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Abstract. In this paper we refer to models characterizing successive use of means in indi-
rect modules. Intermodular flow balance is characterized by Leontief’s model. On its basis 
it is possible to estimate the initial value, indirect operating levels and the final value.  
In existing publications we deal with deterministic knowledge relating to initial, final and 
transferred values. In this paper we will take the mentioned parameters as fuzzy parameters. 
The problem is set to find a simple and fast method to select optimal parameters from fuzzi-
ness ranges for which the assumed criteria will be fulfilled. One of the criteria can be  
the minimal initial value, the maximal final value or the minimal diffusion of operation. 

Introduction. Input data, their fuzziness and optimal selection criteria 

Leontief’s model has next figure: 
   

 X1      x1,1,  x1,2, ... , x1,n      x1 
 X2     x2,1,  x2,2, ... , x2,n       x2 
 
 
 Xn      xn,1,  xn,2, ... , xn,n      xn 

 
 

where: 
 Xi - initial value in i-th row vector (department) 
 xi - final value in i-th row vector (department) 
 xi,j - value level which is transferred from i-th department into j-th department 

after an operation. 
The assumption of fuzziness admissibility of all parameters fully corresponds with 
real situations and does not limit their use as elements of criterial functions (1). 
The sum of the flows and the final value in each row vector gives the initial value: 

 Xi = ∑
=

+
n

j

iji xx
1

,   , where: i = 1, ..., n 
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The domains of all the parameters are reduced to the interval [0, 1] by the normali-

zation of all the parameters ai,j = 
j

ji

X

x ,
 (for i,j, ..., n). 

 

    [ ,1X 1X ]      [ 1,11,1 ,xx ],  [ 2,12,1 ,xx ],     ...,   [ nn xx ,1,1 , ]       [ ,1x 1x ] 

    [ ,2X 2X ]      [ 1,21,2 ,xx ], [ 1,21,2 ,xx ],     ...,   [ nn xx ,2,2 , ]      [ ,2x 2x ] 

                                                                                                                  (1) 
 

    [ ,nX nX ]  [ 1,1, , nn xx ], [ 1,1, , nn xx ],     ...,   [ nnnn xx ,, , ]      [ ,nx nx ] 

 
 

where: xx,  - lower and upper limits of fuzziness intervals. 

The following relationship combines the normalized parameters: 
 

  1-  [ 1,11,1 ,aa ], -[ 2,12,1 ,aa ],   ..., - [ nn aa ,1,1 , ]         [ ,1X 1X ]        [ ,1x 1x ] 

   -[ 1,21,2 ,aa ], 1 - [ 1,21,2 ,aa ], ..., - [ nn aa ,2,2 , ]        [ ,2X 2X ]       [ ,2x 2x ] 
                                                                      *                    =     (2) 

  .......................................................................        ............          .......... 

   -[ 1,1, , nn aa ], -[ 1,1, , nn aa ],      ..., 1 - [ nnnn aa ,, , ]      [ ,nX nX ]        [ ,nx nx ] 
 
or shorter (I – A~)−1X~ = x~, where ~ defines the fuzziness of the variable preceding 
the tilde character. 
Optimization criteria can be determined with reference to all groups of parameters, 
i.e. to the flow, initial and final values (A, X and x). The following forms of criteria 
can be proposed by way of example: 

1) ∑
=

n

i 1

X i ���� min    (X > 0, x > 0) 

2) ∑
=

n

i 1

xi ���� max    (X > 0, x > 0) 

3) ∑
=

n

i 1

xi ���� min     (X > 0, x > 0) 

4) k – w1*X 1 + w2*X 2 + ... + wn*X n  ���� min > 0 
k - set threshold, wi - comparability weights (X > 0, x > 0) 

5) )(
1 1

,∑∑
= =

−
n

i

n

j

sriji xx 2 � min, (X > 0, x > 0) 

6) ∑
=

n

i 1

 Xi – xi ���� min  (X > 0, x > 0) 
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7) ∑
=

n

i 1

 Xi – xi ���� max (X > 0, x > 0) (3) 

The solution to the optimization problem consists in such a selection  
of extracriterial parameters from the interval of their fuzziness so as to reach  
the extreme value of the selected criterion. An additional problem is to use a con-
venient and simple tool enabling quick selection of the parameter value.  

