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Abstract. The paper concerns a free vibration problem of a system of non-uniform beams 
coupled by non-homogeneous elastic layers. To solve the boundary problem, the Green’s 
function method was applied. An example of the Green’s function corresponding to  
the differential operator with variable coefficients is presented. The frequency equation is 
obtained by using a quadrature rule of a Newton-Cotes type. 

Introduction 

The vibration of systems composed of uniform beams coupled by translational 
springs or elastic layers has been studied extensively in the literature (see for  
example [1-5]). The authors of paper [1] deal with the problem of the natural 
transverse vibrations of a system consisting of two clamped-free beams to which  
several double spring-mass systems are attached. The solution of similar vibration 
problem which contains possible combinations of classical boundary conditions, 
but the beams are connected by many translational springs without masses, was 
presented in paper [2]. Free vibration of a system of many beams connected by 
translational springs was studied in reference [3]. The papers [4, 5] are devoted to 
the vibrations of uniform beams connected by homogeneous elastic layer. 
Vibration of two uniform plates coupled by non-homogeneous layer was 
investigated in paper [6]. The solutions of problems presented in these papers are 
determined by using an exact methods. In references [1-3] and [7, 8] the Green’s 
function method was applied. Derivation of the Green’s functions for uniform 
beams is presented in reference [3]. The Green’s functions for any cases of non-
uniform beams were determined in papers [7, 8]. 

The purpose of this paper is solution of the free vibration problem of a 
combined system consisting of non-uniform beams coupled by non-homogeneous 
elastic layers. The solution of the problem is obtained by using a Green’s function 
which corresponds to a differential operator occurring in differential description of 
the beam vibration. The Green’s function is expressed by Bessel functions of the 
first and second kind. In order to derivation of the eigenequation and 
eigenfunctions a quadrature method is applied. 
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1. Formulation of the problem 

Consider a system of n beams of length L which are coupled by n-1 elastic  
layers with the stiffness module kj(x) (j = 1,..., n-1). A sketch of the system 
considered is presented in Figure 1. 
 

 

Fig. 1. A sketch of the system of n non-uniform beams coupled by n-1 elastic layers 

Let us assume that the non-uniform beams are characterized by the functions  
(ρA)i(x) and (EI)i(x) which denote the mass per unit length and flexural rigidity  
of the i-th beam at arbitrary co-ordinate x, respectively. The differential equations 
of lateral vibrations of the beams are: 

 ( )[ ] ( ) ( ) ( )[ ]t,xyt,xyxkt,xy 12111 −=Λ  (1a) 

 ( )[ ] ( ) ( ) ( )[ ] ( ) ( ) ( )[ ]t,xyt,xyxkt,xyt,xyxkt,xy iiiiiiii −+−=Λ +−− 111   
 i = 2, 3,…, n-1    (1b) 

 ( )[ ] ( ) ( ) ( )[ ]t,xyt,xyxkt,xy nnnnn −=Λ −− 11  (1c) 

where [ ]0x ,L∈  and iΛ  (i = 1, 2,…, n) are differential operators in the form: 

 ( ) ( ) ( ) ( )
2 2 2

2 2 2i i i
EI x A x

x x t
ρ ∂ ∂ ∂Λ ≡ + ∂ ∂ ∂ 

  (2) 
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Each function yi(x,t) satisfy homogeneous boundary conditions which correspond 
to the attachments of ends of the beams. The conditions can be written 
symbolically in the form: 

 ( )[ ] 0B
00 =

=xii txy , ,   ( )[ ] 0B1 =
=Lxii txy ,      i = 1, 2,…, n    (3) 

In order to consider free harmonic motion of the beams with frequency ω, the 
beam deflections are assumed in the form .cos)(),( txWtxy ii ω=  By substituting 

these equations into equations (1a-c) and boundary conditions (3), one obtains: 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
22

1 2
1 1 2 12 21 1

d W xd
EI x A x W x k x W x W x

dx dx
ω ρ

 
− =  −    

 
 (4a) 

( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( )

22
2

2 2

1 1 1

i
ii i

i i i i i i

d W xd
EI x A x W x

dx dx

k x W x W x k x W x W x

ω ρ

− − +

 
− = 

 

=  −  +  −    

 

 i = 2, 3,…, n-1   (4b) 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
22

2
1 12 2

n
n n n nn n

d W xd
EI x A x W x k x W x W x

dx dx
ω ρ − −

 
− =  −    

 
 (4c) 

 ( )0 0
0i i x

W x
=

  = B ,     ( )1 0i i x L
W x

=
  = B   (5) 

Introducing the non-dimensional co-ordinates Lx=ξ , ( ) ( )i iW W x Lξ =   

and quantities: ( ) ( ) ( ) ( ) ( ) ( )0iii EIxEIEI =ξ , ( ) ( ) ( ) ( ) ( ) ( )0=
i i i

