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Abstract. Application of the standard boundary element method for numerical solution
of the bioheat transfer equation requires discretization not only the boundary but also the
interior of the domain considered. In this paper the variant of the BEM which is connected
only with the boundary discretization is presented. It is the essential advantage of the
algorithm proposed in comparison with the classical one. As the example, the problem
of the pair of vessels (artery and vein) surrounded by the tissue is analyzed, and the tempe-
rature field in the tissue sub-domain is found.

1. Bioheat transfer equation

The blood perfusion greatly affects the thermal response of living tissue. From
the mathematical point of view the problem belongs to the boundary (or boundary
initial) ones and is described by the partial differential equation called the bioheat
transfer equation (Pennes equation) and the boundary (or the boundary and initial)
conditions [1-3].

Pennes proposed quantifying heat transfer effects in perfused biological tissue
by a heat source appearing in the energy equation. The capacity of internal heat
sources is proportional to the perfusion rate and the difference between the tissue
teperature and the global arterial blood temperature. The underlying assumption
was that all heat transfer occurs in the capillaries. The Pennes equation has the
inherent limitation that is cannot simulate the effects of large, widely spaced ther-
mally significat blood vessels and they must be treated separately [2].

In this paper we cosider the steady state problem and then the Pennes equation
takes a form

xeQ: AVET(x)+c, Gyl ~T(0)]+0,,,=0 (D

where: A is the thermal conductivity, W/mK, QO,,., is the metabolic heat source,
W/m®, Gy is the blood perfusion rate, m’/s/m’ tissue, ¢ is the volumetric specific
heat of blood, J/m® K, Ty is the arterial blood temperature, 7' denotes the tempera-
ture. The 2D problem is considered, this means x = {x;, x,}.

The metabolic heat source, as a rule, is treated as a constant value [2], according
to the environmental conditions (cold, rest, exercise).
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The capacity of this component changes from 245 to 24500 W/m’.
Equation (1) is supplemented by the boundary conditions

xel: T(x)=T,

xel,: gqx)=-41 ég(x) =q, 2)
n
xely: q(x)—/iag(x)a[T(x)—Tw]

wher I'=I", UTI', UI, is the boundary of the domain Q, 7} and ¢, are the known

temperature and heat flux, o is the heat transfer coefficient, 7~ is the ambient
temperature, 0 7/0 n is the normal derivative.
The equation (1) can be written in the form

xeQ: AV T(x)-kT(x)+Q0=0 3)
where
k:Gb’cB’ Q:kTB+anet (4)

From the mathematical point view, equation (3) is the Poisson equation with the
temperature dependent heat source function.

2. Boundary element method

The standard boundary element method algorithm leads to the following
integral equation [4-6]

BEOTE) + [ 1y (.x) g dT =
r

)
[ 2 €)1 dT + [lo-kT]; (€. x)d0

r

where ¢ is the observation point, B (&) € (0, 1], VO* (&,x) is the fundamental solu-
tion

Lol (6)

VO* (§’X):27Z'ﬂ, »
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r is the distance between the points £ and x

r= -+ -8 ) %)
while
Z3(g.0)=-2 2e0) ®)
n
and
q(x)=_z@ ©)
n

The heat flaux resulting from fundamental solution can be calculated analytically

. d
Zo(x):zm2 (10)
where
d:(xl_51)0050‘1+(x2_§2)0050‘2 (11

and cosa,, cosa, are the directional cosinesof the normal outward vector 7.

In numerical realization of this variant of the BEM the boundary I" and also the
interior QQ must be discretized.

3. Multiple reprocity BEM

We denote by [ the last integral in equation (5), namely

1=[lo-kT)] ¥ (6,1 d0 (12)
Q

If the function ¥, (£,x) fulfills the equation

Vo (€0 =V I (£.%) (13)
then using the 2™ Green formula [5] one obtains
1= [[o-kT)V’ ¥V (€0 dQ=—k [V’ Tx) ] (£ dQ+
’ " (14)
f{[Q KT(x )]aV C2 ks, )aT:‘)}dr
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Because (c.f. equation (3))

V2 7(x) =§T(x)—%g

therefore
%j[Q kT (£,x)dQ- jzl*(e;,x)dn
5[2*(5 x)T(x)dr—ﬁjV*(g X)q(x)dT
/ﬁtr 1 > il— 1 > q
where
7 =2 20D
on

