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Abstract. The multivariate generating functions method fotaining of the open queueing
network state probabilities, functioning with hedwgd conditions, with dependent on time
parameters of input flow and servicing is considéerethis paper.

1. The system of Kolmogorov difference-differential equations
for queueing network state probabilities

Let’'s consider open queueing network (QN), consistif n queueing systems
(QS), each of which hay identical service lines. We will examine the cagken
parameters of input flow and servicing parameteggedds on time, i.e. in the time
interval [t,t + At) message enters to the network with probabiky)At + o(At )

and if at the time momentthere is an message being servicing ai-heQS then
it's servicing will be finished in the time intenvdt,t + At) with the probability

; (DAt +o(At), i =1n. With the probability p,, message will come to peripheral
n-1

systemS from the outsidej =1,n-1, Z P =1 after finished servicing in there
i=1

this message will transfer to the central sys§&nand then will leave the network.

Service disciplines in network systems are FIFOchEaystem has unlimited

number of waiting places. Service time in queueisgstem’s lines have

exponential distribution with various parameters fearious systems. As a

networks state at

the moment of timet we will understand vectok(t) = (k,t) = (k. k,,K ,k.,t),

wherek; - number of messages in @Si =1,n. The analysis of such network with
central QS by multivariate generating functions hodt when A(t) =A
M (0) =, i =1,n, was carried out in paper [1]. Let us designateubhl; - vector
of dimensiom with zero-components, except feth, which is equal to 1.
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Lemma. Sate probabilities of considered network satisfy to set of difference-
-differential equations:

n n-1
dP((jl:,t) :-{)\(t) +iZ:l:pi (t) min(m, k )}P(k,t)+ )\(t); Pou(k )P(k—1;,t) +

+§ui ®uk,)min(m, k +1P(k+1, = 1,,t) +p, () min(m, k, +DP(k+1,,t) (1)

Proof. In view of servicing time exponentiality the rami@rocessk(t) = Kt, )

is Markovian with countable states number. Follgvimansitions to the state
(k,t) during period of timeAt are possible:

a) from the stat€k + 1, =1, t, ith probability
W, (Hu(k,) min(m,k +1)At +o(At), i=1,n-1,

whereu & ) - Heaviside function;
b) from the statek I, t, Wwith probability A(t) pyu(k )At +o(At ), i =1,n-1;
c) from the statek + 1, t, With probability p, (t) min(m,, k. +1)At + o(At);
d) from the statek(t, ith probability

1-| A(t) + Zn:pi (t)ymin(m, k) |At + o(At)
i=1

e) from other states with probabilig(At ).
Then using composite probability function it is pifxe to write

P(k,t+m)=§ui (tulk,) mir(m, k +1At Pk +1, —In,t)+x(t)§pmu(mm P(k=1;,t)+

+1,(t) min(m,, k., +2)At P(k+1 1) +{1—{)\(t) +iui (t) min(m, k. )}At}P(k,t) +0(At)

i=1

Dividing both left and right parts of this relatitoy At and passing to limit where
At - 0, we will obtain a set of equations for network stptobabilities (1).

2. Network state probabilitiesfor thecasen = 3
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Let n = 3 and all queueing systems are single-line, ne=1, i=1n,
Let's suppose also, that all systems functioningheavy load conditions, i.e.
k(t)>0 Ot>0, i=1n (there are any servicing messages at any moment
of time). Then set (1) in the lemma will look like

D - —{)\(t) + 231: " (t)}P(k,t) + A(t)iZ:: pou(k)P(k = 1;,t) +

+ZZ:Mi (Ou(kg)P(k+1; =1, 1) + pa(t)P(k + 15,1)

Let's define three-dimensional generating functiowe will assume for
2=(2,2,,2)

Wz =33 S Pl ko ke 20222 = S Y Pk ZeZRZE ()

k1:0k2:0(3:0 k1:Ok2:(](3:O

Multiplying each equation of set (1) bg1z?Z!¢ and summing up by all possible
valuesk;, k,, ks we can obtain:

