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ANALYSIS OF OPEN QUEUEING NETWORKS
USING METHOD OF GENERATING FUNCTIONS

Michal Matalycki, Siergej Gomanczuk, Andrzej Pankow

Institute of Mathematics and Computer Science, Technical University of Czegstochowa

Abstract. This paper provides the method of generating functions using for calculating the
time-dependent state probabilities for open queuing networks in transient regime, when the
network works in conditions of peak demand.

Introduction

The queuing networks (QN) can be used as stochastic models of various compu-
ter systems and networks (CSN), various objects in economy, production, insuran-
ce, medicine and other fields [1-3]. The process of QN analyzing is equal to calcu-
lating the state probabilities; because using them we can find all QN characteristics
of interest. It should be noticed that various real objects, including CSN, have time-
dependent parameters [2, 4]. Having projecting such objects it’s often necessary to
model their current behavior, to find their time-dependent characteristics. That is
why we have to know the non-stationary state probabilities of QN, being used as
their models. The exact results for state probabilities of QN in transient regime are
obtained in rare cases only [5-7], because of large dimension of the equation set
they satisfy. The method of diffusive approximation is used for calculating the state
probabilities of QN, working in case of peaking operation [8, 10]. In papers [1, 11,
12] the method of successive approximations, combined with numeric series
methods, is developed for finding non-stationary state probabilities of Markovian
QN with multi-type messages and multi-line queuing systems (QS), it is also
described the application of this method for various closed networks. The open
QN, working in peak demand conditions, is analyzed in this paper. We applied the
method of generating functions for calculating the state probabilities in transient
regime, formerly used for finding queuing systems stationary state probabilities
mainly [13].

1. The set of different-differential equations for QN state probabilities

Let us examine the open QN, consisting of n QS, each of them has m; same ser-
vicing lines (see Fig. 1). The duration of message processing in every line of QS S;

has the exponential distribution with service rate equal to g,,i =1,n. A Poisson
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message flow with rate A comes into the network and any incoming message goes
n-1

to the QS §; with probability p,,, i=1,n-1, Zpo, =1 and moves to QS S, after
i=1

processing. Taking into consideration the results of Poisson flow sifting, obtained

in [13] we can suggest that the incoming message flow for each QS S; is also

a Poisson flow with rate A, = Ap,,, i =1,n—1. The discipline of message processing

in systems - FIFO, each of systems S;, i =1,n has the infinite number of places in

queue.
A= Apy ,
[P
Ay = APy p
()
Hey1
Ay = APy, @
|
a1

Fig. 1. The open queuing network

The state of QN in moment of time ¢ is defined as the following vector
k(@)= (k,t)=(k,k,,....,k,,t) , where k; is the number of messages in S, izl,_n.
Let’s suppose that /; is a vector with zero components, except i-th component,
which is equal to 1.

Owing to the fact of exponential distribution of message processing duration,
the random process k(f) = (k,f) is a Markovian process with enumerable set of
states. There are five possible transitions to state (£.¢) during the period of time At:
a) from state (k+ 17, —1,,t) with probability

M u(k,) min(m,, k, + 1) At +o(At), i=1ln-1

x>0
where u(x)=
0,x<0
b) from state (k —1,,¢) with probability Ap,, - u(k,)- At +o(At),i =1,n—1
c¢) from state (k +1,,¢) with probability g, -min(m,,k, +1)At +o(At)
d) from state (k,)with probability

1{2 w1, -min(m,, k, +1)+ A |At + o(Ar)
i=1
e) from all other states with probability o(Af).
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Then, using the formula of total probability, we can suggest

n-1 n—1
Plk,t+ Ay = Plk+1,—I,.0)pu(k, ymin(m, k, + ) At + Y P(k —1,0)Apyu(k,) At +
i n i n (R i 0i i

i-1 i=1

+ P(k+1,,0)u, min(m,, k, + 1) At + P(k, t){l - {Z M min(m,, k, +1)+ A}At} +o0(At)

i=1

While dividing both parts of this statement into A¢ and proceeding to the limit
when Ar— 0, we’ll get the set of different-differential equations for QN state

probabilities:

n n-1
% = —{ A+ ;,u, min(m,, k, + 1)}P(k,t) + ﬁ.; P(k—1,,t)pyu(k,)+

n—l
+ Y P(k+1,— 1,00 mu(k,)min(m,. k, +1) + w, min(m,, . k, + )P(k+1,.0) (1)

