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Abstract. Investigation of the open exponential queueingvasgt of arbitrary architecture
with incomes is carry out in paper. The incomesrafsitions between network’s states are
random variables with specified moments of twot finglers. The expressions for expected
incomes and variances of incomes are received.

Introduction

Exponential queueing networks with incomes in cagen incomes of transi-
tions between stations of network were values degended from network’s state
and time were examined in [1, 2]. The expressianseikpected incomes and
variances of incomes in systems of such networkee vedtained in [3, 4] in
the case, when incomes of transitions between mktsvstations were random
variables (RV) with specified moments of the fimhd the second degrees.
However, only networks with central system werengixed in these works. This
work is devoted to finding of expected incomes irpanential networks
of arbitrary architecture.

Let's consider open exponential queueing netwotk whe-type messages that
consists oin queueing systems§,, S, ....,S, . State of such network could be dis-

cribed by vectork(t) = (kl,k2 ,...,kn,t), wherek; - number of messages in system
S in the moment, i =1,n. The incoming flow arrives in the network with eat
A. Let's denote the service rate in syst§n(when there ark, messages in it) as
7 (ki); Po; - probability that the message comes in sys&nfrom the outside,

n
Z Poj =1; p; - probability that the message after service steay S comes to
i=1

n

S, >, p;=1,1i =1n. Message that comes from one system to anothegsri
j=1
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the last one some random income, so the incombeofiitst system descened on
this random value.

1. Expressions for expected incomes of network’s sgms

Let's consider variation dynamics of incomes integs S,. Let's denote its
income in the momerttas V, (t). Let at any momert, income of this system
equals tcv,,. We are interesting in incomV, (t, +t) of systerr S, at the moment
t, +t. We will broke segmerf(t,,t, +t] by m equal parts with lengtAt =t/m,

where m is rather large. Let’s give out all events whi@nccur at-th range.
Following situations are possible.
1. Message arrives to syster from the outside with the probability

Apg; At + 0(At) and increases its income Ioy, wherery, — RV with distribu-
tion function (DF).F,; &)

2. Message goes from systen5 to the outside with probability
1, x>0, - .
4 (k Ju(k, ) pioAt +o(At), where u(x) = ox<0 Heaviside’s function, and

decreases an income By, whereR, - RV with DF F, ().

3. Message arrives fror§; to S with probability 4, (kj )u(kj)pjiAt + o(At) and
income of systen§ increses byr;, and income of syster§; decreses by the
same valuej =1n,j #i , wherer; — RV with DF Fy; ).

4. Message arrives fror, to S; with probability £ (k Ju(k,) p; At +o(At) and
income of systenS decreses byR;, and income of syster§; increases by
the same value, whetf@, — RV with DF F,;, &), i,j=1n.

5. No changes of network’s state are happened gitirite perioc At with proba-
bility 1-(Apy + 24 (k. Ju(k;))At +0(At) . It is evident thatr; = R, with proba-
bility 1, i, j =1n, that is

Fi (%) = Fy (¥, i, =1n (1)

Besides, systeng increases its income byAt during any short time period
At at the cost of money percents it stores. iLés RV with DF F, (x),i =1,n.

Let AV, (t) =V, (t +At) -V, (t) is a change of income oth system al-th time
segment. It follows from above that



Finding of expected incomes in open exponentiakoits of arbitrary architecture 181

ro +1At  with probabilily — Apy; At +0(At),

- R, +rAt  with probabiliy 2 (k; )u(k;) p,;At + o(At),

H; (kj)u(k;) p; At +0o(At),
j=1n,j#i,

4 (K )u(k; ) p; At +0o(At),
j=1n,j#i,

rAt with probabiliy  1-(Apy + 2 (k. Ju(k ) )At + o(At).

