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Abstract. The purpose of this paper is free longitudinakation problem of a non-uniform
rods coupled by spring-mass systems. The solufidheoboundary problem is obtained by
the use of the Green’s function method. In the papamples of the Green’s functions
corresponding to the second order differential afmerare presented.

Introduction

The longitudinal vibration problem of a system ca®gd of rods coupled
by discrete elements has been presented, for egamghe references [1-4].

In the reference [2] authors presented the solutianclosed form of the prob-
lem of longitudinal vibrations of two uniform rodsoupled by translational
springs. The papers [1] and [3] present symilablenm of vibration of uniform
rods coupled by spring-mass systems. The papermifé$ents rods vibration
problem using alternative formulation of the freqog equation. The formulation
iIs based on the discretization of the elastic roglgheir firstn eigenfunctions.
To find a solution of vibration problem the Greefusiction method is applied in
references [2-4].

The purpose of this paper is solution of vibratmmoblem of two rods with
variable geometrical parameters. It is assumedrtus are connected by an arbi-
trary number of discrete spring-mass systems. Tmeflation of the problem
establish the differential equations of motion @fis and the boundary conditions
corresponding to attachements of the rods’ endactEgolution of the boudary
problem is obtained by using of the Green’s functitetod.

In the paper are also presented examples of Gréamitions corresponding to
a second order differential operators occurringdifferential description od
the rods vibration. This Green’s functions are woigd for chosen functions
describing varrying cross-section of the rod.
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1. Formulation of the problem

Consider a system of two rods of lengithwhich are coupled by spring-mass
systems with the masses and stiffness modul&;(x) (Fig. 1) wherei = 1, 2;
j =1,...,n. Discrete elements are attached at poitsf the rods.

Fig. 1. A sketch of non-uniform rods coupledrbgpring-mass systems

Assuming that the non-uniform rods are charactdrizg A (x) - functions
describing cross sections of the rogs, E - densities of rods material and

Young modulus’, respectively, the differential etioas of longitudinal vibrations
of the rods are:

Ai I:ui ()ﬁ ’t)] = _i:l K; [Ezj (t) —U ()_(IJ ’t)] E‘f()ﬁ _Xj) 1)
| i=1,2j=12...n

whered(-) denotes the Dirac delta function,D[O,Li] andA, (i =1, 2) are differ-
ential operators in the form:

A= 2 EAK) L |-A()

62
— 2
e 2

Motion z of massesn are governed by:

d?z

™ sz-i- klj [Zi (t) _ul(ili ’t)] +k2] [Z,— (t) _U2(72j ,t)] =0 (3)
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The function describing the longitudinal displacenseof the first and second rods
satysfies homogeneous boundary conditions, whiatbeawritten symbolically in
the form:

=0 4

x=L

B (x.)], =0, B u(x.)]

Longitudinal vibrations of the rods are harmoni¢hnthe frequencw. Using
separation of variables according to:

U (x,t)=U; (% )cosat, z(t)=Z; cosat

whereU, (%) andz are the corresponding amplitude functions andimithem

into equations (1), (3) and (4), the egations ofiomand boudary conditions can
be reformulated as:

o o Ky [Jz (%) -0, (%, )]+“’2m161(71i)
M [Ul(X1):|_ _JZ; i B k; +ky; —a'm,

(% -%,) (5a)

oy 0050 )] im0 ()

Ao (U2 ()] =2k T~ S(e-%)  (Bb)
B |:_i ()ﬁ )]L:O =0, B, [Uu (Xi ):HX‘:L‘ =0 (6)
~_0 x 0 -
where A, =a—X[EiA(>g)a—)J+piaFA(>q).

Introducing non-dimentional coordinates and nonatisional values:¢, :%,

X. 2 k.. L m.
Zij:i’ gi,(ijg[o,j], Qf:%’ j:i, K; = L My = —

L, E k; EA(0) pLA(0)
into diferentional equations (5a,b) and boudaryditions (6) yields following
non-dimensional boundary problem:

Mlj
K| [UZ(ZZJ)_Ul(Zu )]J’Qf K Ul(ZJI)

N [Ul(fl):l = _Z Klj E M. - Db_(fl _le) (7a)
= 1+K, -7

1j
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sz
_[UZ(sz)_Ul(Zn )J +0; K KJUZ(Za)

Az[Uz(fz)lz_n K2j E M 2 m(fz_Za) (7b)
= 1+K, -2 2K,
Boi [Ui(gﬁ)]‘{izozo, By |:Ui(‘fi):”g|:1:0 (8)
Diferrentional operatora,; , apearing on left side of equations (7), havefohe:
0 0
AN =— N\ |+ Q? ,

2. Solution of the problem

The solution of the boundary problem (7)-(8) is abéd with the use of
the Greens function method. Using boundary comnusticand properties of
the Green'’s functions, the solution of the congdesroblem can be written as:

2 Mlj
n KJ[UZ(ZZJ)_Ul(Zn )]+01?U1(Z]j)
Ul(é’l):z Ky B M. : @1(51[11) (9a)
j=1 1+ Kj _-(212 KlJ

1j

2 MZ'
. _|:U2(sz)_U1(le )] +02, K J KJ'U Z(ZZ)
U, (&) =21 K, B i 2 G,(£,45) (9b)
= 1+K, -7 2K,

2j

or introducing following coefficients:

M. .
KIJ[KJ. -Q? “J
K, K. K.
AL. = L = i
: _ lej ’ : _ ZMli
1+K, -2 1 1+K, -Q@* 1
i 1 ) i K.
1j 1j
M..
K,, {1—9; 2 K}
K. K, '] .
B, = 2l , B, = J ,j=1,2,...n
_ 2M2j _ 2M2J
1+K, -9 2K, 1+K, -Q2 2K,
K J ] K J