i=l

2. The state probabilities of QN in case n =3

Let » = 3 and all queuing systems of QN have one servicing line only, i.e.
m; =1,i =1,n, the equations set (1) will look as follows:

dP(k 3 2
C(th’t) :_{A+ZﬂI}P(k’t)+ﬂzp(k_llﬂt)pmu(kz)"'

i=1 i=1

2
+ D P(k+1,— I,.0u(ky) + s P(k + I,1)

i=l1

Let us define the many-dimensional generating function. Assuming
z=(zy,2,,z;) we’ll get the following:

P(z.0) =Y 3> Plhky =1k, =m.ky =r.1)z(25' 2} =
=0 m=0n=0

)

o o0

= i ZZP(I, m, r,t)zllzglzg
=0

m=0n=0
I_m_r

Multiplying each of the equations (1) by z,z5'z; and summing over all possible
values of [, m,r we’ll obtain the statement
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iiZdP(k t) {ﬂ,+z,u }iiiP(k,t)z{zé"z;—i-
i=1

=0 m=0 r=0 1=0 m=0 r=0

-ilepOlu(k )ZZZP(I{ I,,0)z)z)z] +Z,u,u(k )ZZZP(!{+I —1,,0zl 202 +

1=0 m=0 r=0 1=0 m=0 r=0

+ y3ZZZP(k +1,,0z] 202}

[1=0 m=0 r=0

Further, we’ll examine several right-hand sums of this statement separately. Let

> = Z poulk, )i ffjp(k 1,02,z z;. Then
[=0m=0r=0

o o0  ®©

2. (60 = pouk), DY Pk = 1,002,125 25 +pou(k,) Y, D > Pk —1,,0)2,23' 25 =

=0 m=0r=0 =0 m=0r=0
-1 -1
= Pz ), O, 0 PA=1mr,0)z"' 2y 2 + poozy D Y D P(Lm =1, 1)z 2y 2] =
=0 m=0r=0 =0 m=0r=0

0

—pmleZZP(s m,r,t)z)zy z} +pozzzziiP(l u,r,t)z 25z}

s=0 m=0 r=0 1=0 u=0 r=0
=(Po12) + Ppz2)P(z,1)
For sum Z (z,0)= Z,u,u(k )ZZZP(k+I —1,,1)z{ z¥' z; we’ll obtain:
[=0 m=0 r=0

0 0 0

D En= ylu(@)iiip(kul —Iy.0z{z) 25 + pouk;) Y DY Pk +1, — Iy, 0)z{z3 2} =

1=0 m=0 r=0 1=0 m=0 r=0
ZZZF(ZH m,r —1,0)z" 2y 25! +IL12—ZZZP(Z m+lr =10z 20"z =

llOmOrl 210mOr1

Z - - = m r m r
:ﬂlizzzP(Zamarat)lezz Z3 t My — ZZZP(Z m,r,0)z 25 25 =

2] [=1 m=0 r=0 Zy 1=0 m=1 r=0
:23[—1+—2]P(z N—p = ZZP(Omrt)22 zl— ZZP(lOrt)zlz3

2T 21 m=0 r=0 23120 u=0
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And, finally, the last sum Z3(z,t):,u3ZZZP(l,m,r+1,t)zfz£"z3’ can be

=0 m=0 r=0
simplified as follows:

0

Z (z, t)—'u3 ZZZP(Z m,r+1,0)z 20 25 = Tl ZZZP(Z m,r,t)ziz0 z} =
z

3 1=0 m=0 r=0 Z3 720 m=0 r=1

= 2Pz t)— ZZP(I m,0,1)z, z}

Z3 Z3 120 m=0

Thus, considering notation (2) for generating function we’ll obtain heterogeneous
linear differential equation

dP(z,t 2
ﬁz—{ﬂJfZﬂz —Wnz — Wy 2, _23(&+&j_%}P(z’t)_
i=1 3

dt zZ,  z,

ZZP(O m,r,0)zzs — ZZP([ 0,r,0)z 2% —

ZlmOrO 22 120 r=0

A Z ZP(Z m0,0)z 2 3)