$ S = Lar S| S5 Spwomita

+)\(t)z polu(k,)ZZZP(k I, )29z +2p, (t)u(ks)ZZZP(kH — 15,29z +
kl—Okz—Ck3— k1—0k2—0(3—

Fa 0SS Pk + 1 )27 2

k1:0k2:0k3:0

We will examine some sums from the right side. Let

2, @h= Z Pai(k)Y) D3 Plk -1, D222
ki=0ky=0k3=0
Then

> (@)= pmleZZP(k — 1k, kg, )21 2228 +
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+ pozzziiip(kl,k lkg,t) k2 1 k3 =

kl—O k2:1k3= 0

= melZZZP(kl,kz,ks,t)zlklzzkz o + pozzzzzzp(kl,kz,kg,t) ke 7t =

2
= (Poszs + PopZ) W5 (2, t) = Z Poi Z W3 (2, t)

i=1

For the sum__(z,t) = Zu (t)u(k3)z Z Z P(k+1, —1,,t)29Z2 2 we get:

Zs(z,t) = ul(t)u(kS)i i i Pk, +1ky, k; —1,t)Z4Z2 25 +

k1:0 k2:0k3:0

+U2(t)u(k3)zzzp(k1’k +1ks —1t)225Z =

SO 2 Y Pk + 1k k ~ L)z 2 2
k1-0k2 0k3—
FLO2 Y DS Pl k, +1k ~10Z02 2
2 kg=0ky=Okz=1
= Hy(t) %ZZZ Pky k. ks, 1) 225 25 +U2(t)ézzz P(ky Ky ko 1) 201252 28 =
~0kg=0 2 k=0 ky=Lkg=0

z{”f) uz(t)]q, @) -2 S S POk, k1) 2225 -

kp=0kg=0

—uz(t)ZSZZP(kl,o ks £)242240

And finally for the last sumd_ (zt) = pg(t)ZZZP(kl,kz,k +1,t) 21252 2

we can have:

kl-O k2—0 k3—
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00 0 0

_ Hs(t) ZZZPU& k. 1)2922255 = Us(t) W,(2,t) - Hs(t) zzp(kl Kk, 0,222

23 jq=0kp=0Okz=1 k=0k,=0
Thus, taking into account deS|gnat|on (2), we abtheterogeneous linear
differential equation for generating function

d 3
T =0+ T O-MO(Pon + o)~ z{“lzit) ' “sz)j - “iit)}wg(z,t) -

S OZ S S POk k2228 ~ 1,0 2SS P 0k, )22 -

k2 =0 k3— k1:O k3:O

“BsO 55 bk, k, 0022 3)

k1:O k2:0

Since all QS functioning in heavy load conditiotest three addends in equation
(3) are equal to zero and equation becomes homogesne

—dLIJad(tZ,t) == A(t)+ ;Ui - )\(t)(pOlZl + pozzz) - Zs[ulz(:) + szit) J - uiit)}ws(zlt)
(4)

We will consider that QN was free at initial state, P (0,00,0) = 1. Then starting
condition for the last equation will b&),(z,0)= 1So, we get homogeneous

equation (4) for the generating function. Solvingwith starting condition we
obtain:

e e e (A - A©) " piypd
w3(z,t)=ao(t)zzzzz( (t) Ij!(l!)s)!q!po P

i=0 j=01=0s=0qg=0

x(M,(t) =M, (0)) (M, () =M, @) (M;(t) -M;(0)' 222" (5)
where /\(t):J-}\(t)dt, Mi(t):jpi (t)dt, i=13,
ay(t) = ex;{— A -A©)-D (M () -M, (0)}

Example 1. Let's examine case when service rakes )t), i =1,n, do not
depend on time, i.eA(t)=A p (1) =,, i=1n. Then A(t) =At, M (t) =yt,
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i=13 We will find, for example, probability stat®(, 11, Wwhich equals to
coefficient of z,z,z, in decomposition oM, Zt, )Thus degrees &at,z,z, should
satisfy to relationships:

| =i-
i-1=1, ot
. : s=]-1
j—s=1, i.e. T
l+s-q=1 a=i+i=3

i,j>0.

