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Abstract. In the note the tolerance averaged technique pfiempto investigate a certain
aspects of the interrelation between initial terapee fluctuations and the averaged
temperature field in two-constituent microperiodiaminated rigid conductors. This
influence is measured by proposed in the note enfte functions. It was shown that
the influence of initial temperature fluctuationst@ a heat transfer process is observed only
for very small initial time interval named in thete the initial layer interval.

1. Formulation of the problem

In the mathematical investigations of the heat df@n process in
microstructural rigid conductors the basic modgllproblem is strictly related to
answer to the question how to determine a sequehgghysical parameters
uniquely determining the total temperature fieldhe$e parameters should be
approximately
described by equations with sufficiently regulaeffients. In the case of rigid
conductors with periodic microstructure the totamperature field is usually
investigated as a sum of two terms

0=9+0,, (1)

determined by the total temperature field and t®ngetrical properties of
the periodical microstucture of a conductor. Fiestm # is usually defined as the
averaged temperature field (over periodicity celgnce the second residual term
is defined by the formul&, . =6-. However, the mentioned above modelling

problem can be related here only to the residedd .., i.e. a certain sequence

res?
of physical parameters uniquely determined thikl fie investigated. In the frame-
work of well known homogenization theory as therafoentioned sequence can
be taken into account averaged temperature. Indeethe related formula for
residual field as a function of averaged tempeetfir arrives the problem on
the unit cell well known in the homogenization aggrh. In the framework of
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the tolerance averaging technique we deal withdbiée different situation in

which the residual field is determined by averagethperature field and
unigueness conditions imposed on the fluctuatioplindes provided that the
sequence of shape functions are previously defiBette in the framework of the
simplified model of a heat conduction process irroperiodic rigid laminated
conductors mentioned above uniqueness conditioasreduced to the initial
conditions which can be treated as initial tempemtfluctuations. Hence, the
aforementioned idea arrive at an important posgitiib formulate and investigate
an influence of

initial temperature fluctuations onto a heat trangfrocess in microperiodic rigid
laminated conductors.

In the framework of the tolerance averaged modéleat conduction process in
microperiodic rigid laminated conductors the residemperature (at time instant
and in every poink from the regionQ occupied by the laminated conductor with
[-periodic structure alon@xs-axis) is assumed as a sum of terms of the form

9 (%) (x,t), A = 1,...N, where g*(0} g*(D}....g" O are I-periodic shape
functions defined irR® are postulated priori in every problem formulated in the
framework of a certain tolerance averaged model. reldeer,

YY), 72(R2),...¢ N () defined inQ, ,where
Qy ={x=(%, X, X) [@ 1 MX)Q } )

and V;(x, X, Xg) E{( X, %, A= N(X =1 12) + y(x; +1/2)):0< y<1}. The total
temperature field in the framework of toleranceraged models are investigated
in the form

B(x,1) = (1) + g () (X, ) + P (RX (., ) +..+ g (¥ " &, D (3)

in  which averaged temperature 4 and fluctuation amplitudes
Jt(2), 73@),.... N (G1), which are new basic unknowns in the tolerance mode

should be sufficiently regular, i.e. should be diowarying functions in the
Oxs-axis direction together with all their derivativegplied in the model and
shape functions should satisfy a certain additioriditions, [1]. Moreover,
averaged temperature () as well as fluctuations amplitudes

(@), 72 (G1),....¢ N (G) should be defined i®, where

Qo ={x=(% X ) [Q MY} 4

and V(X %, X3) E{( X, %, A= (% =1 /2) + y(x3 +1 /2)):0< y<1}. However, in
this note we restrict considerations to regiéhsfor which Q and Q, coincides.
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In the framework of tolerance averaged models, itifeience of various
physical parameters onto a solutions can be irgestil. Hence, the aim of this
note is to investigate how the initial temperat@itectuations can control heat
transfer process in rigid laminated conductors wp#iodic microstructure. In the
framework of this note just mentioned problem istrieted to investigations in the
framework of the simplified tolerance model of gaokic heat transfer processes in
two-constituent periodic laminated conductor whighlustrated in Figure 1.

It must be emphasized that in the framework of gdgtic homogenization
technique the residual temperature fief}l, is uniquely determined by the

averaged temperature field and hence the problem of influence of the initial
temperature fluctuations onto a heat transfer @®a@e rigid laminated conductors
with periodic microstructure cannot be correctlynialated.

