A, = 2.5) have been assumed and for these input data the direct solution has
been found. Next the same solution has been constructed on the basis of 1 =2.25
and the formula (36) has been applied. It turned out that the both solutions are
practically the same. This fact confirms the correctness of the algorithm both on
the stage of mathematical model and also the numerical computation. In Figure 2
the temperature field for time £ = 120 s is shown.

Summing up, the presented algorithm using the control volume method for
the numerical computations of temperature sensitivity is quite exact and effective
and can be applied for analysis of the heat transfer processes in the system
casting-mould-environment.
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