Z’S [=0 m=0

Let us suppose, that all QS of QN work in peak demand conditions, i.e.
k,(t)>0,Vt>0,i=1,n (that means that there is at least one message being

serviced in any QS). In that case the last three items in equation (3) are equal to
zero, and therefore it becomes heterogeneous

dP(z,
% {i Z,U; Aoz — @0222_2{2 /:_jJ—j_j}P(Zaf) (4)

Let’s consider, that at start time the concerned QN is empty, i.e. £(0,0,0,0) = 1.
Then the starting condition for equation (3) will look like P(z,0) = 1. Thus, we
obtained the heterogeneous linear differential equation (4) for generating function
with time-independent coefficients. Having solved this equation and considered it’s
starting condition, we’ll obtain

3 ©
P(z,t):exp{— {ZJF gﬂ; — Wz = Wz, —z; ﬂ_23 &__3}} )

Z Zy;  Z3

Based upon generating function determination (2), the probability P(k,¢),

k = (k. k,,k;) is equal to coefficient of z/1z5?z% in expansion of P(z,7).
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Let us reorganize statement (5) for more convenient form. If it is denoted

a,(t)= exp{ -4+ Z y7 )t}, then

i=l1

P(z,t) = ay(t) exp(Apy,2,t) exp(Apy, 2,5t ) exp(z, % 1)exp(z, % 1) exp(? 1=
1 2 3

S (Apnzt) < Uppzat) <5 (71 20 <6 (175 250 < (a2
_a"(t),.; il /Z; ! ,Z; 1! Z; s! qZ; g

0 o o 0 ™ i+ i [, s
ﬂ/ J J q . ) a . -~
:ao(t)zzzzz PorPorth s 1 L,;+J+/+s+qzll 122, ‘;Zéﬂ q

1
i=0 j=0k=0 5=0 u=0 il jllslq!

Example 1. Let’s calculate the probability of state P(1,1,1,£), which is equal to co-
efficient of z,z,z; in expansion of P(x.f). At that, the powers of z,z,z, satisfy the
following statements:

i—]= l:l'—l

. . s=j-1
Jj—s= ie. g=i+j-3
l+s—g=1 i >0

Thus

3
RO N NI [y R R W IR A _
P(LLL)=e ™ DPoiPooth Ky My ENEY

S NG =D~ DG+ -3)!

Assumed that p,, =0.3, py, =0.7, 14y =1, 1, =2, =10, A=1 we’ll get the
following graph (see Fig. 2 below) for time-dependent probability P(1,1,1,f).

2,50E-05 -
2,00E-05 4
1,50E-05
1,00E-05

5,00E-06 -

(),(I)E"‘(D T T T T T T 1
0 1 2 3 4 5 6 7t
Fig. 2. The graph of P(1,1,1,7)
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Example 2. Let’s find P(2,3,5,f) now, which is equal to coefficient of zl2 23235 in
expansion of P(z.,t). The statements for powers will look like:

I=i-2
i-1=2
. . s=j-3
Jj—s=3 ie. T
g=i+j-10
I+s—qg=5 T
i,j>0
Thus
3
(A )t o @ i+) -2 j=3  i+j-10
P(235,0)=e +i§l/ ZZ A pa Pk My (3315

S I~ 2N ~3)! i+ j ~ 10)!

Assumed that p,, =03, p, =0.7,14y =1, 1, =2, ;; =10, A=1 we’ll get the
following graph (see Fig. 3 below) for time-dependent probability P(2,3,5,7).

2,00E-13 -
1,80E-13 |
1,60E-13 A
1,40E-13
1,20E-13
1,00E-13 A
8,00E-14
6,00E-14
4,00E-14 -
2,00E-14
0,00E+00 ‘ ‘ ‘ 't
-2,00E-14 ¢ 2 4 6 8

Fig. 3. The graph of P(2.3.5,7)

3. The state probabilities of QN in case of arbitrary n

Let us summarize our results for case of arbitrary number of QS, but like in
previous case, it’s supposed that all of them have one servicing line only. Then the
equations set for state probabilities (1) will look like:

n n—1
D —{ e, }P(k, 0+ 23 Pl— 1, 0pyuk) +
i=1 i=1

n—-1
+ Y P(k+1, =1, 0pu(k,) + Pk +1,.1)
i=1
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Let us denote that all systems of QN work in peak demand conditions as before, i.e.
k.(t)>0,Vt>0,i=1,n. Let us define the n-dimensional generating function:

P(z,1) = ZZ ZP(zl,zz, ,n,r)H

1=0i=0 i,=

Performing research similar to case n =3 we’ll get the heterogeneous linear differ-
ential equation for course-of-value function

dP(zt) {/1 Z'u' AZPOH— nz_, ﬁ}P(Z,t)
z z

=l “i n

Considering the starting condition P(z,0) = 1 the solution if this equation will be
the following function

n n—1 n—1
P(z,1) =eXP{—{/1+Zﬂ, —AY . poz; —znZ%—ﬁH (6)
i=1 i=1

= “i Zn

Let us reorganize statement (6) for more convenient form

P(z,t)= exp{—{ A+ Z,u,} t} exp(ﬂz Doizit)exp(z, Z £ 1) exp(ﬂ” 1=

i=1 i=1 / n
= ay(Na,(z,0)a,(z,1)a;(2,1)

where:

a,(t) = exp{—{/%ri,u,}-t}
i=1
n-1

a(2.0) = exp(xzpo,z,o exp(pro,z,r) Hexp(xpo,z,t) s Crozt)

i !
/ 0 [
Z(Kpmzlt) z:(kpozzzt)2 Y APy Z,a)" _
L Y 1,520 Ly!
w Ee) /,_
DYDY (Xpmzlt) (Appza)" ‘.‘.(xpo;qflznflt) L

h=06,=0 =0 h! lyy!

0 0 0 ;\‘]1+12+...+/n,1t11 +[2+...+1n,1 ; ] ] L

Z Z Z DPorPos " pOr;:llZl z 2,

L A
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n-1 u] n-1 “lt)m
ay(z,t)=exp(z, y 1) = [ Texp(z,z 1) H Z
i=1

i i=1 i=1 m;=0

-1 .
Z(Z w2 )" Z (2,2, lvlzt)m2 . i (2, Zpa M) _
my=0 m, ! my=0 m, ! m,_=0 m,_, !

m1+m2+ +”ln ltml +m2+ +m,, 1

L M M1, ml R T
-3 3.3 Rl

my=0 my=0 m,_, mllmz!'u.'mn_l.

0 qz—qtq
ay(z.0) = exp(tr) = T B

Zy q=0 Q'
Thus

0 ﬂll+12+"'+1”*1 L by, ,m My,

oo ES 5 55§ St

Vm
1=01=0 1,_1=0m=0my=0 m,_ ;=0 ¢=0 -1y e L,y

ly—my _ly—m Ly =My _my+my+..+m, 1 — L+l +. 4, +my+my +..+m, 1+
XZ]I ]ZZZ 2,‘“,2711 nlznl 2 711(1,t1 2 n-1 1 2 n-11T4

Example 3. Let’s find P(1,1,1,...,.1,f) now, which is equal to coefficient of Hz, in
i=1
expansion of P(z,t). The statements for powers will look like:

L—m =1

L —m, =1

ln—l _mn—l :1
m+my+..+m,  —q=1

Having found variables m; from the first #—1 statements of the equations set above
and placing them under n-th equation, we’ll obtain the following:

m;=1,-1
n—1

q=21f —n
i=1

Then
P(LL...L,1)=

o 7\’11+12+...+1,,,1 Lh=1 15-1 h+ly+. 4, —n

Y. Z POPG e Pyt M HE e y
e TR SRRV TOA | A T p——

™ [31] +3ly+.. 431, —2n+1
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Example 4. If we are interested in calculating the probability of state P(1,1L...3,7),

then we have to find the coefficient of z,z, -...-z. in expansion of P(z,f). The sta-

n

tements for powers will look like:

L —m =1
L—m,= m;=1,-1
.......... ie. nl
=>1-n-2
In—l mn—lzl 1 ;l
m4+m,+.+m, ,—q=3

Thus,
P(1,...1,0)=
o o 0 L+l +. 41, Lo [ h=1 1,-1 1L,-1 Lh+ly+.+, ,—n=-2
A " Po1Poy e Pon B My e B My, i

X
11:0]2:0 1”71:0 11!12!‘...‘1}171!(11 _1)'(12 _1)!‘...‘(1},’71 _1)'(11 +lZ +...+In71 _n_z)'

Xl3]l+312+'”+31"" —2n-3
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