1.  Pragmatic methodology of linear system sensitivity research 

Taking the linear model as a black box, it is possible to realize simple and  
practical methodology to create stimuli and to watch the reactions of the system.  
In this way, it is possible to sublime not only the trend of changes of the values  
of the criterial functions, but also their quantity (intensity). The quantity equivalent 
of changes for unitary stimuli will be defined as the system sensitivity with  
reference to the selected criterion (Fig. 1). 

Tables 1, 2, 3, 4 and 5 illustrate examples of sensitivity research results of the 
linear system described by the equation: (I – A)−1X = x. 
 

                          ∆A(t2) 

 
 
                                                               kr    ∆ kr(Xi(t1)) 
              Modular                                                        ∆ kr(ai,j(t2)) 

 ∆ X(t1) Operating  
                System                                                                 ∆ kr(xi,(t3)) 

 (MOS)  
    t 
 

                                                                            t1             t2         t3 

 
 
                               ∆x(t3) 

  
Fig. 1. Examples of linear system reactions to unitary parametric stimuli (system sensitivity - 

∆ kr(Xi(t1))/ ∆ Xi(t1); ∆ kr(ai,j(t2))/ ∆ ai,j(t2); ∆ kr(xi, (t3))/ ∆xi(t3)): kr - criterial function, t - time 

Table 1 
Data: flow parameters (ai,j) 
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Table 2 
Matrix  (I-A) 
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Table 3 

Inverse matrix (I-A)−−−−1 
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Table 4 

Vector of final values x 
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Table 5 

Vector of initial values X 
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Taking (∑
=

n

i 1

Xi� min) as the criterion of the initial value and assuming that  

the flow values between the columns A(ai,j) are independent parameters, the test  
of sensitivity of the operating linear system on the successively changing parame-
ters ai,j (ai,j = ai,j+∆, ∆ = 0.01) will be carried out. Table 6 and the diagram in  
Figure 2 show the test results. 

 
Table 6 

Changes in the criterion (X) values under the influence of increments of flow parameters 
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Fig. 2. Influence of changes of flow parameters on value of criterial function X 

Supplementary information is the system reaction to the changes in individual 
parameters presented in the form of a_normalized (the ratio of the maximal value 
(max = a5,5 and X(a5,5)) to the current value of the parameter or function). 
 

Influence of variation of A parameters on variation of criterial function X 

0
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parameter number increased with set increment of 0.01

Serie1 10,3096 48,225 12,2074 25,3645 1 13,8578 30,412 20,0179

Serie2 10,1559 7,34025 16,0653 11,9554 1 6,1085 7,38205 9,68184
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parameters function

 
Fig. 3. Dynamics of changes of X criterion values with reference to flow changes 

Setting the real levels of fuzziness for the discussed case, it is possible to de-
termine the degree of changes in criterial function distribution (data in Table 7). 

If for each row vector i = 1,2,...,n the condition ii

n

ij
j

ji aa ,

1

, 1−=∑
≠
=

 is satisfied, then 

the matrix determinant (I-A) is equal to zero (det(I-A) = 0). Also, for every column 
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j = 1,2,...,n in the situation jj

n

ji
i

ji aa ,

1

, 1−=∑
≠
=

 the determinant (I-A) is equal zero. 

An increase of elements in the matrix, where the determinant is equal to zero, 
leads to negative values of the elements in the inverse matrix (I-A)−1 and to  
negative values of the elements of the matrix of the initial values X. If for all  
the parameters ai,j= jia , = jix , /Xi the determinant of the matrix (I-A) is positive 

and, at the same time, the determinant is negative for ai,j= jia , = jix , /Xi, then  
the values of the operating parameters are at the limit of admissibility and these 
parameters or their fuzziness limits should be decreased. 
 

Table 7 
Values of upper and lower fuzziness of flow parameters A 
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Fig. 4. Ceilings of values of criterial functions for flow extreme values in fuzziness limits 
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An attempt to solve this problem is made in the work [1], where the upper range of 
criterial function fuzziness was determined, which is to some extent a post factum 
reaction, since it does not lead to the analysis of the circumstance exceeding  
the determinant zero point. The aim of the present paper is to develop pragmatics 
to prevent such a situation. For example, for the data in Table 8 the determinant 
value of matrix (I-A) is similar to zero. 
 