AV, () = r; +rAt - with probability

- R; +rAt with probability

Income of S, equals
Vi) =0 + AV, (0 @
1=1

Let’s introduce denotation for corresponding expgoh values:

m{r,} = Txch1ji 0 =a,, M{R} = T xdF,; (x) =b, , M{r} = TxdFi 0=¢

M{roi} :IXdFOi (X) =ay;, M{RIO} :_[XdFio(X) =bo, 1, ] =1n
in view of (1)
a; :bjivivj:l_n )

Let's get a relationship for expectation value médme of systenf at time
momentt. With fixed member functio k(t) we get:

M{Vn (t)/k(t)} = ag APy At — b4, (ki Ju(k; ) ppAt + Zn:ajiﬂj (kju(k;)p; At =

=1
- Z by 44 (ki Ju(k;) p; At +¢ At(l‘ Apgi At = 41 (ki Ju(k; )At) +0(At)
=
that is

MV, ()7t} = ag Apot+> a1, (k; Ju(k, ) p At -

=1

- Zn:bu H; (k)u(k;) p At + At +o(At), i = n (4)
i=0
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Therefore, taking into account thAt -t , we get from (2), (4)
m

M{V, (t) / k() = v +Zm:|v|{ AV, 1)/ K@) =
1=1

= Vi +| 35 APy +Z;aji:uj (kju(k;) p;; _;bu"ui (k)u(k)) p; +c At =
L 1= 1= _

=Vig *| 8o APy +Z;aji:uj (kj)u(k;) p;; _;bu"ui (k)u(ki)p; +¢c [t+0(At)
j= =

So, whenAt -~ Qwe will have
M{Vi (k)/k(t)} =Vo +| C +ag APy +Zaji/uj (kjuck;)p;; _qu‘ﬂi(ki)u(ki)pij t
i=1 i=0

Considering>_ P(k(t) = k) =1 we get average big t ()
k

Vi (t) = M{V, (6} =vio + D K k) =W MV, () / k(@ =
k

0

= i i P(k(t) = (Ky, Ky ook D) IM{V, (0) /K () = (Ky, Ky ook ) =

k,=0k,=0 k,=0

=Vo +| ¢ + a5 APy +iaji Pji ZP(k(t) = k)ﬂj (kjulk;) -

j=1 k
- ib.j Py > P(k(t) = k)e (k; Ju(k )}t
i=0 k

Then we suppose that all network systems are ingtj-any syster S hasm,
identical service lines, service time of messaga® texponential distribution with
M atanylinei=1n. In this case

“ =M mingem) i =1

(k) =
H (k;) {Mm, K >m,
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and it's normally to suppose that average qf(k)u(k; Wil be
4 min(N; (t),m), where N, { ) - mean number of messages (being waiting and

servicing) in syster S at time interva[to,t0 +t], i=1n.So finally we will have

Vi (t) =Vio '{Ci + a5 APy +Zaji/uj min(Nj (t)imj)pji -

=

~ g min(N; (t), m )Zb., Pij }t (5)
i=0
For expected income of the whole queueing networkave

W) =SV,
i=1

M{w(t} =Zn:Vio +Zn:{ci + a5 APy +Zn:aji:uj min(Nj (t)imj)pji -
i=1 j=1

i=1

~ g min(N; (), m )Zn: by p; }t (6)
=1

but, taking into acount (3),

_n Zn:aji'ui min(Ni (t)’mj)pji :iﬂi min(Ni (t)’m)zn:blj Pij
ENEl = =
SO
M{W(t)} :ivio +i[ci + ag; APy _:Uik%pio]t (7)

Note, that general expected income of network dépeam Ry, i, j :]71, as

these incomes extinguish each other (if messagma fioe system of network
arrivals to another then income of the last onegases by some value and the first
system'’s income decreases by the same value).

Example. Let's consider close queueing network with censgstem, that
consists of central systen§, and peripheral systemsS,S,...,S,_;. Let

A=0,p,=1 p,; #0, other p; =0,py = P, =0, 1 =1,n. In this case, from (5),
(6) we recieve expressions for total expected ireofrthe network
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MW(E} =D v + Dt ®)

expected income of central system is

n-1

Vi (t) =Vho + Ch +Zajmuj min(Nj (t)’mj )_bnj Hy pnj min(Nn(t)vmn) t (9)
j=1

and expected incomes of peripheral systems tahkiag(8) are
Vi (t) = Vig * [ + a4, min(N,, (1), m, ) py ~ by, min(N; (), m )]t =
=Vig +[c = a6 min(N; (©), m) +h; 4, min(N, (©),m,)p; ]t~ (10)

Note that exprassions (8)-(10) concur with expassifor corresponding ex-
pected incomes in network with central system [5].