Now, we assume that the function V;(f,x) begin the solution of equation

Vi (&.x)=V?V, (&, x)

is known and the integral

L =[lo-kT@)r € xda
Q
can be transformed to the form

I, %I[Q—kT(x)]V;(g,x)dQ—%jZﬁ(f,x)dF+
Q Tr

k « k X
lez(f,x)T(x)dF—lez (£,x) q(x)dT

where

OV, (£, %)

Zy(Ex)=—4 >

Introducing (20) into (16) one obtains
2
:k—zf[Q—kT(x)]Vz*(f,x)dQ—gjzf(g,x)dr_

QZJ- J(Ex)dD+ = jZ(g )T(x)dF+— jz (&,x)dT -

T

[ € xq0dr - J%(@x)q(x)dr

r

kry
A

116

(15)

(16)

a7

(18)

(19)

(20)

@n
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This procedure can be easily generalized. The following sequence of functions is
defined

VIV L(E.x0)=V(&x), 1=0,12,..

. (23)
Zyx) -2 20 e
on
and then the integral equation (5) can be written in the form
= Y
B(&)T(§)+Z(;j [/ € qdr=
o r (24)

0

i 0 &k !
;(Zj lzl(fax)T(x)dr—le;(zj !Zul(f,x)dr
This equation contains only the boundary integrals. In order to solve it, the func-

tions V,*(f,x) must be known and the adequate series must be convergent [6]. In
[6] the following formulas are presented

V(& x)= ! r”(A,lnlJrB,), [=0,11, ... (25)
27 A r
where
Ay =1, A4, = 4 1=0,1,2
0 s 1+1 4(l+1)2’ o ly &y ene
(26)

A
B, =0, B,+1=;2 L +B,| 1=01,2,..
40+1)% \1+1

The functions Z ,* (£, x) can be calculated in the analytic way (c.f. equations (23))

Z;(f,x)=%r2]‘2{/l,—2l (A,h%ﬂg,ﬂ 27)

4. Numerical model

The boundary is divided into NV boundary elements L, j= 1, 2,..., N. The inte-

grals in equation (24) are substituted by the sums of integrals over these elements
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© I N
B(?’)T(f’)+2(%J > Iq(x)V,*(g’,x)drj:
=0

=1
J r;

v NP el
(;j IT(x)Z,(f’,x)drj—EZ(;j [z T,
1-0 STy, STy,

=0

If the parabolic boundary elements are used [4-6] then (Fig. 1)

x,=N,x{ +N;x{ +N, xf
x=(x;,x,)€r;: 29)
X, =N, xj +N, x;+N, xh

and
I'=N, T +N, T ,+N, T
XeT, : por 55 kL (30)
q:Npqp+qus+quk
where
-1 +1
e T ) (N AR G1)

while 7e[-1,1]

Because

2 2
_ dx, dx,
I \/(dnJ +[df7] o 2
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SO

dr’, =f(mdn=
> T (33)
2n-1 . 2n+1 2n-1 . 2n+l
\/( 772 xP=2nx + 772 xlkj +( 772 xy =2nx; + 772 xé‘j dn

The integrals appearing in equation (28) can be written in the form

Iq(x)V;*(é’,x)dFJ =gllq,+g] q, gl a (34)
Y
and
[ reoz; & xdr, =nl) T, +h}) T, + 0] T, (35)
F]
while
Izj+l(§l’x)drj :hlp/l+l+hlfjl+l+hlkjl+l (36)
r]
where
g.p.lz
ij
l * * i P K k P K k (37)
J.Npl/l(§l9§29prl+Nsxl—’_kal’pr2+Nsx2+ka2)f(77)d77
|
g/ =
1 * * i p K k P K k (38)
J‘NSI//(519529pr1+N.S'x1+kal9pr2+NSx2+ka2)f(77)d77
|
g =
1 * * i P K k P K k (39)
J-Nle(§19§29prl+Nsx1+ka1>pr2+Nsx2+ka2)f(77)d77
el
and
I _
hl' =

] o . . (40)
J-NPZ,(fl,f’z,prf+Nsx‘;+kall‘,pr’2’+N‘Yx"2+ka§)f(77)d77
el
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sl _
h;; =

1 o o o (41)
J‘NSZI(glaéﬂzaprf—i_Nsxl;—i_ka]Iﬂpr[z)—i_Nsx;—’_ka];)f(ﬂ)dU
-1

hl =
' of Lo , . (42)
J.Nk Z, ( $1,85, N, x{+ Nyx1+N, Xt N,x5+ N x5 +N, xé)f(’?)dﬂ
-1