A A x Aρ ξ ρ ρ , 

( ) ( ) ( ) ( )00 1+= iii EIEIµ , ( ) ( ) ( ) ( )4 2 40 0=i i i
A L EIΩ ω ρ , 

( ) ( ) ( ) ( )03
iii EILkK ξξ = , the equations (4)-(5) can be written in the following 

form: 

 ( ) ( ) ( ) ( )1 1 1 2 1W K W Wξ ξ ξ ξΛ   =  −    
%  (6a) 

 ( ) ( ) ( ) ( ) ( ) ( ) ( )1 1 1 1i i i i i i i i iW K W W K W Wξ µ ξ ξ ξ ξ ξ ξ− − − +Λ   =  −  +  −      
% ,  

        i = 2,…, n-1  (6b) 

 ( ) ( ) ( ) ( )1 1 1n n n n n nW K W Wξ µ ξ ξ ξ− − −Λ   =  −    
%  (6c) 

 ( )0 0
0i iW

ξ
ξ

=
  = B ,   ( )1 1

0i iW
ξ

ξ
=

  = B   (7) 
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Differential operators i
~Λ  are as follows: 

 ( ) ( ) ( ) ( )
2 2

4
2 2

 
Λ ≡ − 

 
%

i ii i

d d
EI A

d d
ξ Ω ρ ξ

ξ ξ
 (8) 

The solution of the eigenproblem (6)-(7) is obtained by using the Green’s  
functions of the operators (8). This approach leads to an integral problem which 
consists in finding the eigenfrequency ω, for which there exists a non-trivial 
solution of the system of Fredholm equations of the second kind. These equations 
are obtained by multiply both side of equations (6) by the Green’s functions 

),( ηξiG  and than integrate over [0,1]. Using boundary conditions one obtains: 

 ( ) ( ) ( ) ( ) ( )
1

1 1 2 1 1

0

W K W W G , dξ η η η ξ η η=  −  ∫  (9a) 

( ) ( ) ( ) ( ) ( ) ( ) ( ){ } ( )
1

1 1 1 1

0

i i i i i i i i iW K W W K W W G , dξ µ η η η η η η ξ η η− − − +=  −  +  −    ∫   

 i = 2, 3,…, n-1    (9b) 

 ( ) ( ) ( ) ( ) ( )
1

1 1 1

0

n n n n n nW K W W G , dξ µ η η η ξ η η− − −=  −  ∫  (9c) 

By subtraction both sides of i-th and (i+1)-th equations, for i = 1,..., n-1,  
the following equations are obtained: 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
1 1

1 1 1 1

0 0

i i i i i i i i iW K W G , d K W G , G , dξ η η ξ η η η η ξ η µ ξ η η+ + + += −  +  ∫ ∫  

 

           ( ) ( ) ( )
1

1 1 1

0

i i i iK W G , dµ η η ξ η η− − −+∫   i = 1,..., n-1   (10) 

where ( ) ( ) ( )1i i iW W Wξ ξ ξ+= −  and K0(η) = Kn(η) = 0 for [ ]0 1,η ∈ .  

In order to determine the eigenfrequencies ω, to derivation of the integrals 
occurring in equation (10) an approximate method should be used. In this paper  
a quadrature rule of a Newton-Cotes type is proposed [9]. In this case equations 
(10) follows that: 

( ) ( ) ( ) ( )1 1 1
1

m

i i j i j i j j
j

W K W G , wξ θ θ ξ θ+ + +
=

=∑
 

          ( ) ( ) ( ) ( ) ( ) ( ) ( ){ }1 1 1 1 1
1

m

i j i j i j i i j i i j i j i j j
j

K W G , G , K W G , wθ θ ξ θ µ ξ θ µ θ θ ξ θ+ − − − −
=

 − + + ∑   

  (11) 
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where wj are the weighting coefficients and θj (j = 1, 2,…, m) are the knots of  
the quadrature.  

Substituting, successively, ξ = θp (p = 1, 2,…, m) into equation (11) for  

i = 1, 2,…, n-1, a set of m(n-1) linear equations with unknown ( )i jW θ  is obtained. 

This equation system can be written in the form: 

 =AW 0 (12) 

where 

  ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )1 1 1 2 1 2 1 2 1 1 1 2 1

T

m m n n n mW W ...W W ...W ...W W ...Wθ θ θ θ θ θ θ θ− − − =  W  

 

11 12

21 22 23

32 33 34

2 3 2 2 2 1

1 2 1 1

n ,n n ,n n ,n

n ,n n ,n

− − − − − −

− − − −

 
 
 
 

=  
 
 
 
  

B B O O

B B B O O

O B B B

O B B B

O B B

L

L

L

L L L L L L L L

L

L

A  

and 

 ( )
1

1

i
i ,i jp

j ,p m
b− ≤ ≤
 =  B ,  ( )

