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Abstract. The paper concerns axisymmetric free vibratioramfular and circular plates
of stepped thickness with elastic ring supportsadEsolution to the problem was obtained
by dividing of considered plate into annular platdfsuniform thickness and by using
Green’s function method. Analytical solution to nabon problem was used to perform
numerical frequency analysis of an exemplary stdgpmular plate.

Introduction

The vibrations of annular and circular plates @&pgied thickness have been
studied by several authors (for instance refereiit€d). The solutions to free
vibration problems concerning such plates were inbth often by using an
approximate method. In references [1, 2] finitenedat method and optimized
Rayleigh-Ritz method were applied. A closed form exfact solution to the
problem can be obtained by using the Green’s fancthethod. This method in
the previous papers [3-6] was used, but the problémre considered concern
the axisymmetric free vibrations of annular or glez uniform plates with elastic
ring supports.

The present paper deals with free vibrations ofutrnand circular plates of
stepped thickness with elastic ring supports. Egakition to considered vibration
problem is obtained by using properties of Grednisctions corresponding to
differential operators which occur in the mathegsltidescription of the plate
vibration. The Green’s functions are derived byvisw auxiliary problems.
The next step in this approach consists in dividoigthe stepped plate into
uniform plate elements: annular plates or one Grcplate and annular plates.
In formulation and solution of the problem one &lke&to account arbitrary finite
number of the plate elements. Analytical solutian vibration problem was
used to perform numerical analysis of influencepafameters characterizing
the system on its eigenfrequencies. In the analfreis vibration of stepped
annular and circular plates composed of two or mandorm plate elements
were considered.
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1. Formulation and solution to the problem

Consider an annular or circular plate of thicknessying stepwise along
(n— 1) concentric circles as schematic shown in EdurThese circles mark oot
plate elements - uniform annular plates of thickngsand radiia.,, g, where
a.1<a ( =1,...n). In case of circular plate the inner element sraular plate
of radiusa; and other elements similarly as for annular pdegeappointed.
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Fig. 1. Cross-section of stepped annular plate dividton uniform plates

Axisymmetric vibration of-th plate element is governed by differential egumat
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wherew; =w(r, t) is transverse displacement of the platet, - radial and time
variable,D; =E h®/ 12 (1 —?) - bending rigidity of the platé - Young modulus,
v - Poisson ratiog; = q(r,t) - load per unit areap; - mass per unit volume,

hy - thickness of thg-th uniform plate elements =s(t) is the shearing force,
m = my(t) is the bending moment aid) is the Dirac delta function. One assumes
that:ss=my=s5,=m, = 0.

Equation (1) is completed by boundary and conynednditions. The boundary
conditions corresponding to annular or circulartggawith clamped or simply
supported or free edges can be written symbolid¢altire form:

BO[WO]L:aO =0, Bn[Wn]L:an =0 (2

for annular plates and
B,[w,]|,_, =0 2)
for circular plates. The continuity conditions are:
wayt)=wialag ), wilat)=walat) j=1..n-1 (3)

where “prim” denotes differentiation with respectt
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We assume additionally that the considered platesuigported on elastic
concentric rings. Lef\; denote the number of supporting rings feth plate
element andi; - radii of supporting ringd € 1,...N,, j = 1,...n). Then the function
g; occurring in equation (1), has a form:

a;(r.t) :‘i K; vv(r,t)6(r —r“) (4)

wherek; denotes the stiffness coefficient of thith supporting ring which occurs
in range of thg-th plate element.

In case of free harmonic vibration of the systenthwdigenfrequencyy for
each plate element of constant thickness, one a&sstimat

w(rt)=w(r)e,  st)=s€“, mt)=m, e (5)

Taking into account (5) and introducing dimensisslequantities:r; =r/a;,

m=r/g ande =W, /a;, in equation (1) and using continuity condition$, (3

one obtains
L;B’VJ]:‘ZKNWJFJJ(FJ‘FN)
, = , (6)
-5 ol -+ M, i o -a))+ 5 1 ol -1)- M 7 5 (7 -1)
j j
_ 1 — _ _
W= W) W QW) i=1n-2 @)
]+
N/ — 2.4
where: L )= Gir L4 O |po gy o= AMYE
drj dj r]dj drj Dj
K, =k; a’/D;, a;=a,la, 4,=D,,/D, S =S;a’/D,,

M;=M;a;/D;, j=1,..n.

