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Abstract. This paper concerns axisymmetric free vibrationanhular plates of stepped
thickness resting on Winkler elastic foundationa&ixsolution to vibration problem was
obtained by dividing of considered plate into umifio annular plates and by using
the Green'’s function method. Numerical examplespagsented.

Introduction

The problems of the free vibration of circular asghular plates of stepped
thickness have been the subject of many paper$. [@ebutions to free vibration
problems of stepped-thickness plates in paperg][lere obtained by using finite
element method and optimized Rayleigh-Ritz metHodarticles [3, 4] a closed
form solution to considered vibration problems veddained by using Green's
function method. The vibration problems of circutdaites resting on elastic foun-
dation have been investigated also by many autHerg, [5-7]). The authors
of article [5] obtained the solution by using thal&kin's method. In paper [7]
a two-parameter model was used to represent thmel&tion. In article [6] circular
plate on elastic foundation was modeled as a sefissmply supported annular
plates resting on supporting springs along thainmoon edges.

The present paper deals with a free vibration gmobdf stepped annular plates
resting on Winkler elastic foundation. Exact saatito considered problem
is obtained by dividing of the stepped plate intéferm annular plates. Character-
istic equation is obtained in analytical form byngsthe Green’s function method.
Formulation and solution to the problem take intocant arbitrary finite number
of uniform plates composing the stepped plate. Wil solution to presented
vibration problem is used to perform numerical gsial of an influence of parame-
ters characterizing the system on its natural feegies. Numerical examples pre-
sented here deal with stepped annular plates cadpmidwo uniform plates.
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1. Formulation and solution to the problem

Consider an annular plate resting on Winkler etaftundation. Thickness
of a plate is varying stepwise along-{ 1) concentric circles as schematic shown
in Figure 1. These circles mark ontplate elements - uniform annular plates
of thicknesdy and radiia;.,, &, (a1 <a;, j = 1,...Nn).
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Fig. 1. A stepped annular plate resting on Winklastic foundation

Free vibration of j-th plate element is governeditfferential equation:

ow; 0°w.
Dili A PRl toh— 5 tkw =
ror| orjror\ or ot (1)

:_Sj—l?la_(r _aj—1)+ mj_l?ld'(r _aj—1)+si ?15(r _ai)_ m; ?15'(r _ai)

wherew, = wj(r, t) is a transverse displacement of j-th platd, - radial and time
variable,D; = Ej h®/ [12 (1 -»?)] - bending rigidity of plateF; - Young modulus,
v; - Poisson ratigg; — mass per unit volumg; - stiffness coefficient of the founda-
tions over a region of j-th plate,=s(t) - the shearing force, ;m m(t) - bending
moment, () is the Dirac delta function. It is also assumbdt g=my=g,=
=m, = 0.

Equation (1) is completed by boundary conditiond anntinuity conditions.
The boundary conditions can be written symbolicadlyhe form:

Bo[Woll,,, =0, Bolw,]|,_, =0 2)
and continuity conditions are:
w(ay,t)=w;., ey t)

d d : j=1,..nh-1 (3)
—w (r,t =—w,,(r,t
dr | >(,_a, dr pal *

r=a

In case of free harmonic vibration of the systera assumes:

w(r,t)=wW(r)e'”, s =S, m=M;e'*“ (4)
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wherew is an eigenfrequency of the system. Introducimguianeously dimen-
sionless quantities:

r=rla, 7;=r;la, W=W/g (5)

and taking into account (4), equation (1) and thetiouity conditions take the
form:

__ _ A _
LiBNj] :_Sj—lj%d(rj _al)+ MJ—ldj%é‘(Fj _al)+
il j (6)
S 24l -1)-m, 2 of;-1)
fi fi
V\_/j (1) = a_:'l-lV\_/j{]_ (aj+]_) ’ %Vv] (FJ ) = %\Nﬁl (r_j+l) (7)
it J M= I M41=0jn

where:L= 0*~(0*~K,), 07 = &/dr® + (1) diar, @° = phafa®/D;, K, =ka'/D,,
Applying to equations (6) the Green's function noethand using properties
of Dirac delta function allow us to obtain a seegftiations:
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where dashes over symbo|sV, S M are omittedG denotes the Green’s function
of differential operatorL;. Function G is defined over regiona], 1]x[a;, 1],
(0 <g; < 1). Green’s functions of differential operatocurring in vibration prob-
lems of uniform annular plates were derived in pgj@, 4, 8, 9].

Characteristic equation to considered free vibrafipoblem of stepped annular
plate resting on elastic foundation is obtainedubinng equations (8) in continuity
conditions (7). Using equations (8) in conditio$ & system of equation is ob-
tained. This system can be written in a matrix form

AX=0 9)

where X = é_ |\~/|1 v S0 M4 " is the vector of unknown quantities,
A =T[Ajli<ji<n1 IS @ square-matrix where:
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i~
Equation (9) has non-trivial solution if and onfy i

detA =0 (11)

Equation (11) is the characteristic equation ofdbesidered vibration problem.

