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Abstract. In this paper the description of an unsteady hesatsfer for one-dimensional
problem is presented. It is assumed that all thphysical parameters (specific heat, mass
density and heat conduction) are given as interddle problem discussed has been solved
using the I scheme of the boundary element method. The irte@aass elimination
method with the decomposition procedure has beefiegpto solve the obtained interval
system of equations. In the final part of the paperresults of numerical computations are
shown.

1. Interval arithmetic
Let us consider an intervad, which can be defined as a set of the form [4]
%&(x, X) ={xOR| x x X} 1)

where x and X denote the lower and the upper bounds, respegtial interval
is called thin if x =X and thick if X <X.
The sum of two intervalé% (a, @) and e <l_3, 5> can be written as

& &-8%(a +b,a +b) )
The difference is of the form
& &-B(a-b,a -b) (3)

The product of the intervals is described by thenfda

3

¢ & (min(ab,a,abab), ma{ab ab ab ab)) (@

The inversion of the intervad can be expressed as

&1/8%(1/b,¥b), 0(b b) (5)



Interval boundary element method for 1D transiefftision problem 177

The quotient of two intervals can be written as

& 403 2a/° o0(b,b) (6)

2. Formulation of the problem

Let us consider a plate domain of thicknes3he transient temperature field is
described by the following linear energy equatibn?]

O<x<L: (g,6>¥=<2\,X>%+Q(&U (7)

where (A, ), (c, T) denote the interval values of the thermal conditgtand the

volumetric specific heat, respectivellys the temperatur& is the heat source,
is the spatial co-ordinate ahik the time.
The equation (7) can be expressed as follows

OT(x, t) _,  _\0°T(x,1) 1
ot =(2.3) d x> +<g,€

O<x<L:

>Q(X,t) 8

where (a, &) =(\, A)/(c,T) is the interval diffusion coefficient and its lonand

upper bounds can be defined according to the nfld®e interval arithmetic as

a=min(A/c,A/T.X /c,X [T) o
- 9
a=max(Alc A X fcX )

The above equation is supplemented by the followimgndary-initial conditions

x=0: T(x,t)=T, (x,t)
x=L: T(x 1) =T, (x 1) (20)
t=0: T(Xx,t)=T,(X)

where Ty; and Ty, are the known boundary temperatures dgds the initial
temperature.
3. Interval boundary integral equation

Let us introduce the time grid

0=t%<t<t?<K <t '<«t’ K «tF <w (11)
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with a constant time stefit =t" —t' ™.
Taking into account the criterion of the weightessidual method (WRM) the
following interval boundary integral equation istained [1-3]

2
i1 10 at <g, C>
where P8(Z, x,t ", t) is the interval fundamental solutiod,is the point where

the concentrated heat source is applied. The iatdnnction T8(E, x,t ', t) is
expressed as

PAE, x t1,t)=(T%, T )= L T } 13
Exth0o{rT)m ﬂ(gﬁﬂt’—t)ex{ @ae -
where
T%=min F{ } { x-&y } ’
N 2/m (t —t) 4a(tf-t) 2«/Ta(t 1) dat’ -t)
1 (x=€) 1 [ (x-gy }
exp - exp ———
at’ - 4a(t’ alt' da’ -t
2Jmat’ -t) : a( )__ 2fme’ ) : ( ): 1)
=0 _ 1 (x-¢&) 1 (x-8)
T - - ! - )
max{ me 0 1 4t -0 2fme -y | 4t 0]
1 [ (x=&) ] 1 [ (x—EF
et | 4t -1)] 2/m¢’ oo A —t)_}

The fundamental solutiof®(E, x,t ', t) fulfils the properties

L 07PBE, x,t7,1)  aTRE, x,t" 1) _ op N
laa) 5 =% 9% ) (15)
lim PAGE, xt',1)= &x-¥¢)

where 80 is the interval Dirac’s delta function.

The interval heat flux corresponding to the fundatak solution results from
the following formula
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9T f

(R 1 20-8) (x-EY _t)}_ (16)

2maa)t )4t -0 | Haa)t’
(A 3)(x-8) exp{— (x-9) }
af(aaye )" | Haae o

and the lower and the upper bounds®f(&,x,t" t we can define as

0 = min) &R x=8) F{ (x-8)° }
- awmf(aa) e -] 4a,a)t’ -t)
(17)
4= masd R 08 { (x-& }
wmf(aa) e -] 4a,a) ' -t)
In this way we obtain the following criterion
tjf j(g, a)%ﬁ(& Xt t)dxd - HaT(X D9e xt' 1)k d+
t'to (710 (18)

<C HQ(x A, x,t",t)dxd = 0

Integrating twice by parts the first componenttu £quation (18) and integrating
by parts with respect to time the second compoaogtitis equation and then using
the properties of the fundamental solution finallg obtain the interval boundary
integral equation

x=L

<C16> J T4 %, ,t)@/@x,t)d] -

{ﬁ lf §8(E, x. t' ,t)f/ex,t)ot] +f1%(a,x,tf E% T ) o+ (19)
)

where §& —<2\, X)af/;éa x and A€, t ) is the interval function of the temperature.