Solution of equation (6) is obtained by using Giednnction method. This
method consist in determine of an integral operatm inverse to the differential
operator which occurs in the considered differémqiablem. The integral operator
is defined by a function (Green’s function), whiirst should be determined.
Green'’s function of an operator is obtained aslatism of an auxiliary problem.
Determination of Green’s function of the operatgroccurring in equation (6) is
presented in the next chapter of this paper.
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Ones the Green'’s functidd/(r, p) of the operatok ; is known then the solution
of equation (6) can be presented in form [3]:

N - A

W (f;)=—§*<uwj(fu)fu Gi(rj,rjl)—Sj_la—;Gj(rj,aj;Qj) @
_Mj—lﬂiG,jp(ri’ai;Qi)J’giGj(rj IQ1)+MjG,L(rj ;L'Qj)
where the dashes over symbilsV, S M are omitted for clarity.

In order to obtain the characteristic equation log¢ tconsidered vibration
problem, a set of homogeneous equations with résgecinknown quantities

§j, Mj(j =1,.n-1) and\Nj (rjl) (I=1,...N;,j =1,...n) is created.

The 2 6—1) linear equations of the set are obtainedabyny into account
equation (8) in continuity conditions (7). Anotheguations are obtained by
substitutingrj =r; in equation (8). The system of equations can bigtenr in
a matrix form as follows:

AX=0 (9)
Where X =|S,M,,...S ., Mn_l,V\/l(rll),,...,Wn(rnNn)]T. Equation (9) has non-
trivial solution if and only if
detA(w)=0 (10)

Equation (10) is the characteristic equation topheblem. This equation is than
solved numerically with respect to natural frequesnc
2. Green’s functions

Green’s functiorG(r, p) of the operatot. considered in this study is a solution
of equation

L[G(r, p)]=3(r - o) (11)
= 2,4
where L[G]Ei{ri[ii[rd—(;ﬂ}—rg“e and =P " Greens
dr | dr{rdr{ dr D

function G corresponding to uniform annular plate with botlges ( =b, r =a,
b < a) simply supported (S — S plate) satisfies follogvboundary conditions:

2
G| =0 d G +V1'd_G
r=al dr? rodr

=0 (12)

r=al
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wherea =b/a. Green’s functions corresponding to annular platéh the other
boundary conditions were considered in referen8e4,[6].
Solution of equation (11) can be presented in anfi&i:

G(r.p)=Gy(r.0)+ Gi(r. p)H(r - p) (13)
whereGq(r, p) is a general solution of homogeneous equation
L[G(r.p)]=0 (14)

andG(r, p) H(r —p) is a particular solution of equation (11). It mag shown that
G, is a solution of equation (14) which satisfieddaling conditions:

0°G
G1|r:p - = arzl

3
=0 anda G,

r=p

(15)

ars

o

Fig. 2. Stepped annular plates with one ring suppor

The general solution of homogeneous equation (ad)be expressed in terms
of Bessel functions,, Y, and modified Bessel functiorg, Ko, of the first and
second kind. Functio®, viz. has the form

Gy(r,0)=cdo(r Q) +c,lo(r 2) +coYo(r @) +c,K, r @) (16)

wherec's are integral constants. The constants are detechiby using conditions
(15). Solving a system of equations obtained onhihgis of (15) and using the
following relationships [7]:
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lo(2)K, (2) + |1(z)K0(z):%
Yo(z)Jl(z)—n(z)JO(z)zé

functionG; can be written as

Gl(r’p)_ (IO(I’Q)KO(pQ)—Io(p_Q)KO(I’.Q)+

202

+ IET (3,(r )Y, (02) - 3, (p2)Y, (r 2)))

(17)

FunctionG, as a general solution of homogeneous equationi{dg)the form
analogous to functio®,; given by equation (16):