2. Green’s function

The Green’s functionG(r,§), corresponding to an annular plate resting on
Winkler elastic foundation is a solution of the atjan:

04G(r &) -(@* -K)G(r &) = %J(r -¢) (12)

This function satisfies, with respect to variabJéboundary conditions along the
plate’s edgesr =a andr =b. For example, the conditions for the annular plate
with free edges are:

2
dG+v£d_G:0, iii(rd_(;j :O,r:a,r:b (13)
dr? r dr dr|rdr dr

The solution of equation (12) can be written in fiven of a sum [4]:

G(r.&) = Go(r,¢) + Gu(r,&) Hr =) (14)



Free vibration of annular plates of stepped thiskmesting on Winkler elastic foundation 113

whereGq(r,&) andG,(r,¢) are solutions of a homogeneous equation:
04G,(r.¢)- (@* - )G, (r.6) =0, (=0,1) (15)
Moreover,G,(r,¢) satisfies following conditions [8]:

0

_ _o° 0 and 2 _
G(r.¢)l_ =5-Glr¢)| =-56G(¢) =0and_5G(r.¢) =7 (16)

r=¢ r=¢§

1
&

r=¢&

Once the functioi®; is known,Gy must be such function th&t given by equation
(14) satisfies the boundary conditions.
To solve the equation (15), two cases are congidere

Casel: Q*—K>0:
Denoting Q2 * = Q* — K, equation (15) can be rewritten as [10]:

(02 +22)[02 - 226, (r.6) =0 (17)
and general solution(r) of equation (17) can be presented in the form:
u(r) = Cr]o(r §)+02Y0(r 5)"' Csl o(r §)+C4Ko(r §) (18)

whereJy, Y, are Bessel functions ang Ky are modified Bessel functions. Using
(18) and the conditions (16), we find the funct®ir,) as [5]:

G,(r.¢)= 2!132 [, 2)K,(e2)-1,(e2)k,(r 2)
+§(J0(r 2N, (e2)-3,(e2),(r 2)) (19)

Hence, on the basis of equations (14) and (18have
G(r,&)=CiJ,(r @)+ Cylor @)+ CyY, (r @)+ C.K,o [r @)+ G, (r.E)H(r - €) (20)

The constantC;, C,, C;, C,; are determined by using boundary conditions.
In the considered case, the constants for clasbimahdary conditions are pre-
sented in reference [9].

Case2: Q*—K<0:
Introducing @4 = K —Q* in equation (15), we can rewritten the equation in
the form:

(02 +i2?)?-i2?)e (r.é)=0 (21)
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and the general solutiarfr) of the equation is:
u(r) :Ello(r\/i_ﬁ)ﬂ‘:zKo(r\/i_!j)+éslo(r\/—_i§)+E4K0(r\/—_i§) (22)

The Bessel functiongy and K, of the complex arguments can be changed
by Kelvin functionsber, bei, ker, kei, of a real argument by using the following
relationships [10]:

1o /2T ) = ber (x) £ bei(x), K (x/i )= ker(x) 2 kei(x) (23)

Taking into account these relationships in equafk3) we obtain a real valued
function for the real argument:

u(r) = c,beilr @)+ c,ber(r @)+ cykei(r 2)+c, ker(r 2) (24)

Using the conditions (16), we find the functi@i(r,) in the form:
Gl(r,f):%[bei (r 2)ker(¢ 2)-keilr 2)er (¢ 2)

+ber(r 2)kei (£ 2) - ker(r 2)bei (£ 2)) (25)

The general solution of equation (12), we obtaonf equation (14) and in
the considered case can be written as:

G(r,&)=Cphei(r @)+ C,ber(r @)+ Ckei(r @)+ C, kerr 2)+G,(r,&H(r - &) (26)

Similarly as in the case 1, the consta@ts C,, C;, C,, are determined by using
boundary conditions.

3. Numerical examples

Presented here numerical examples deal with steppadlar plates having
both edges freer Ea, r =b, b <a). The plate is subdivided into two uniform an-
nular plates: an annular plate of thicknbgand radiir =b, r =c and an annular
plate of thicknes#$, and radiir =c, r =a (b <c <a). In this case, characteristic
equation to vibration problem (11) has the form:

Gl(llﬁl)JrA_Zsz(azvaz;Ez) Gl (]-']wﬁl)Jréngr (2.0, 2,)
i o e =0 (27
G,lrl(lv]-;!_gl)"'a_zG,zrz(azvaz;ﬁz) G’lglrl(l,];!_Ql)+A2G’252r2(0'2,0'2;52)
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where a; = cla, 4, =D4/D,, G(r;,&) is a Green’s function defined over region
[o5, 1]%[ey, 1] (=1, 2). It is also assume@; =p,, v1=v, and E; =E,. Then
A, = o, wherea = hy/h,.
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Fig. 2. Values of non-dimensional frequency parame,; ={/oh, w’a*ID, (i=1,2)
as a function of parameter=h,/h,; b/a=0.4,c/a=0.7,v=0.3

Using equation (27) numerical analysis of influennég@arameters characteriz-
ing the system on its natural frequency was peréaknCurves in Figure 2 present

values of frequency parameteR,; =3/oh, w*a*lD, (i=1,2) for free-free

annular plate as a function of ratic= hy/h, and for various values of foundation’s
parameter K= K. Results were obtained fofa= 0.4,c/a=0.7,v = 0.3. We can
observe both the parameterand K have significant effect on natural frequesci
of stepped plate.

Conclusions

In this paper an exact solution to the problemregtfvibration of a stepped
annular plate resting on elastic foundation is @nésd. The formulation of
the problem consists of the differential equatiofgnotion of the plates, conti-
nuity conditionsand boundary conditions. The solution to vibratjimoblem is
obtained by dividing of the stepped plate into amif annular plates. Exact solu-
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tion is obtained by using the Green’s function rodthThe formulation and solu-
tion to the problem take into account an arbitrangmber of uniform plates.
Presented numerical example shows an influenceletted parameters characte-
rizing the system on its natural frequencies.
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