f/ez,tf)+[

x=0

x=0

1

jQ(x hE, x,t",t)dx d

t
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4. Numerical approximation

Let us consider the constant elements with respedime, which can be
defined as follows
(20)
§ox, t) =Gex, t ")

The equation (20) can be written as

(ot {f/ex ="Pht")

f/ezt)+[< >e@xt)[1%(zxt t)d} =

{ﬁf/&t )I%(E Xt t)dt] +j1%(ﬁ,x,t‘ Tk (21)

IQ(x t') {j PAE, x,t t)d}

tfl

<96

At first, we calculate the integrals

R, x) =

RRSYT I el e G o RPN
2 (a,a)At

(

bzmin{Sgn(x IR rfc{ [x=¢ J sgnk— & )erf{ x=¢| ]}
2,/ant 2 2/ant

n= sgnk—¢) Ix=¢ ) sgnk-&) [ [x=§

h max{ > rfc{ZFJ > erf{ 2@

&€, x)—<—j1°/@(z x,t't) d=

JAt ex{_ (x-®)° ] x-¢ m{ [x-¢ J 0
(A X){c,T) afla,a)t’ -t)| 2(AA) (a,a)At

where

(23)

and
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where

g =min Lex{— (x-§)* ]_
) (WX | aflaa)e -

|X_E_| erfc |X_E|
2(A, 1) 2/(a,a)At
g = max —\[E ex ——(X_E)Z -

(ML A)c,T) 4(a,a) " -t)

|X_E_| erfc |X_E|

2(A.X) 2/(a,a)At
After introducing the obtained results (22) and)(2d the equation (21) one
obtains

(25)

e, t')+[ 66, g0t )] =M, xPxt )]+ )
Pee, ')+ 2t
or
e, t')+ 66, LG, t')- 9, O)ot' )= 27)
B, L)TeL, t")-0E, 010t "+ PEt 28 11
where
Ple, t f-l)sz/@(z, b1t dx=
1 OL (x-&) (28)
expl —— ) [Pt ) dx
24/Tt<a+,a'>Ath: xp{ 4<a*,a‘>At] )
with
_ 1 A _ (x-¢&) f-1
P—mln{2 — a>At£eX{ 4<a a>At]T(Xt )dx}
(29)
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and
206, 1) = [Q0x t ') §E, x)dx (30)

with

H{IQ(X,tf'l)g(E, x)dx, [Q.t'™)g € ,x)ok}

) ) (31)
Z:max{IQ(x,tf'l)g(E,x)d( ,IQ Kt E X )d(}

For £ - 0" and £ -~ L™ one obtains a system of two equations. Taking into

account the defined boundary conditions (10) we thet following system of
equations

912,612}] (a(o. ¢).afo.t'))|
2l (a(L ) a(L 1))

(How Hoy <<H:2’H f}Hj Eii ;] (32)
[<P(0 A7), POt >] [@(o,tf 17 0! 1)}

(P(L ™), PLU™) | [(Z(L ™), Z(L, ')

T

1
"
T
=
T I
=
_

where the elements of interval matricd@&and 1%t are defined as

&% =-§0, 0) 3, =¢o,L)

33
&0, =-46L, 0) 30, =64, L) (53)
and
o =-05 He, =fffo, L)
(34)

'4/31 = —l’%)l_, O) |'?/22 =-05

The interval Gauss elimination method with the deposition procedure
[4, 5] has been used to solve the system of equa(i82). After determining the

'missing’ boundary values the functio™¢, t ') at internal nodes of the domain
considered are calculated using the formula
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e, )=, )T, (L, t")-KE, 0T, (Ot )

(35)
G, L)GEL, t ")+ O, O)pO,t " )+ Pt 2 1)

5. Results of computations

Let us consider a plate domain of dimensior 0.1 m. The following input
data have been introducel:= 35 W/(mOK), A = A — 0.020A W/(m OK),
A =\ + 0.020\ W/(m [K), ¢ = 75000650 J/(M [K), ¢c=c— 0.02[k J/(nT [K),
T=c + 0.020c J/(n? OK), Q = 10 000 W/r, initial temperatureT, = 500°C,
boundary value$y,;, = 100C, Ty, = 200C.
The domain considered has been divided into 2(atimdements, the time step
At=0.5s.
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Fig. 1. Temperature distribution
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Fig. 2. Cooling curves
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In Figure 1 the distribution of temperature for tirae 25, 50 and 75 s is shown
(Tem_L, Tem_R denote the first and the second entpof the interval).

Figure 2 illustrates the cooling curves obtainedtla pointsx; = 0.02 m,
X, = 0.05 m ands = 0.08 m in the domain considered.
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