2j 2j
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as:

n

U, (&)= {AU(¢y)* AU ¢} @ e £ ) (10a)

=1

n

U,(&)={B,u.(¢,)+B,U (¢ ,} © (10b)

j=1

Subsituting§; = fori =1, 2;j =1, 2,...,ninto equations (10a,b), displase-
ments of the pointg’; can be presented in the form:

Ul(zw)zi{Auul(le)JrAin 2(53)} B¢ o€ 4) (11a)
U, (Co) = Zn;{BlJu (¢4)+BU AT} B4 27 ) (11b)

This equations represent a set nthidmogeneous equations:

AU =0 (12)

with unknownU =[U, (¢,,) V(¢ 1)U (¢ ) VU ¢ AU L DU £ )T

The non-trivial solution of equation (12) existsemhthe determinant of the coeffi-
cient matrixA vanishesdj is the Kronecker delta):

_ [0 + AG (45 )L;m [AG(7.44)]
|:Blk (ZZK ):|Jsj,ksn |:_5jk + BRGz(Zm 1( g):szkan

It yields the frequency equation:

1<j ksn

(13)

detA =0 (14)

which is numerically solved with respect to non-dimeional frequency parameters

plL E

Q7 , whereQ? = 2 Q2. With the determined eigenfrequengy, correspond

221

the mode shapes:

n-1

U, (&)= Zl{Ai, (C4)+ AU, ) B e g ,2.)
+|:AnC+A2nU2(ZZn):| EGl(‘:rl’va-Qn)

(15)
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U, (&)= j=l{ B,U,({y)+B,U (¢ 4} B¢ £ ,.0,) .

+[Blnc + BZnUZ(ZZn)] mz({zz szm)

where isC=U, ({,,).

3. Examples of Green’s functions

The Greens functions corresponding to the conssdnd order differential
operator

A d%(A({);—Ej +Q°A(§)

are derived. The cross section functiéis) are assumed in the form:
a) A(¢)=sin*(a¢ +1),

b) A(é)=e™,

c) A(¢) =cosh?(aé +1)

(o« = const.). The Greens functions corresponding to thefunestican be written in
the form [4]:

COSKE siké . sink (& -n7)

(@) 1) «fE€)T0)

G(én)=¢ H (& -n) (17)
whereH(:) denotes Heaviside function and functid)rﬁ{) for the considered cases
are:

a) f (&) =sin(a¢ +1), k*=Q* +a?

a 2
ez, k2=02-2
4

c) f(&)=cosh(a¢ +1), k* =Q? -a®.

b) 1(¢)

Coefficientsc; andc, in formula (17) are determined on basis of the loaumy
conditions (Table 1).
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Table 1
Values of the coefficient; and ¢, for different boundary conditions

M1(&.) = sin(§ - 1), M(&.77) = wf(§)cose(§ - 1) - F(§)sink(§ - 1)

Boundary conditions c=[c, "
Ul =0, U, =0 =0, CZ:%
UL,:O =0, u‘{:l =0 ¢ =0, C= #’\%
o= -f(0)M(17)
()] 1) 7 (09 (3 M (03]
Hleo =0k 20 -0 (1)
C, =
ki@ 1) wp0d-r(Im(al]
. ~ _—f(0)M, (1) _ —F(o)ymy (1)
Wle =0 Uy =0 Q= o) % Ko

Next example concerns the rod which cross-sectiea & described by func-
tion A(¢)=(aé +1)". In this case the Green’s function has the forin [4

G(Em)=A (&) cd, (z)+cY, (2)]+Gs(En) wheno 0Z (18a)

G(én)= py(é)[clJU(zg)+c2J_u(zf)] +Gs(En) whenoJZ (18b)
FunctionGg(&,,7) can be written as:
Gy (£1)=M 23, (2, )Y, (%) = P (€ 1), (2)Y, (2, ) ]HE 1)
whenodZ  (19a)
Gs(¢1) =M (23, ()34 () =P (€ 7)3, (2) 3, (2, ) JHE 1)

whenodZ  (19b)

where: z.=2(¢), z.,=2z(¢-n), z=2(0), z=2(1), a = const. and

M :%sin(uzr). Values of coefficients; andc, depend on the boundary condi-

tions. For example, coefficients for rod clampedeéitend (G|f:0 =0) and free at

the right end G;Ll =0) for vdZ are:
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- ‘]—U(ZO)NIB C. = _Jz)(ZO)NIS
D = D

1 1

For a free-free rodG; L_O = G{‘ = 0), ¢; andc; have the form:
c= &=1

= N,(z )N, , c,= -N,(Z5 )N,
D, D

2

where:
z'M[ 3, (2)Ny(2)- 9, (2N o(2))],
3 M[N(zo)w) (2INA2)],
7"17,0 1 222923, )(Ju_l(zm)—JMl(zm)) -3, (2N {z, )}
(6} ()£ 1) 1ol
N, () =20, (£) +£[J,.(€) = 3,..(e)] for e0{z,. 2.2} .

Conclusions

The paper presents exact solution to the probleforafitudinal vibrations of
a system of non-uniform rods connected by doublenggmass elements.
The solution can be used in numerical investigatibwibration of the considered
systems. The Greens functions corresponding tdifferential operators occuring
in differential description of the rods vibratiomeapresented. The presented
method can be applied to solve the vibration proklef systems consisting many
non-uniform rods coupled by many discrete elements.
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