Go(r,p)zclJO(l’ Q)+C2I0(r Q)+C3Y0(r Q)+C4K0(r -Q) (18)

Table 1
Values of frequency parameter(2, =,/ ph,/ D, @ a® obtained by present method

and by Rayleigh-Ritz method (italic, reference [2]¥or free-free stepped annular
plate simply supported along a circle with radiusc

h,/h;= 0.6 h,/h;=0.8
b/a Ja d/a d/a
0.3 0.5 0.7 0.4 0.6 0.8
02 3.213 4.117 4.542 3.863 4.141 4.176
01 3.29 4.14 455 3.86 4.15 4.18
0.4 3.880 5.200 6.268 5.066 5.644 5.803
5.27 6.30 5.66 5.81
05 3.972 5.217 4.686 5.037
04 5.21 4.68 5.04
0.6 5.152 6.905 6.234 6.817
6.94 6.82

The constant€'s are determined by taking into account equati@a3, (18) in
(13) and by using boundary conditions (12). Thelofeing functions are
introduced to present the functi@y:

@4(2)=2235(2)1(2) - (1-)(9,(2) 15(2) + 3o(2) 11(2))

Pg(2) = 2230(2) Ko (2) - (1-v)(3(2) Ko (2) - Jo (2) K, (2)
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2
WS4(Z,U) -1V Ko(u)"'g(Yo(u)‘psz(Z) Jo(u)‘ps4(z))
and
d= 4(1-v)y .
an?

+ ¢SL(‘Q)¢S4(U'Q)+¢SL(Q)¢S4(G‘Q)_¢52(Q)¢SS(U‘Q)_(DSS(Q)(DSZ(U'Q)

The functionG, (for S — S plate) can be written using above flomst as follows:

Go(l’,p) ("‘/31(91/79)"‘/52(0'9’r-Q)_wsz(-Q’pQ)"um(aQ’r-Q)"'

T 2d Q2

+%(¢/JSg (@, p QW (a 0.1 Q)- ¢, (Q, pQWes(a 2.1 2)))

(19)

Finally, Green’s function G of operator L corresdiong to simply supported
annular plate is given by taking (17) and (19) &B)( Green's functions of
operators L corresponding to circular and annulateg with other boundary
conditions are presented in papers [3-6].

3. Numerical examples

Numerical example concerns the free vibration efepped annular plate with
both edges frea E a, r = b) and one elastic ring support. leeandk denote radius
and stiffness coefficient of the supporting ringspectively, § < c<a). Plate
thickness varies stepwise in radial direction altreycircle of radiusl (b <d < a).
The plate is divided into two plate elements - fim® annular plates of uniform
thickness (Fig. 2). Figure 3 presents values ofjfemcy parametef; as a
function of ratioc/a, for various values of stiffness parameker ka®/D, We
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can see both parameters: ratfa and stiffness parametir have significant effect
on frequency parameta®,. If k —» o then the frequency parameter of free-free
stepped annular plate simply supported along decio€ radiusc, is obtained.
Results of numerical calculations are presentedTable 1. The frequency
parameters are compared (where available) withlteesiotained by optimized
Rayleigh-

-Ritz method which are presented in referenceAR]calculations were performed
for v=0.3.

Conclusions

Green'’s function method was used to obtain exakitisa to free vibration
problem of stepped annular and circular plates weitéstic ring supports. In
formulation and solution to vibration problem omdéds into account an arbitrary
numbers of thickness steps of the plate and elasigc supports. The analysis
concerns axisymmetric vibration of annular and wac plates with various
boundary conditions.

Numerical analysis shows that the parameters clesiizing the plate (thickness
ratio of plate components, radii of componentsatmns and stiffness coefficients
of ring supports) have significant effect on frabration frequency of the plate.
Results obtained by presented here method were areahwith results obtained
by optimized Rayleigh-Ritz method. Good agreemehtresults confirms the
correctness of presented method.
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Fig. 3. Values of frequency paramegr= 141 2% af a*/ D,, (i =1, 2) of free-free stepped

annular plate as a function of rati@, for various values of stiffness
parameteK = ka/D; bla = 0.4,d/a = 0.7,h,/h, = 0.8
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