1

i
i ,i jp

j ,p m
b

≤ ≤
 =  B ,  ( )

1
1

i
i ,i jp

j ,p m
b−

≤ ≤

 =
 

B  

where   ( ) ( ) ( )1 1 1
i

jp i i j i j p jb K G , wµ θ θ θ− − −=  

 ( ) ( ) ( ) ( )1
i

jp jp i j i i j p i j p jb K G , G , wδ θ µ θ θ θ θ+ = − − +    

 ( ) ( ) ( )1 1
i

jp i j i j p jb K G , wθ θ θ+ +=  

For a non-trivial solution of the equation (12) determinant of the coefficient matrix 
A is set equal to zero, yielding the frequency equation: 

 det A = 0  (13) 

The equation (13), is then solved numerically with respect to eigenfrequencies.  
The eigenfunctions corresponding to the eigenfrequencies are derived by using 
equations (11). 
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2. Example of Green’s function corresponding to non-uniform beam 

Let us consider a system of two non-uniform beams connected by elastic layer 
with a constant stiffness k. Assume also that: 

 ( ) ( ) ( ) ( )
4

1
1

0 






 +−= x
L

EIxEI ii

α
,  ( ) ( ) ( ) ( )

2
1

0 1
i i

A x A x
L

αρ ρ − = + 
 

   

 i = 1, 2 (14) 

00 iiLiiL hhbb ==α  ( 1≠α ), where bi0, hi0 and biL, hiL are widht and height of the 

i-th beam at points x = 0 and x = L, respectively. Non-dimensional co-ordinates are 

assumed as follows: 
1

1x
L

αξ −= + . In this case [ ]αξ ,1∈ . Differential operators 

i
~Λ  occuring on the left side of equations (6a-c) are: 

 
42 2

4 2
2 2 2

i
i

d d

d d

βξ ξ
ξ ξ

   Λ ≡ −   
  

% ,     i = 1, 2 (15) 

where: 
2

iβ
= ΩΩi, 

( ) ( )
( ) ( ) ( )

2 4
4

4

0

1 0
i

i

i

A L

EI

ω ρ
Ω

α
=

−
 and boundary conditions (7) have the 

form: 

 ( )0 1
0i iW

ξ
ξ

=
  = B ,   ( )1 0i iW

ξ α
ξ

=
  = B  (16) 

The Green’s functions of the differential operators (15) can be written in the form [5]: 

( ) ( ) ( ) ( ) ( ) ( ) ( )1 2 2 2 3 2 4 2 1

1
i i i i i i i i i iG , C J C Y C I C K G , Hξ η β ξ β ξ β ξ β ξ ξ η ξ η

ξ
 = + + + + −
 

   (17) 

where H( ) is the Heavyside function, Jν, Yν, Iν, Kν are the Bessel functions of the 
first and second kind and G1i are functions which can be expressed as: 

 
( ) ( ) ( ) ( ) ( ){

( ) ( ) ( ) ( )
1 2 2 2 22

2 2 2 2

4

2

i i i i i

i i i i

G , I K I K

J Y J Y

ξ η β ξ β η β η β ξ
β ηξ

π β ξ β η β η β ξ

= − +

 + −  

  (18) 

The coefficients C1i, C2i, C3i, C4i (i = 1, 2), occurring in (17) are determined on 
basis of the boundary conditions. Assuming that the cantilever beam is considered, 
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the coefficients C3i and C4i can be determined from the conditions: 

1 1
0G Gξξ ξ= =

′= = . This coefficients are: 

 

 ( ) ( )iiiii CCC βφβφ 22113 += , ( ) ( )iiiii CCC βφβφ 42314 +=   (19) 

where: 
( ) ( ) ( ) ( ) ( )[ ]iiiii JKJK ββββββφ 32231 −−=   

( ) ( ) ( ) ( ) ( )[ ]iiiiii YKYK ββββββφ 32232 −−=  

( ) ( ) ( ) ( ) ( )[ ]iiiiii JIJI ββββββφ 32233 −−=   

    ( ) ( ) ( ) ( ) ( )[ ]iiiiii YIYI ββββββφ 32234 −−=   (20) 

The coefficients C1i, C2i are determined from the conditions: 0Gξξ ξ α=
′′ = , 

0Gξξξ ξ α=
′′′ = . 

The Green’s functions for beams characterized by other functions describing 
variable cross-sections are given in reference [6]. 

Conclusions 

In this paper an exact solution to the problem of free vibration of a system  
of non-uniform beams coupled by non-homogeneous elastic layers is presented. 
The formulation of the problem establish the differential equations of motion of 
the beams and boundary conditions corresponding to the attachments of the beam 
ends. By using properties of Green’s functions an integral formulation of the 
problem was achieved. The frequency equation of the beam system was obtained 
by application of a quadrature method to the integral equations. The presented 
solution can be used in numerical investigation of vibration of the considered 
systems. 
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