Fig. 1. Laminated two-component conductor madeatiopic constituents

2. Model equations

Considerations are restricted to laminatgueriodic rigid conductors having
two isotropic constituents satisfying the followihgat proportional assumption

¢ Kk
in which ¢, ¢, are heat fluxes constants akgd k, are conductivity constants.
Hence,d =c,/c, is a certain parameter. The starting point ofdbesiderations is

a system of tolerance averaged model equationseoheéat transfer process, [1],
which for the aforementioned laminated conductaikbe written in the form
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(©F— (K, =[K( 4

2 (6)
P[©)& = (K)o 1 HBE =E KT 4
where we have introduced the following denotations:
() =G +17,¢,0F)
% :<kgggs>:12£ﬁ+ﬁJDceP> @

[k =(kgs)=k-kOQ@P

The averaged temperature and fluctuation amplitudbgch are basic unknowns
should satisfy conditions

J(L1).¢ ()OS (T) (8)

which means that above fields are slowly varyingetber with all derivative
applied in (6) with respect to the aforementiongldrance systen related to the
periodic structure of the conductdt must be emphasized that in the mentioned
case of two-constituent laminated conductor we détl exclusively one shape
function g, which will be taken in the well known form of saw-like rfation
illustrated in the Figure 2.

AIX)
r===-= _"_\Zé'l'l ____ =
112- 112 VA 2| )X
| 5 i v2+ 172
_________ - Jél

Fig. 2. Diagrams of the periodic shape functions

Hence, the total temperature field will be examihede in the form
a(x,t) = F(x,t) + g (55)¢ (X, t) 9)

wherex[@ andt=0. Due to the fact that equations {@ye ordinary differential
equations with respect 9 we have to formulate boundary conditions onlytfer
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macroscopic temperature field The initial conditions for a temperature fietti
are given by

6(x,0)=6(x), x@ (10)

where 8 (x) and #x) are the known functions. By means of the decontiposi
(5) we obtain

9(x,0)+g(x)¢ (x,0) =8 (x) , x @ (11)

Hence we shall restrict considerations to the abdigsitial data in conditions (11)
given by

8(x)=2(x)+9(x){ (x), x@ (12)

Under the aforementioned restriction the initiahditions for equations (6) take
the form

9(x,0) =3 (x), ¢ (x,0=C (x) (13)

whered, ¢ are assumed to be the known slowly-varying fumstio
Let us observe that for a homogeneous rigid comdugt= ¢, k; = k,, and
hence by means o(fg)zo equation (6) reduces to the known heat conduction

equation

c$ k3, =0

At the same time from (§)we obtain the ordinary differential equation for
fluctuation amplituded If initial temperature fluctuatiod is equal to zero, then
{ =0 for everyt= 0.It means that initial conditions fof describe fluctuations

of temperature also for a homogeneous conductoriged that the temperature
distribution can be approximated by formula (9).

3. Analysis

In the subsequent considerations we shall assuatghhb initial values of?
and & in conditions (12) are constan® = const.,d =const. In this section we
are to show that under the aforementioned regiristi the evolution
Z"(x,t), t=0 of the initial temperature fluctuationd”(x), ¢ (x), x0Q,, can

be described by the system of equations which dependent of the averaged
temperatured To this end we shall decompose fluctuation amgéitg into two

terms:
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Z = Zhom +X (14)
We shall assume that the first term is uniquelgdained by
{@Zhom-l.[ KZ?S:O (15)

and will be termeda gradient part of the fluctuation amplitudedence,
X =<¢ —¢,,» and model equations (6) can be rewritten in thefo

(©F— (K oy + KD 5 =[ KX 1

(16)
1214 B (KD Yoo 1 H B X = 1B (0Er = (K romads 5

where

eff _ 2 — k1k2
K™ =(ky-[KHH{ k =——— 17
(o -[Q°H k=2 (7)

Since coefficients in (16)re of an orde®(1%), RHS of (16)are of an order ).
It is mean that in the first approximation rightdldaside of (16)can be omitted.
Hence, model equations (16) takes the form

(©F= (K3, +K" .. =[Kyx .,
|2[<C>¥L_<k>)(7aa] +{ I} X £d)

Equation (16) will be referred to ashe mean heat conduction equatidnitial
condition (13) under conditions (14) and (15) can be rewrittethéaform

X(x,0)=¢ () +{K TRA 3, x[@ (19)

which, together with (13)collect initial conditions for unknowns? and y.