As well known, in the final system of algebraic equations the values of tempera-
tures or heat fluxes are connected with the boundary nodes. If the following nume-
ration of the bounary nodes » = 1, 2...., R is accepted then for i = 1, 2,..., R one
obtains the system of equations (c.f. equation (28))

o0

Y & = (kY &
EED YL DA W ESD RS
r=1 =0 r=1

=0

>0

B IR
(g
=0 A r=1

43)
where for single node r begin the end of the boundary element I'; and begin the

beginning of the boundary element T'; | we have:

+1

I ki Pl
gl}’_gf,j+gl,]+1

(44)
I _ gkl !
hlr 7hl,_] +h1[,)j+l
for double node r, r + 1:
gzlr:gzlfjl” gzl,r+l:g1[,)jl+l
(45)
! kil I I
hlr - hl,] b hi,r+1 - hllj_]+1
while for the central node 7 of the boundary element I';:
g, =gy, hi,=h); (46)
The system of equations (43) can be written in the form
R R R
>G,q, =Y H,T,+> Z,, i=1,2,..,R (47)
r=1 r=1 r=1
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where:

0 k / l
Glr: Z(Ejg”’ (48)

=0
0 k]
Hir: Z(Ejhllrﬁ i#r (49)
=0
R
H,=-YH,, i=r (50)
r=1
0 l
Q (k\J I+1
Z, =-= ~ | h 51
i AZ AL (51

Taking into account the boundary conditions (2) the system of equations must
be rebuilt to the form A Y = F. The solution of this system allows to determine the
,»missing” boundary temperatures and heat fluxes. Next, the temperatures at op-
tional sat of internal nodes can be calculated using the formula

Ti:iHirTr_ﬁ:Gir qurﬁ:Z/r (52)
r=1 r=1 r=1

5. Example of computations

The pair of blood vessels (artery and vein) surrounded by the tissue is analyzed
- Figure 2. The domain considered corresponds to the cross-sectional area of the
tissue cylinder - Figure 3. Its radius R is equal to the inverse of the vessel pair
density and this Krogh-type tissue cylinder is affected only by the blood vessels
pair which is located in the central part of the domain.

Fig. 2. Pair of blood vessels
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Radius of artery equals R; = 0.0002 m, radius of vein R, = 0.0003 m, radius of t
tissue cylinder R = 0.0015 m, distance between the blood vassels D = 0.0003 m
(c.f. Figure 3).

The following boundary conditions have been accepted:

or
xel: q(x)—l#al[T(x)_Tm]

o
vel, q(x)=—ﬂ%=0!2[T(x)_TBz] (53)
xel,: q(x)=—/1—aT(x)=O

on

Assuming that for artery and vein the Nusselt number Nu = 4 [1, 2] one obtains
oy = 5000 W/m® - K, &, = 3333.33 W/m” - K. Thermal conductivity of tissue equals
A = 0.5 W/mK, the blood temperatures: 73 = 37.5°C (arterial) 7 = 37.33°C
(artery), Ty, = 37°C (vein),volumetric specific heat of blood ¢ =3.9962 - 10° J/m’K.
The remaining data are following: perfusion coefficient Gz = 0.0005425 m’/s/m’
tissue, metabolic heat source O, = 245 W/m® for rest conditions, while Gz =
=0.01085 m’/s/m’ tissue, O,er = 24500 W/m® for exercise conditions [1].

L - \ AN
7 N
/ r < \\
L e
\/ﬁ% / | R, \ \1
) J

SN

Fig. 3. Cross-section of tissue cylinder

The external boundary is divided into 60 parabolic boundary elements (120 nodes),
while the internal boundaries are divided into 8 (16 nodes) and 12 (24 nodes) para-
bolic boundary elements for artery and vein, respectively - Figure 4. In Figure 4 the
position of internal nodes is also marked.

The same problem has been solved by Mochnacki and Majchrzak [7] using the
classical boundary element algorithm and the results obtained are practically the
same. Summing up, the multiple reciprosity BEM is the effective method of nume-
rical solution of the bioheat transfer equation.
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Fig. 4. Boundary discretization and internal nodes

In Figures 5 and 6 the temperature distribution in the tissue domain is shown.

Fig. 6. Temperature distribution (execise conditions)
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