2. Recurrent mean-value analysis method with respeto the moments
of time for open queueing network

From relations (5), (6) follows that we have knowpeessions of average
number of messageN; t ( ) =1n, for finding of expected system’s incomes and

the whole network. Finding of these values in at@ljorm for network that
functions in transient behaviour is rather compéidaproblem. Before recurrent
mean-value analysis method with respect to the mtsnef time was developed
for finding of series of average characteristics &bitrary closed gueueing
networks with one-type messages and multi-lineesgst [6]. In this paper we
suggest substantiation of such method for open ejungunetwork with arbitrary
distributions of service times of messages in natigssystem lines.

Let's consider open gueueing network with one-typessages and multi-line
systems. Le M, (t)is average rate of massage’s flow from il system o (t),

7;(t) - average number of busy lines and average sojume (include wating)
ati-th system at time peric[t,,t, +t], i = 1n, correspondently. Then expression
is correct

M; (D)7 (1) = N, (1), i =1n (11)

For proving it we can use technique [7]. 1Z (t) - total number of messages wich
have lefti -th system during time peric[t,,t, +t], ©,(t) - total sojourn time in
i-th system during time peric[t,,t, +t]. So
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MOL(D) 1) = MOL()

0=z o .

M (t) =

MZ®) i
-

therefore, formula (11) is correct.
As p, (t) we can approximately take val min(N; (t),m) because at any time
momentt

7,(t) =min(k (). m)

where g, (t) - number of busy lines irth system at the moment
Let A - arrival rate of messagesitth systemi = 1,n. It is known [8] that

A =Apg + A &Py, i =1n, 12)
=1

where A - arrival rate of messages in network; - probability of message’s tran-
sition betweenj-th andi-th systemsii, j =1n, Py - probability that message
comes from outside to theth system, valuese, j:l_n, meet the system
of linear equations

€ = Po; +Zei Pij » j=1n
=1

It follows from (11)

AN, (t)
AT =1 127 13
i) o (1) 13)
but
AT (t)=N; (t) (14)

what follows from formula that is similar to Litd’formula [3].
From the account above we recieve recurrent meke-\zaalysis method with
respect to the moments of time for open queueingorés:

pi () =min(N; ©),m ), i =1n (15)
: = —Ni (t) = 1n 16
5 Hpi(t) L (16)

N, (t+At) = A7, (t),i =1n (17)
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where A, i =1n, meet the system of equation (12). Initial comditi can be

choosen in following wayN,; (t,) # O, i =1n.

3. Variation of incomes of network’s systems

Taking into account (3) we will rewrite expressiohexpected income of sys-
temS§ as

Vi (1) =Vio +|:Ci + a5 APy; +Zaji:uj min(Nj (t)’mj)pji -

=1

—H; min(Ni (t)’m )[bm Pio +Za1] pij J:|t =
=1
=Vio +[Ci +agAPg —biok, min(Ni (t)’m)pio +

"'Zn:(ajiﬂj min(Nj (t)1mj)pji — a4 min(Ni (t)1rni)pij )}t (18)

j=1

Let's introduce denotations for finding of variatiof system’s incomes:
M{riiz}:a2ii’ M{Rijz}zbzii i, j=1n

M{ra 2= 250, M{E2}=c5 s MR = by, i =11

Let's consider square of differendd (t) - v,, )*:

(Vi(t)_Vio)2:[Vio"'zm:AVn(t)_VioJ :(Zm:AVn(t)J =
=1

=1

=3 AV A0+ DAV, AV, ()i =1n (19)
1=1 =1 j:]_
[#]

Let's find an expectation value of summands inright part of the last equation.
First we will write additional equations, suppogedt RV r;, R;, 1y, R, are

independent in couple by, i, j =l_n. So
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M{(re +1,80)% =2, +285,C,t + ¢,y (A1) (20)
M{(= R + At )= by — 20,4 At +Cyy (A1) (21)
M{(r, +ratP} = a,, +2a,6At + cy (A)? (22)
M{(= R, + 14t Pf=by, - 2b,c.At +cy (A1) (23)