Table 8 
Values of flow factors A, for which det(I-A)≈≈≈≈ 0 
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Table 9 

Corrections of the flow factor ai,j for investigation of determinant zero zone 
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Influence of correction of flow parameter A (series 2) on criterion 
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Fig. 5. Behaviour of the criterial function near a determinant zero value 

To develop the pragmatics of procedure for the determination of optimal values of 
fuzzy parameters one predetermines possible situations which will be subjected to 
analysis: 
1. The values of the matrix determinants of lower and upper fuzziness limits of 

flow factors A and A  are greater than zero: det(A)>0, det(A)>0 and the values 
of lower and upper fuzziness limits of final quantities xi  are positive 0>ix , 
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0>ix � in this situation the solution concerning the criterial function value 
(final quantity X) is a fuzzy interval with a positive range of values:  

 [ XX , ] = [((I − )A −1 x ), ((I − )A −1 x)],  iX > 0,   iX > 0 

� if the criterion has the form ∑
=

n

i 1

Xj� min and if it is satisfied, then the  

optimal solution is Xmin = ((I- )A −1 x ). 

2. The value of the matrix determinant of lower fuzziness limits of flow factors is 
positive (A) > 0, and the determinant value of upper fuzziness limits is negative 

det(A) < 0 as well as the values of lower and upper fuzziness limits of the final 

quantities xi  are positive 0>ix , 0>ix � in this situation the lower fuzziness 

limit of the criterial function is,  as in the previous case, equal to X =  

= ((I- )A −1 x ), and one has to limit the upper fuzziness limit of the criterion to 

the values for which det(A) > 0, using the following pragmatics: 
a) selection of the row vector (or row vectors) for which  

 î = { i ∈ [1,...,n]
ni ,1

max
=

( )1( ,

1

, ii

n

ij
j

ji aa −−∑
≠
=

)} (4) 

b) proportional correction of the upper fuzziness limits in the î -th row vector 
to the nearest summary fuzziness in the remaining row vectors  

 î̂ = { i ∈ [1,...,n]\[ î ]  
∧

= ini \],1[

max  ( )1( ,

1

, ii

n

ij
j

ji aa −−∑
≠
=

)} 

thus, the correction factor amounts to 

  δ = ( )1( ˆ,ˆ

ˆ
1

,ˆ ii

n

ij
j

ji aa −−∑
≠
=

)/( )1( ˆ̂,ˆ̂

ˆ̂
1

,ˆ̂ ii

n

ij

j

ji aa −−∑

≠
=

) (5) 

if there is more than one such row vector (with the same summary fuzzi-
ness), then all the row vectors should be subjected to fuzziness correction (it 
relates to a decrease in the upper fuzziness limits) (Fig. 6) 

c) calculation of the determinant value for the corrected upper limits of the 

flow factors matrix det(I− /Â δ), where Â  is the matrix of the corrected 
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flow factors, and check whether the determinant is positive � if not - one 
iteratively returns to point a). 

 
stage1 
 ∆ a1,1        ∆ a1,2                      ∆ a1,3                           ∆ a1,4 

 
       ∆ a2,1 ∆ a2,2                                          ∆ a2,3                              ∆ a2,4 
 
       ∆ a2,1 ∆ a2,2                                ∆ a2,3                ∆ a2,4                             tmax 
 
 ∆ a4,1 ∆ a4,2 ∆ a4,3 ∆ a4,4                              t’ det(I-A)<0 
 
stage 2 
  ∆ a1,1        ∆ a1,2                      ∆ a1,3                           ∆ a1,4 

 
       ∆’ a2,1 ∆’ a2,2                                ∆’ a2,3                    ∆’ a2,4 
  δ=tmax/t’  

       ∆ a2,1 ∆ a2,2                                ∆ a2,3                ∆ a2,4 
 
 ∆ a4,1   ∆ a4,2 ∆ a4,3 ∆ a4,4 
                                                                                                       det(I-A)<0 
stage 3 
  ∆ a1,1        ∆ a1,2                      ∆ a1,3                           ∆ a1,4 

 
      ∆’’ a2,1   ∆’’a 2,2                                ∆’’ a2,3                  ∆’’a 2,4 
 
       ∆’’a 2,1      ∆’’a 2,2                      ∆’’a 2,3           ∆’’a 2,4 
                                                                                           t’’       δ=t’/t’’  

 ∆ a4,1   ∆ a4,2 ∆ a4,3 ∆ a4,4 
       det(I-A)>0 
 

 
 

