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Abstract. In the paper the pseudo-Riemannien structure of the signature (n, n) has been 
applied a connection of this symplectic structure. 

Let M be a 2n-dimensional smooth differentiable manifold. By F(M) we denote 
the ring of all smooth real functions on M and by )(Mℵ  we denote the F(M) - mo-

dule of all smooth vector fields tangent to M. Next, let TM be the tangent bundle of 
M and MTX  be the tangent space to M at the point x M∈ .  

As it is well known, a skew-symmetric two-form ω  on M is called an almost  
- symplectic structure on M if the mapping 

for )(MX ℵ∈ ,  )(),( * MXlX X ℵ∈⋅= ωω�  

is an isomorphism, where )(* Mℵ is F(M) - module dual to )(Mℵ . Moreover, if 

ωd  = 0, then ω  is called a symplectic manifold. Now let ),( ωM  be a symplectic 

manifold and MLl →:  be an immersion. Then L is  called ω-Lagrangian sub-
manifold if  
1. Lx∈∀   MTLTl XXx ⊂)(  is ω - isotropic subspace, 

2. there exists subbudle ETLE ⊕⊂ .  
One can prove 
Proposition 1. Let ),( ωM be a symplectic manifold and ML ⊂  submanifold of M 

if any only if  

(1) dim L = 
2

1
dim M, 

(2) L  is ω - isotropic submanifold, that means Lx∈∀  )( LTl X  Xω - isotropic sub-

     budle of MTX . 
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Evidently if L is ω-Lagrangian submanifold of ),( ωM  then TL is a ω-Lagrangian 

of TM submanifold  that means 0),( =uvω  for any TLvu∈ , as well as dim TL 

=
2

1
dim TM. 

Let  ),( ωM  be  a 2n-dimensional symplectic manifold and let 

 UWTM ⊕=  (1) 

be decomposition into the direct sum of ω -Lagrangian submanifolds W and U. 
Denote by  

 WTMP →:  and  UTMQ →:  (2) 

the projections of TM onto the submanifolds W and U parallel to the complemen-
tary submanifolds U and W respectively. 
Obviously P and Q are smooth tensor fields of type (1) on M satisfying the follow-
ing conditions 

 PP =2      QQ =2   and  idQP =+  

In consequence the  tensor field  t = P – Q  on M is an almost product structure on M. 
One can easily to prove the identity 

 ))(,()),((),( YPXYXPYX ωωω +=  (3) 

Now let us put  

 )),((2),( YXPYXT ω=  (4) 

for any )(, MYX ℵ∈ . Hence by definitions T is a smooth tensor field of type (2,0) 

on M of rank n, that means rank nTX =  for any Mx ∈ . 
From (3) and (4) it follows the identity 

 { }),(),(
2
1

),( XYTYXTYX −=ω  (5) 

with shows us that ω  is equal to the skew-symmetric part T, that means )(TA=ω . 
Let now  

 { }),(),(
2
1

),( XYTYXTYXg +=  (6) 

for arbitrary )(, MYX ℵ∈ . So, by definition )(TSg =  is  a smooth symmetric 
tensor field on M, of  type (2,0). We will show that g is a pseudo-Riemannien met-
ric on M of the signature (n,n). 
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Really, let x be an arbitrary point of M. Then there exists an open neighbour-
hood V of x and  smooth vector fields nn YYXX ,...,,,..., 11  on V such that 

 ( ) ( )xXxXW nx ,...,1=  and ( ) ( )xYxYU nx ,...,1=  

Now it is easy to show that the matrix of the symplectic form ( )xω  with respect to 

the basis ( ) ( )xXxX n,...,1 , ( ) ( )xYxY n,...,1  has the form 

 ( )












−
≈

0

0
tA

A
xω  (7) 

where ( ) ( )( )( )xYxXA ji ,ω= ,  i, j = 1,2,….n.  Evidently  0det ≠A . 

Using now (4) one  can show that the matrix of the tensor xT with respect to  
the basis has the from 

 











≈

00

20 A
TX  (8) 

Next from (6) and (8) it follows that the matrix of the form xg  with respect to  
the considerable basis has the form 

 












−
≈

0

0
tx

A

A
g  (9) 

Evidently from (9) it follows that g is of maximal rank. 
Therefore g is pseudo-Rimannien metric on M. Furthermore on can show that 

the signature of g is (n, n). 
Hence we have 

Theorem 1. Let ( )ω,M  be a 2n-dimensional symplectic manifold. Then for every 
decomposition UWTM ⊕=  of the tangent bundle into the direct sum of  
ω -Lagrangian submanifold there exists exactly one smoot tensor field T on M,  
of type (2,0), defined by (4) such that 
(1) )(TA=ω  
(2) )(TSg =  is a pseudo-Rimannien metric on M of the signature (n, n). 
Evidently gT += ω . Hence by definition (4) we get the identity 

 ( )YXYXPYXg ,)),((2),( ωω −=  

and consequently the identity 

 ( )( )YXPYXPg ,)),(( ω=  
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Using the last  identity one can easily verify that the ω -Lagrangian submanifold W 
and U in (1) are at the  same time g-isotropic subbundles. 

From Theorem (1) it follows 
Corollary 1. Let ( )ω,M  be a 2n-dimensional symplectic manifold. Then there 
exists one-to-one correspondence between almost product structures t of rank n  
on M, on the hand, and the tensor fields T on M defined By (4) on the other hand. 
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