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Abstract. The object of the contribution is the analysis afcertain initial-boundary
problems in elastodynamics of FGM-type multiphasashinated composites. The aim
of the paper is to formulate an answer to the dueesthat kind of assumptions are enough
to be taken into account in the framework of thepdified tolerance model for the elasto-
dynamics of the considered laminates the boundé&ytewill be observed.

Introduction

The aim of the contribution is to discuss of thé&eitance description of be-
haviours observed in the linear elastodynamics wtiphased FGM-type lamina-
tes being a certain effect of displacement pertisha situated on the boundary of
the region occupied by the laminated composite natel o this end the second
order tolerance model which is also named a simeplifolerance model is taken
into account [1, 2]. It is a certain adaptationtloé¢ classical tolerance averaged
model to the analysis of problems like boundargdfproblems in elastodynamics
of a laminated medium.

In the framework of the contribution the latin ioési, j, k, I, p, g, r, srun over
1, 2, 3, greek indiceg, B, V,... r over 1, 2, latin indiced,B,C,... over 1, ...N,
whereN a number of shape function which should be potdlan every problem
analysed in the framework of the tolerance avemtgchnique approach.

1. Model equations

The starting point of the considerations is thermhce averaging model equ-
ation system of the FGM-type laminated compositevill be assumed that the
Carthesian coordinate system have been introduwdtha physical 3-dimensional
space anéx;-axis direction is perpendicular to the laminaeifgces planes. The
microstructure of the FGM-type laminated composigtermined by the length
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of the repeated layer and thickndéyg) of the A-th laminae A = 1,...N. We shall
introduce averaging operator

<f>(z):i—Lz+lj/2f(y)dy, 20¢ 1+ 1/2,1= 1/2)
z-1/2

wheref(-) is an integrable function defined in the inter@@l/2, z+1/2). The basic
unknowns of this system is the averaged displacerfield u together with
the fluctuation amplitudes” , A = 1,...N. The displacement fielt) of the lami-
nated composite can be determined under the formula

U(x,t) =u(x,t) +h* (x )v* (x,t) (1)

in which x = (x,X), X=(x,X,), and h* =1g*, A = 1,...N, are locally-periodic

functions named shape functions which form and raber are strictly connected
with the microstructure of the FGM-type laminatesimposite. For particulars
the reader is referred to [3]. Denoting Y] and C,, (0] the mass density field

and elasticity modulus tensor fields, respectiviig, tolerance model equations of
the elastodynamics of FGM-type laminated compasite be written in the form

(P, = (Cy ) o HCyu 0P )04, -1(C,, g0, =0
1?(pg"g®)0/*-1%(C,,9"g*W? ,, +1((g",Cy,9%) —(9"C, ,9°.,) +
—1(9"Cs9).5)0% , + (9", Ci13 8% 1) =(9°C 41 0% 0 s W5 +
+HC 9" U, 1 (<9"Cy >, ), =0

(2)

Considerations will be restricted to the case inicwvhmaterial gradation of
the laminate is situated along tl;-axis direction. It is mean that coefficients
in (2) depend on variable, as on a certain parameter. Hence, model equations
system (2) can be reformulated to the form

(P _«Cljm MU +[C]ijA| UAI)’j _|<C|jy1 g™y 1y =0

1 207~ 17C 0%, +15750% s H Q0% £ G U - ©)

0

-l <g”C

ipd =~ U

kB =
in which coefficients are given by

[C]ijAI :<Cij1IgA’1>’ S.;? :<Ci1,61 gAugB _Ciﬂ1gAgBal>

AB A~B AB A B AB A~B (4)
Cljkl :<Cijklg g >1 {Qil :<g ’1Ciljlg ’1> r :<pg g >
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It must be emphasized that
{Grd4¢r° (5)

Now we shall to pass to the simplified model. Tis #nd fluctuation amplitude
v® will be replaced by the alternative variabM' named as internal fluctuation

amplitude and interrelated witt" by the formula
ot =™ W (6)
in which gradient part of the fluctuation amplitudedetermined by
((9%,)*Ciug DU™™ +(g",,Ci Uy = 0
Hence, second equations from (3) takes the form
12 BWe =12 (c WP, ), HS P WP, HG P WP = %res™ (7)
where
res® 00O(l) (8)

Sinceres™® DO(l) the right hand side of (7) is of an orded¥é&nd hence can be

omitted. Denoting byK” the inverse matrix 83 ., , i.e.
AD DB _ yxAB
KAG ., =073,
and introducing denotation
CEﬁijkI = <C|jk|> -[C] i?p quB[ d qu| 9
model equations system can be approximately remris

(PG, _(Qﬁ(fluk i )i =[C]i?dWAk 1

10
L= Gl ) HISEWA, HG P =0 o

At the same time formula (1) for total displacensdsttakes the form
U, =u -1g"K (9", C p U, Hg W +O(A°) (11)

It must be emphasized that in the special case@fphased periodic linear elastic
laminated composite with exclusively shape functienh' takes the form
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G -(C"u,) =[Clw,,
<:O>u. ( i Un ) [Clyw (12)
1*[rvy, —C”.Eylwl,yﬂ] +|$/;|W| ’/;{C}ilwl =0

where
W :\Nli’ [Cl =[] ilkI’

11

r=r=, G :C”-l;”, {G,.4¢ i|ll
ands, =5, =0. Moreover, (11) reduces to the form
Ui =ui _IgKip<guCp]!s>us7r +|gVV| +O(/13)

for g=g', K, =K;'. Equations (10) represent simplified tolerance ehod
of the linear elastodynamics of FGM-type laminatestium.
It is the well known fact that that terig ,w, , in the second of the above equa-

tion in the case of the saw-like function vanish Jut in general case this pro-
perty cannot be satisfied. For example for the stiapction defined as the periodic
solution related to the lower frequenoyto the problem

{afpm)ﬁ(xl)+cml(xl)h(x]):o for x,0(0,L)\{nl: r= 0,1,...L 1}

(13)
[Ch J(x) =0 for x,=nl, n=0,1,..L A

we haves, # 0 for any admissible indices, 3, I.

