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Abstract. In the paper the numerical solution of boundaiijah problem described
by the Fourier equation and adequate conditiondigsussed. The algorithm bases on
the concept of generalized finite difference meti(@G&DM). In the first part the mathe-
matical formulation of the problem and a short digsion of GFDM algorithm are pre-
sented. In the second part the examples of nunh@acaputations are shown. On the stage
of computation the explicit version of GFDM is used

1. Governing equations

The following linear Fourier equation describing theat diffusion in 2D do-
main oriented in Cartesian co-ordinate system isicier

OT(Xy. 1) _ °T(xy,1) , 0°T (XY, 1)

,VoQ:
x.y) ot ax? 0y’

(1)

where a is a diffusion coefficient §=A/c, 4 is a thermal conductivity¢ is

a volumetric specific heatl, x, y, t denote temperature, spatial co-ordinates and
time.

The typical conditions given on the external bougdaf a system are the
following

x,y)Or;: Ty t)=T,
(N0 atey, =210 g @
x0T gy, )=al[T(xy, )-T)]

where =T, 01, 0T, is the boundary limiting the domain considerdy, is

a boundary temperaturey, is a boundary heat fluxdT/on is a normal deriva-
tive, a is a heat transfer coefficient, is an ambient temperature.



118 S. Lara-Dziembek, E. Pawlak

The initial condition
t=0: T(X,y,0)=T,(x,y) (3

is also known.

2. Generalized FDM

The geometrical mesh (in the variant of FDM herscdssed) is defined in an
optional way by the set of points (nodes) locatethie interior of domain and its
boundary (Fig. 1).
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Fig. 1. Discretization

The internal and boundary stars are created byn&atenode and a certain
number of nodes from its neighbourhood. In thicelane can introduce the crite-
rion determining the successive stars (e.g. cohstamber of nodes or variable
number of nodes located inside a circle of givetiusr).

Let us assume that position of the central nBdeorresponds to poir(lxi , yi),

while the distance betweeR and nodeP, equals x; =X =h;, y, -y, =Kk;.
Developing the functioif into Taylor series one obtains

T(x, y,tf-1)=T(x,yi,tf-l)+["—Tji o)+ 2T =)+

0 X ay

+[02Tl (x=x%) +[02Tl (y-v)’ +[ o' l(x_&)(y_yi)

ax° 2! ay? 2! axdy

(4)

wheref — 1 denotes a certain time level.
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The last formula for nod@j can be written in the form

)if _lhi + (Ty)if _lkj +

+05(T,,)/ *h? +05(T,, ) k2 +(T,, ) hk,

ij—].:-l—if—1+(T

X

()

The best approximation of the local values of thiet fand second derivatives
appearing in equation (5) results from the leagtsgg criterion in the form

F :i““f'l‘Tf'l+<Tx).f (1) % »0s(r,)! g

j=1

5 (6)
+05(T,, ) k2 +(T,) " h, kj]p—lm} = min
j
where
p =y b =% F+ly, - v f )

while mis a natural number (e.gn=3). The expression containipgplays a role
of tapering function controlling the influence obtince betweerP and P, on
the final approximation of derivatives.

The necessary condition of functionBl minimum is a nullity of derivatives
aF/a(Tx)if I aF/a(TXy)if 1 and then (the upper indéx 1 is here neglected)

jZi;Ti T +(Tx)ihj+(Ty)ikj+0.5(Txx)ihj2+o-5(Tyy)ik (xy)hk pr: =0

Z T =T, + (T, (1), + 05(T, ) b + 08l k2 + (T, ) ik, pk— -
jzi;Ti =T, +(T ) hy +(T, ) K + 05(T, ) h? + 05(T,, ) k2 + (T, ) ik, 22’; =0 (®)
S -1, s, sl -+ ( Wf 7
[0, 0 08t sl )i+, g 25

Taking into account the form of functionBlthe condition (7) is simultaneously
the sufficient one. The system (8) can be writtea imatrix form
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Denoting byG the inverse matrix resulting from the main matbsystem (9) one
obtains (the indek— 1 is again ‘restored’)

j
f-1 r b n
( )i 91 912 O3 Qs Ois z K (Tf‘1 —T_f‘l)
(r,) =1 P
vl U1 U2 923 U4 925 .
f-1|_ h
i =031 932 Y3z Gza Uss []Z
i=1