Bearing in mind (13) (16), (19), (23)for the distribution of temperature in a
microperiodic rigid conductor we obtain formula

X(x,0)=¢ () +{K TRA 3, x@ (20)

Mean heat conduction equation (18hd evolution equation (23) together with
initial conditions for averaged temperatuge given by (13), (19)and related
boundary conditions as well as initial conditionk9) for x constitute the
averaged mathematical model for the analysis diaifboundary value problem.
The basic unknowns are averaged temperafurand function y which will be
calledfluctuation variable

Using (13), (16), (19), (23) for the distribution of temperature anmicro-
periodic rigid conductor we obtain formula

(18)
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8(x.t) = 9(x.t) -9 (x){R T k25 (x )+ a()x (x (21)
and hence initial condition for total temperatwsadstricted to the form
Xx,0)=x(x)=¢ ) +{K TRA 3, x@ (22)

which holds for everyx[@ and t> 0. From (18) it follows that fluctuation
variable y determine only this part of temperature fluctuasiavhich is indepen-

dent of averaged temperatufe If initial values of y are constant then fluctuation
variable y depend only on time and the right-hand side ofhtbat propagation

equation (16) is equal to zero. In this case the problems oflifig averaged
temperature? and fluctuation variablegy are uncoupled.

In a special case, in which fluctuation variablsl®vly-varying not only in the
Oxs-direction but also in every direction R?, fluctuation variabley can should

be governed by thevolution equation

1%(c) e {K x =0 (23)

being a certain approximation of ordinary diffeiehtequation (16) Hence, for
given initial value (22) fluctuation variabley can be determined from the

evolution equatior{23) and hence the &% mean heat conduction equatid®),
takes the form

(©)Fx, 1) = (K, (X, 0+ K" o (x,1)= sK, 1) (24)

where
s(x, ) =[K e M9, (x) (25)

will be termed as temperature pseudosourcehe temperature pseudosource has
the following properties:
1° the temperature pseudosource depends on the mirgglie(x) of initial value

of the fluctuation variabley(x)

2° the temperature pseudosource monotonically degmetes time being
3° the temperature pseudosource is equal to zeroidawvthat the conductor
under consideration is a homogeneous one or théiegrta y,, (x) of initial

value of the fluctuation variablg(x) vanishes.
At the same time the total temperature field (2kes the form

O(x.t) =9(x.t) +g(x)[ (R T k24 (x ) + " ¥ 5y | (26)

It must be emphasized that mentioned above pregseofi the temperature pseudo-
source general not necessary should be hold irsdasehich in the tolerance
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model of heat conduction in the conductor undersm®ration more than one
shape function is taken into account. This situatiakes place for laminated
conductors consisting of three and large numbercaistituents and will be
analyzed in the separated paper.

4. Influence functions

To describe the influence of initial values of tiuation variable y(x) onto

a heat transfer process in the rigid laminated gotmts with periodic
microstructure the influence function will be dedith To this end we the following
family of boundary value problems will be consid&re

Find an averaged temperature fief#{x,t) defined forx from the region

Q occupied by the laminated conductor in the refeeeconfiguration and
for t 20 such that

(©)Fx,1) = (KD, (X, 1)+ K 3 (X, 1) = (X, 1)
9(x,0)=kI (x) (27)
Fln (1) =4F (x)

for given sufficiently regular temperature fiefti(x).

Every initial boundary value problem including imetmentioned above family
of initial boundary value problems is, for everyei a priori temperature field

9 (x), determined by gradienf,, (x) of initial value of the fluctuation variable
X(X) as well as the positive real parameterHence, solutions to this problem
will be denoted byJ[«, X¥](x,t). Now we conclude that after determining averaged
temperature fieldJ[«x, x](x,t) being the solution to the problem (27) by virtue of
(26) we can determine the total temperature field

8(x.t) = Ik, x1(xt) +9(x) {%ﬂ,m X1(x 1) + e"z{k”%r(x)} (28)

It must be emphasized that the above formula isinbtl in the framework of
simplified tolerance model represented by (24) eexice it cannot describe beha-
viours like boundary effect phenomena which canadbserved in laminated
conductors under consideration. Now we are to demsiwo different initial
boundary problems.