2. Formulation of the problem

Let us consider the FGM-type laminated linear-&dastmposite which occupy
in the reference configuration the regiéh= (-L,L) xM, where Il is a certain
region inR?. For N = (OH) x(0,H,) laminated composite under consideration is
illustrated on Figure 1.

The aim of the paper is the analysis of the follayvinitial-boundary problem
for internal fluctuation amplitudes*

Find amplitudes a”* =a” (x,x), (x,X)[®Q , such that vibrations
(P,) W'(GY) =a (Jicosat of internal fluctuation amplitude w”(Gt) satisfy in Q the

second from equations (10) and are a certain expansion into the region Q of
the boundary perturbations

wh =af (x,x)cosut, & x)YaQ , & C

of internal fluctuation amplitude w(1).
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Fig. 1. Example of a laminated solid

In the special case mentioned at the end of Secwhich we deal with exclu-
sively one saw-like shape function for two-phasaddr-elastic the periodic lami-
nated composite, the above problem was analyzefl,ir?]. For two-phased
FGM-laminated composite case the problem was désclim [3].

The aim of this paper is to discuss this probleomfrmathematical viewpoint
for multi-phased FGM-type laminated linear elastamposites. To this end an
alternative form of the simplified model which wile more useful for the analysis
will be obtained. It can be obtained by exponentransformation given by
the formula

W= (€ o,

ij

where
© AN
¢ Eg%’ Q"] =QuQpyr - Qi Qi
PP =123 C, ,.C.,= 1L.N
for

Q' =Sz %,
under which equations (10) yield

(P4, _(Ceﬁiikluk 1)) :[C];?d(eQxa)kAanBp’l

IZ[rABiﬁ_q/;?/l nBI ’y/z] +Mi|AB ﬁl =0

(14)
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where

M/® ={G[® 40.255C (c D, s, ()0, cx, =03, (15)

\ap paBs Tjps? pags ~sByq

The basic unknowns of this new form of simplifi@derance system are averaged
displacementsi; and introducing above knew unknowﬁj which will be called

generalized internal fluctuation amplitude. Now, we can reformulate problem,jP
to the form
Find amplitudes B* =p%(x,X), (x,X)[@ , such that vibrations
(P) m*(1)= £ (Jicosa@ of generalized internal fluctuation amplitude
7 (C1) satisfy in Q the second from equations (13) and are a certain expan-
sion into the region (2 of the boundary perturbations

= BA(x,x)cosa, K x)oQ , & C

of internal fluctuation amplitude 7z*(G1) .

It is easy to verify that if3" = 8% (x,X), (X,X)[R , is a certain solution to
the problem (P thena” = €% J°B°,

J
and vice versa and hence we can restrict considesato the analysis of the prob-
lem (Py.

is a certain solution to the problem,)P

3. Special case

In the framework of this paper we are to discuss fghoblem in the special case
of two-phased laminated composites. Under the albggemption we shall apply

exclusively one shape functiér= h* and under denotationg = 77, [C],, =[C]},,

11

r=r, ¢, =¢,, My =M%, (e%), = (€% ), equations (14) are reduced to
<€>Ui h (Ceﬂijkl U, )., =[Cl, (€% )ip Ty (16)
AN(r iz ~ Gy ]T’y/?) +M, 7=0
for
M, =M;"={Q, 40.255,,(c™) y.Spr {G, L €}, an

— -1 (A1
Sjﬂs - Sﬁ?s’ (C )pa[j’s - (C )ﬁ;ﬂs
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Moreover M, is a certain symmetric matrix and hence problep iequiva-
lent to the eigenvalue problem

Ac

gyt (Azrwz -M, ) =0 (18)

4. llustr ative example

To illustrate considerations we shall assume that glanesx,= const. are
symmetry planes in every constituent of the consididaminated composite.
In this case we shall observe that similarly aghi@ case of saw-like function
the equation (18) separate into two independemaiseguations forg and 7z

|2C1221”17 22+ (l 2r a)z - M l) 772-1.:0

2 2 2 _ _ (19)
I C222277-2’22-'- (I ra; M 29 77.2_O

every of which posses the same mathematical foremcel we can rewrite (19)
and (19) in the nondimensional form

,d’7 2
A== 4 (1-Q%)7 =0 20
d{2+y( )< (20)

with respect to a certain length entity, nondimensional variables
&=x,/d,A=1/d where nondimensional unknowr (§){r(£d), rz,( &)} ,

0<é<H/d, and denotations

2 2
ym{&,&},gﬂ {af/lr'af)lr} 21)
CJ.212 C2222 M 11 M 22

Conclusions

In the paper the problem fPof the propagation of the boundary displacement
fluctuations into the interior of the region occegiby the multiphased FGM-type
laminated composite materials has been analyzedadtshown that in the special
case of the two-phased laminated composite thegofR,) can be reformulated
to a certain problem { and separated on this way to the two independent
one-dimensional eigenvalue problems (20). Problefmhis type was discussed
and solved for the periodic case in [2]. For saw-lilkinction taken as the shape
function these solutions has been adapted fortaindfGM-type laminates in [3].
An extended version of this paper will be publisie¢éskwhere.
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