)

)_f -1 Oa1 922 9a3 Gas Qas| | 0 2

| - i T-f -1 -T f-1
),f 1 Os1 952 Os3 Oss  Oss | Z J2m ( j i )

2m (ij N _Tif_l) (10)
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This system of equations allows to determine th& bpproximation of the first
and second derivatives at poiRt A computer program realizing this part of algo-
rithm and next creating a system of equationsrémsition from timet" ™ to time

t" is rather complex, but the details of numericallimation are not here dis-
cussed.

3. Explicit differential scheme

Let us consider the change of temperature fielanftome t"™ to time t'.
The distance between these two levels will be dmhats At. According to

the rules of explicit approach, the approximatidnlest hand side of diffusion

equation should be written for time ™ corresponding to the beginning of time
interval At.

So
(T,) =g Zn:_j(-l-_f—l_-l-_f—l)+ Z”:L(T_f—l_-l-_f—l)_l_
xx/i 311:1 p]2m j i g32 = p]2m j i
n K2 n k2
+ 933; 2pl-2m (ij ° -T f _l)"' 9342 ij_zm (ij - -T f _l)+ (11)
j= i i= j
" hk.
+ 9352 i (T]f -1 -I—If—l)
i=1 ,0,-
and

= = o
n h2 B B n k2 B B

"'94322 o (Tif LT 1)"' 94422‘sz (ij T 1)"' (12)
i1 P i1 4P

LT

=1 FFj

Substituting the derivativ@dT/dt by the right hand side differential quotient one
has

f_rf-l
T ) ()] (13)
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or

T =T rant|(T,) 7+ (1) (14)

The discussion of stability condition of schemesprded can be found in [1],
while the way of boundary conditions modelling #).[

4. Testing computations

The first example has an analytic solution [3, Al at gives a possibility of
numerical algorithm verification. The square of dimgionslx1 made from mate-
rial for which a=1 is considered. The initial temperature of domaiitial condi-
tion) equalsT (x,y,0) =T, = 100the external surfaces have a constant tempera-

ture T, = O (boundary conditions).
An analytical solution of the problem consideredfishe form

_16T, sin(2i l)]TX sin@j-Ymry
T(x 0 O
EOW) 31

i=1 j=1

(15)
prp{—[(Zi 12+ (2] —1)2] 772'[}
2j -

and in the next figures a comparison between alsoliion and numerical one
will be shown.
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Fig. 2. Position of nodes
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In Figure 2 the position of internal and boundaogles is presented. The co-ordi-
nate of points have been determined in a random atythe distance between

two adjacent nodes had to fulfill the conditixj)ﬁPj‘>2R (R is a certain given

radius - c.f. Figure 2).
In Figures 3, 4, 5 the numerical and exact solgtiah the points marked in
Figure 2 for times 0.025, 0.05, 0.1 are compared.

The next example concerns the comparison of theltsesbtained with the
other numerical solution. The same bar() with a square section is considered,
the position of nodes is also the same. The boyndarditions are the following:
for x=0:q, =0, for x=1: a =50, T, =0 (Robin condition), fory=0: T, = Ofor
y=1:T, =1, initial conditionT (x,y,0) =0.
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Fig. 4. Approximate and exact solutions fer 0.05
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Fig. 5. Approximate and exact solutions fer 0.1

So, in Figure 6 the comparison of solutions is @nsd (= 0.23. The first
solution has been obtained using the GFDM (9-paitdss), while the second one
has been found using the classical variant of FDie domain has been covered
by the regular mesh containing 2500 nodes=0.0000%).
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Fig. 6. Comparison of solutions for tirhe 0.2

One can see, that the compatibility of resultseig/\good. The visible differences
can be noticed only at the right upper cornerhis fragment of domain the drastic
change of boundary conditions takes place.

Summing up, the GFDM algorithm seems to be an #Wedool for numerical
simulation of heat diffusion process.

The paper is connected with realization of Project BS1-105-301/99/S.
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