In the first initial-boundary value problem we dhassume that initial values
of the fluctuation variable are equal to zero @mlgroblem (27) in the considered
case reduces to the form
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(©FX,1) = (KD, (<, 1)+ K9 o (x,)=0
9(x,0)=k3 (x) (29)
8o (X,) =KD (x)

Hence, we deal with the solutioff[«,0](x,t) to the special case (29) of the
problem (27). In the second case of initial bougdaroblem we shall assume
given a priori initial values y(x) of the fluctuation variable and hence we shall
investigate exact solutiongx, Y](x,t) tothe problem (27).

The influence of initial temperature fluctuations the heat transfer process in
two-constituent microperiodic laminated rigid contiurs will be restricted in this
note to the analysis the following nondimensioailor

6°, . (x)-6", (x.1)

36(x,t) = — (30)

where temperatureﬁij(&,xz,t) and g (x,%,t) are obtained from (28) for

rel

=97 (%, %,1) and$ =8, (x, %, 1), respectively. Hence

8 s (%%, 0=

=Pk X M 22k o (31)
X106 X0 ) + 90X %) ) [0 X1 % % 0, o+ €% X x ¥
and
I, (%, %,1)=
=JK.x K FRCRCTS (32)
=9k, X104 %, 9 + 90X %) m[z?[/(,)ﬂ( X% M, ot XC %%

By virtue of (28) one can obtain

M Kk X (% %, 0 = 3K X (% % ) +

(KISl X 1% % WMa( % %)+ €0 O Kt x ¥ (33)
KR

+9(X, %)

where

9% 2 (0%, =8, (%, %, 1)
K9

K, X)(% %r 1) = (34)
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Let us note the interrelation between ratios (31@) 4):
g K XI1(%, %, ) =K, XI( % % 3 =
Kl XD, o6 % 9+ € O J x ¥ (39
kI{K
Let us observe tha}Iirp oqk, X1(x, X, ) =0 for every parameterx and initial

= g(%, %!

values of fluctuation variabl@ (x, X,).

No we are interesting in the determination timetanss, after which the
influence of initial temperature fluctuation ontwettotal and averaged temperature
fields practically vanishes. To this end as a measfithe evolution of influence
initial temperature fluctuation on the total tenaere field will be taken the ratio

PR T L 3] (36)
11X 6l
and the ratio
vk () <N XIE) | a7)
11X 5 I

as a measure of the evolution of influence init@mperature fluctuation on
the averaged temperature field. By virtue of (3&)a@nclude that

im v,[, ¥1(9 =lim v« X1} =0 (38)
and hence sets

[0,k X1={t vk X(} <4
Tol0, kX1 =t VK X() <4

are nonempty for every > (Now we are ready to introduce for evedy> 0
the time instants

(39)

t,(8)=int T,( & 7

| (40)
t,(8) =inf T,(A & 71

It is easy to verify that; is a continuous function o and for everyd > Owe
havet; > O.Moreover,(lsimotﬂ(é) = Emote(é) =0 . In the subsequent considerations

time intervals[0,t, ()] and[0,t,(d)] will be referred to aitial effect intervals
(related to parameterv) related to averaged and total temperature field
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respectively. Hence,(0) andt,(d) are lengths of related initial effect intervals.

In

the case in which initial an boundary conditiong aufficiently regular for
sufficiently large parameted > ®oth initial effect intervals are identical with
nonnegative reals and for trivial cage= tlie initial effect intervals are reduced
to {0}.

5. Nondimensional form of model equations

Let us introduce nondimensional time instdgtand nondimensional length
instant L. Now, we define nondimensional time coordinatet/T, and non-

dimensional space coordinates=¢L i = 1,2,3, nondimensional temperature

instant. Moreover, letnondimensional temperaturel and nondimensional
fluctuation variablev be defined by

W& &, 65T ) =0 €LE LE JT TP

(41)
U($,6,6: 7 )=X €L LS LT T )

where &, , {, are givena priori temperature and fluctuation constants. Hence,
model equations (18) can be rewritten in the form

ou d°u o 0°U _ Ou
or “oc0e, | e, &,
a a 3 3 3 (42)
v v 3
&l —+«k +uv =0
or  0&,0F,
wheres=1?/L* and
eff
KE%@, K El‘;k—, v=TXolH J% Elﬁ{—k (43)
L” (©) L” (0 L (9 (o
At the same time (24) gives
ou 0°u 0°u
— (&) k——C€1)«*" €T)o 1) (44)
o7 &, 0E, o 3,

where &=(&,,£,6,)0L8 , 7>0, and nondimensional temperature pseudo-
sourceis defined by
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— —f’lyra_U
a(é.r)=ve 22, ©) (45)

for the given initial values of nondimensional tergture field 0 =0(¢).