Taking into account (20)-(23), we have:
MAAV;, 2(0)/ k()] = ¢, (A02[L- (AP + 4 (K u(k ))at] +
+ [b2i0 —2b,C At + ¢y (At)z]ﬂi (ki u(k; ) oAt +

+ |_a20i + 23, G At + ¢y (At)zjflpm At +

j=1
j#i

+3 [ay,; + 28,68t + ¢, (A)2], (K, Ju(k,) p, At +

+ Zn: [bZij —2b;C At +cy (At)z]ﬂi (ki)u(k;) p; At +o(At) =
=1

j#i

= [)lazoi Poi +0ai0t4 (K )u(ki) pip +

+ _Zn:(azj'iﬂj (kju(k;) pji +by 24 (kiulk;) py ) At + o(At) (24)
E

Taking into account that with fixed member functidtft) values AV, () and
AV (t) independent wheh# j, using (3), (4) it can be fined

M{AV, ()AV; &) 7k ()} = {lag APs — &t (K u(k;) pio +¢ +

2
+ Z (aji:uj (kjulk;) pyi —ay 44 (ki u(k ) p; )}At + C(At)} = 0(At) (25)

j=1

Then, making extreme transition iy — , i@follows from (19), (24), (25)
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m

m{ © -vo o= > mlav, o ko)

M{AV, ©AV, )/ KO} = A2y P + a0k (K Ju(k,) pro +

M=

P

|:l

T
—

i=
1¢|

Zn:(aZJliuJ (k )U(k )pjl +b2|]:u| (k )U(k )pu )]t I —ln

Get average bk t ( yve will have

M {(V. ) _Vi0)2|k(t)} = [/]a20i Poi + 00 min(Ni (t),m )pio +

+Zn:(a2ji min(N, (t)7mi)p,-i +by; min(N, (t),mi)pij) t =

=1
j#i

j=1 j=0
J#i J#i

- |:Aa20| pOI Za2]| mm(N (t) rT]i )pjl + mm(N (t) m )Z b2|] pu] (26)

Let's find M ?{(V, (t) —v,, )} with help of (3), (4) for calculation of the vatitan
using standard formula:

m m 2
M2V (1) -vio} =M Z{ZAVN (t)|k(t)} = {Z M{av, (t)|k(t)}} =
=1 =1

={[c, +agApg ~ b (k)u(k ) pio +

+jzz;(aji:“j (kj)u(k;) ;i — a4 (ki Ju(ki ) py )}t +°(At)}2 =

= [ci + 2 APg ~bios (K u(k ) pyo +

+3 (o (k) s = a4 (k) py )th, for At - 0

=1
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that is

M 2{(Vi - Vi0)|k(t)} = {[aOi/]pOi = bt (k)u(k) pio +

+Z(aji/uj (kju(k;) pji —ay 4 (ku(k;) p; )} +2¢ [aOi/]F’Oi = bio st (ki Ju(ki) pio +

j=1

=

+ Z (aji,uj (kpulk;) pji — a4 (ku(k;) p; )} + an}tz
Average byk { )with taking in account (18) give

M 2{(Vi ® _Vio} = {ZF( k(t) = @ [aOi/]pOi = bt (ku(k) pio +
K

+Zn:(aji,uj (kju(k;)pji — a4 (K u(ki) p; )} +2¢; (Vi(t)t—_vm_cij +G }tz =

j=1

{Z P k(t) k [ao|/]po| bt (ku(ki) pi +
K

+ 3 (o (k ;) by, = 24, k) py )} —ciz}tz +2e (v -vio)t (27)

j=1

wherev, {), i =1n, is finding by formula (18).
Thus, taking in account (26), (27) variation ofdnee i -th system of network
can be written as

DV,(t) = DV, (1) ~vip) = M{M (©) ~vio P} - M () - v )} =

= J =0
J¢| J#i

_|:Aa20| pOI +Za2]| mm(N (t) m )pjl +mm(N (t) rni)ZbZU pu -
-2 (Vi ® _Vio)t + {Ciz - Z P(k(t) = k)[aOi/]pOi = bt (kiu(k;) pio +
k

2
+ Z(aji/uj(kj)u(kj)pji = a4 (k)u(k ) py )} }tz, i=1n

j=1
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