So in this case, following from (5),

3
AT LM hd it ni Rl i1 i
P(l,l,lt):e[ iziu ]t }\ fpélpéz_lll Mo 1“3J ° £3+3i-5
oo VA DG D!+ ] -3)!

i+j>2

3. Network state probabilitieswith arbitrary n

Now we will generalize our results for the caseudditrary number of queueing
systems, but, like before, we will suppose thatesys are single-line. Then set
of equations for state probabilities (1) will lotke:

dP((jl:,t) - _{A(t) + ;pi (t)}P(k,t) + )\(t); poiu(k )P(k—1;,t) +

+nz_lUi (Ouk,)P(k+1; = 15,0 + U, (OP(k+1,,1)

As before, let us assume that network systems ifumioy in heavy load
conditions, i.e.k; (t) > 00t>0, i =1,n. We will definen-dimensional generating
function:

oo oo 0 n

W.(zt)=> > .. Pk, k ,..,kn,t)” Z (6)
k1=0k2:O kn=0 1=

Theorem. Expression for generating function (6) looks like

/\ t A0 l1Hy K+l I K 1
W, (zt) = ao(t)ZZK Z ZZK Z Z = |1!|2(![|§() o4 rllrzlrt)K pﬁoi_l.q!tpo g

|1 O|2 n l—Orl—Orz—O - l—Oq 0
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x(M(t) =M, 0))* (M (1) =M, (0))? K [M,_,(t) =M, (0))™* (M ,(t) -M , (0))"
X 21 r1z|2 2 [K Q‘ - - 1zf1+f2“< +h-1=0 @)

where ay(t) = exp{—(/\(t) “A©@)- (MM, (0))}

i=1
Proof. Doing investigations similar to the case= 3, we obtain homogeneous
linear differential equation for the function (6):

% {)\(t)+zu(t) A(t)zpo. Z“T “n“)}w (2.1)

The solution of this equation with starting condliti¥,, (z,0) = 1 is function

W (2 = exr{—{(/\(t) -A@)+ Y (M, (0)-M, 0)-(AO-AO)Y o -

i=1

S, )M, (@) % - Mal) =M, (0)}}
i=1 Z| zn

Let's re-arrange (7) to form, convenient for stattebabilities obtaining:

qJn(ZJ)=3o(t)exp[(/\(t)—/\(0))nz_:p0i }ex;{znnz_:M(t) M <0)} p{Mn(t)—wln(O)}:
i=

z,
=g (Da(z)a,(zt)as(z1)
where a(zt)= exp{(/\(t) - A(O))nz_%, Poi } =
i=1
_ (A®) - /\(0))1”2”“'"1 - ot i)
ZZK Z LK O Po1Pez K [hgtzi'z7 K [y
h=013=0  1,-1=0 2 hea!
a,(zt)= eX%ZnZ—M (t);M (0)}
ZZ i .rl % m 1. (M) - M1 @) (M, () ~ M, @) K fM,,4() ~M,4 @) x

x 717" K 27
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a,(z1)= e;{w} s ma0-m,0)T
Z q=0 ol

n

Multiplying of these functions gives us requiredutt.
Example 2. Let’'s obtain, for example, in the case whet) =A p(t) =,

P n
i=1n, state probabilityP (1,11..., 1, ),which equal to coefficient oﬂ z in
1=
decomposition o¥,, At, )Let's compose relationships for degrees:

l,-r,=1
I, -1, =1, h=l-1
.......... ie. nt
_ q=>
I =Tha =1, -y
n+r,+..+r,-q=1

-1

Then, according (7),
P ALK 1t)=ay(t)

XZ”:Z”:K @ Al Hy [pg)llpg)zz K [plonn—il :|L1—lu|22—l K mlr?—_{llilﬁﬂzm Hygn )
S S O DN, 1)K [, —1)( + 1, +K ], —n)!

X t3'1+3|2+K +3In_1—2n+1
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