Fig. 6. The pragmatics method of correction of upper fuzziness limits of flow factors till  
the moment when the determinant becomes positive  

Three stages of the analysis of the summary values of the fuzziness limits for each 
row vector were presented in the above example. In the first stage the longest value 
of summary fuzziness occurs in the second row vector, in the second stage the 
longest fuzzinesses are noticed in the second and the third row vectors. The matrix 
determinant (I-A) becomes positive after the second stage. In the first and  
the second stages all fuzzy sets in the longest fuzziness sequences get proportio-
nally shortened to the level of successive fuzziness’s as for the length. It is  
possible to describe many more similar pragmatics. For example, it is possible  
to reduce all upper limits of fuzziness using a constant, negative increment up to 
the moment of positive determinant obtainment, but it is not the main goal of this 
paper. And even, simpler pragmatic is the estimation of the global index of  
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the fuzziness upper limit exceeding δg for all row vectors and columns causing  
a transition to the negative zone of the determinant of the matrix (I-A): 
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and then the proportional correction (shortening) of all the intervals [ jiji aa ,, , ] (and 
as a matter of fact - their upper limits of fuzziness) to the level [ ]/)(, ,,,, gaaaa jijijiji δ−+ . 

Plausibility (in the Dempster-Shafer (Dms_Sh) formulation) [2] gives the follow-
ing canonical form of optimization limitations of flow fuzziness ranges: 
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Thus, the beliavable limitations (in the Dms_Sh formulation) for the optimization 
of fuzziness intervals will have the following canonical form: 
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 01 , ≥≥ jia ,  i,j=1,...,n 

 
Evidently, it is assumed that if the limitations for the upper limits of the fuzzi-

ness interval a  are satisfied then they will be also fulfilled for the lower limitsa . 

In such a situation when the upper limit is subjected to correction one will be able 
to claim admissible (conditional) fuzziness for the sake of imposed limitations. 
But, if it turned out that the corrected limit was smaller than the lower fuzziness 
limitation (by using other pragmatics than those characterized above (6)-(8)) then 
the fuzziness would become inadmissible and the lower limit would already be  
a deterministic value and it will be corrected to the level corresponding with the 
positive value of the determinant det(I-A). 
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2.  Generalization of Leontief’s operating model 

It is assumed in the characterised operating model that 01 , ≥≥ jia , i,j=1,...,n.  
If making these limitations less strict admitting both negative values of the flow 
factor and the possibility of exceeding the unit then real situations adequate to  
the proposed models should be characterized. As the modelling results show,  
negative values of the flow factor do not lead to negative values of the determinant 
(I-A). The conversion of a positive value of the flow factor into a negative value 
leads to a decrease in the initial value X. A physical sense of negative values  
of the operating factors can be validated, for example, by a refund of investment, 
an interest on the account or marketing activity effects. Flow factors exceeding  
the unit value leads to negative initial values of X (in one, several or in all row 
vectors). It can be physically well-founded by using greater quantities of resources 
than those which one has. For example, it can represent a coming into debt zone. 
Thus, if the limitations concerning the flow factors 01 , ≥≥ jia  are rejected then 
the limitations concerning the upper limits of fuzziness (in plausibility and  
beliavability variants) will have the following forms: 
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beliavability criterion 
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Using the convention proposed by the Dms_Sh theory the plausibility by satis-
fying the conditions 01 , ≥≥ jia , i,j=1,...,n can be estimated as: 
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Beliavability takes a smaller value than plausibility (Bel(Constr) < Pl(Constr)), 
since it makes the difference between plausibility and doubts (doubt function). 
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However, doubts can have a twofold character - they can be plausible or unplausi-
ble (Fig. 7). The convention accepted here is consistent with St. Augustine’s phi-
losophy which goes “He who believes does not doubt”. However, the convention 
is not consistent with the thesis that there is no faith without doubt. Doubts are 
fully well-founded in our example (since they are true). 
 
                                         plausible doubts  
                            unplausible doubts 

 
  
    certainty 
  0        beliavability                      1 
   
                    plausibility 
 

Fig. 7. A philosophy inspired Dempster-Shafer theory 

If the limitations 01 , ≥≥ jia , i,j = 1,...,n (generalized model) are rejected, then 
plausibility as well as beliavability become equal to one ( 1/)1(lim =−

∞→
nn

n
). 
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