The nondimensional temperature pseudosource (45ntesrelated with the
temperature pseudosource (25) by the formula

O boal )= 5 S L ke T T (46)

Now we are to formulate two basic initial-boundaalue problems which will
be starting point to the subsequent considerations.

Now we are to formulate the nondimensional formtied family of initial-
boundary problems (27):

Find a nondimensional averaged temperature fig{d,7) defined foré&
from the regionQ /L and for r =0 such that

ou d°u e 0°U
5({’”_/(6{,6{0, €r)=« a{ﬁfsff)?fl )
u(¢,0)=«ufg) (47)

Ul (£.7)=KTE)
for given sufficiently regular nondimensional tesrature field 3 (x).

The averaged temperature being the solution t@ifibundary value problem
(47) related to the initial values of nondimensiaeaperature fieldd = (&) will

be denoted by(x,T](¢,,¢,,7). Now introducing denotations

UK, O1(§4¢€,,T) — Uk, O1€ 1€ 57 ) (48)

K

i[x,01(¢1,¢,7) =

for the reduced influence functi@md

I[K,0)(¢ ¢ 0T ) Sk UTE £ F ) +
+g(fl|_’52|_)[k](l'[/(, 0)), 5(E,LELTT) + € 07O &, 18,1 (49)
KRA &L E,D

for the reduced influence functighe influence function (30) can be written in
the form

S Kk FAEL ELTTY) = IKO1E £ 7 ) (50)
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Interrelation between (48) and (49) can be writien

I[/(,U](fl,fz,r)—i[/(p_]({l,f oA ) =
[KI(U & D), (£, E,7) + € 0O KA £,E) (51)

=0($1.4,) KR
Note that
lim i[«,0](¢,, ¢ 1) =lim 1[x,0](¢+¢ 1) =0 (52)

As a measure of the evolution of influence nondimengiam#dal temperature
fluctuation onto a averaged temperature fialfl be taken the ratio

Jik.o1@) = NEZIED | (53)
104 |l
and the ratio
1T ||

as a measure of the evolution of influence nondimeraianitial temperature
fluctuation on the averaged temperature fidlshder (53) and (54) interrelations

MK ON(T) =V,lK,0¢ (7 T

- (55)
M, 01(7) =V,l&,0¢ ol(7 Ty
can be concluded. Moreover, formulas (36) and {8k@ forms
LKk.0(r) = |Ii[K”,1;](|E|T) |
° (56)
MIx.o1(0) = EZIEN
1T I
Now, if we define nondimensional time instants
7,Ik,X1(6) =inf 4, X1(4)
(57)

r %, X1(3) =inf 4, 11(9)

where
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O« x100) =t dx (Y <4

~ (58)
Gulk x100) ={t Mk XI() <&

Interval [0,7,] and [0,7,,] will be referred to as nondimensional initial effect

intervals (related to parameter )vfor averaged and total temperature fields
respectively, and hence, arelengths of a related nondimensional initial effect
intervals In the case in which initial an boundary conditoin (47) are
sufficiently regular for sufficiently large parameetd >0 both nondimensional
initial effect intervals are identical with the s#tnonnegative reals and for trivial
cased =0 these intervals are reduced to {®joreover as wellr, =7 [, x]1(9)

and r,, =7, [x,x](0) are continuous functions a Moreover, for everyd >0
we haver ,,7,, 20 and

i 7,(0) = im 7,,(9) =0 (59)

Detailed analysis of the concepts mentioned abewwel as an illustration by a
certain simple example will be given in the framekvof an extension version of
this paper.

Conclusions

Now we are to observe that: the nondimensionalainéffect interval length
r, (in the case of two-constituent microperiodic Iaated rigid conductor) has

the following properties:
1° It tends to zero when microstructural parameteiends to zero.
2° It tends to zero when nonhomogeneity paramit¢tends to infinity.

3° It is tends to zero monotonically increasing mei

It must be emphasized that answer to the quest®tha above properties valid
for the microperiodic laminated rigid conductor simting of the large number
of constituents is still open.
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