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Abstract. The Laplace equation describing temperature fieD domain supplemented by
adequate boundary conditions is considered. The ddilimvestigations is to estimate the
changes of temperature due to changes of shapmetarale.g. radius or position of internal
hole). To solve the problem, the implicit differation method of shape sensitivity analysis
coupled with the boundary element method is applied

1. Boundary integral equation for the L aplace equation

The steady state temperature fidlgk, y) in domainQ limited by boundary
I'=T,0T, (Fig.) is described by the Laplace equation

xy)y@: 0°T(xy 0 )

supplemented by adequate boundary conditions.
The boundary integral equation corresponding toettpeation (1) has the fol-
lowing form [1, 2]

GO BEWTEnr [ax NTUE n, x y)B=

2)
[T y)a'E m, x yyar

where €, n) is the observation poing,(x, y) = -A nT (X, y) is the boundary heat
flux (A is the thermal conductivity, n = [cogod] is the unit outward vector nor-
mal toI" - Figure 1),B (&, n) O (O, 1) is the coefficient connected with the local
shape of boundary.

FunctionT (&, 1, X, y) is the fundamental solution and for the problesmsid-
ered it has the following form

1
r

ToE, . % y)=ﬁlkln &)
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wherer is the distance between poinsi) and &, y).
The heat fluxg (&, X, y) = An [OT (&, 1, %, y) resulting from the fundamen-
tal solution can be calculated in analytical wayg #ren

a' n x, y)= (4)

2nr?
where

d =(x-&)cosu +(y —n)cosp (5)

Fig. 1. Domain considered

2. Numerical realization of the boundary element method

To solve the equation (2) the boundarys divided intoN boundary elements
I;,j=1, 2,..,N and the integrals appearing in equation (2) atestguted by the
sums of integrals over these elements, namely

B, n)T(E,, ni)+ZN‘,jq(x, WTE, ny, % y)d; =

i=lr,

2ITO A E L x )

j=1

(6)

]

where §;, ni) denotes the boundary node.
For linear boundary elemehtone has

X(0) = N xJ + N, x}

. : )
y@O)=N,y, +N,y,;

(x y)T {
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and

TO)=N_T(x!, y)+NT(x/, y))
,y) oo P Pt P A 8
e {Q(GFNN(XJ, y)+Nax), v)) ®

where &J, v4), (%, y!) correspond to the beginning and the end of baynda
element’; and

1-6 1+0
Np :T’ Nk = (9)

while 6 O [-1, 1].
The integrals appearing in Equation (6) can betenias follows

[ax T € x VA =G5 ak), y)+Giax!, y)) (10
T

and
[T A @,y x d =HI T, y)+HS TR ) (1)
where [2]
SN0, (6 ) (x) y)) and €n)# O vi)
A M
oo )B=2inl) o 1
/il e & mi) =(X5, Yp) (12)
|, (1-2Inl;) o
W’ (éi’ ﬂi)—(Xk, yk)
J [ 1 iyl iyl
4M_[Nkln;de, &, n)#(xh, yh) and €, n)#(x, v
ok )li@-2ml) o 13
1k e & i) =(Xps Yp) (13)
l,(3-2Inl)) o
87t—7»’ (&i’ ﬂi)—(Xw yk)

and
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1y i Jl=rdp) o o
~ — N XY _Y X dp, Ln)2E yly and €, n) 2 (X, y)
H.’?: 47[:[ P rizj G mi) = ( yp) € i) #E (X Vi) (14)

0, (9 T|i):(xj1 yé) or (&, ﬂi):(xkj, yl:)

~ de, o M) EX, and €., N ) % (X,
ikj = 471: -1 “ r|2] I I yp I I X yk (15)

0, & ny)=(x}), y,j)) or &, n;)=(x},y))

In Equations (12), (13), (14), (1%) is the distance between the observation
point §, n;) and the pointx, y) on the linear boundary elemdnt

Y :\/(rxj)z +(ryj)2 (16)
where
p X;j) +N, Xli -&;

_ _ _ (17)
ry] = pyé+Nky|i n;

andl; is the length of the boundary elemént

Ly =107+ (1)) (18)

where

P (19)

For the single node being the end of the boundary elemEnand being the
beginning of the boundary elemdnt; we have

G, :Gikj +GiF}+l
~ koL (20)
Hi, :Hij +Hij+l
while for double node, r+1
G, :Gik" G . =G/,
] A 1 i+l (21)

—1gp
_Hij+1

H;, :Hikj’ Hia

Finally, one obtains the following system of eqolas ( = 1, 2,...,R, R is the
number of boundary nodes)



Shape sensitivity analysis with respect to thepatars of internal hole 133

> G,q=> H,T (22)
=] =}
where
H., i #r
H, = _i,qw - (23)

andT, =T(X, ¥r), & =g (%, ¥r).
The system of equations (22) can be written imtlagrix form

Gqg=HT (24)

It should be pointed out that in the system of ¢éiqua (24) part of the bound-
ary values (temperatures or heat fluxes) is knonwmfthe boundary conditions,
while the remainingR boundary values (heat fluxes or temperatures) ldhoe
determined. Next, the temperatures at the optimneinal nodesg, n;) are calcu-
lated using the formula

R R

Ti:ZHirT_ZGirqr (25)

r=1 r=1

3. Shape sensitivity analysis - implicit approach

We assume that the shape parambteorresponds to the radi&sof internal
hole or corresponds to the position of its certtris, meand = xs or b=y, where
(X Ys) is the centre of circle - Figure 1. The implidifferentiation method [3, 4]
of sensitivity analysis starts with the algebragstem of equations (24). The dif-
ferentiation of (24) with respect twleads to the following system of equations

Db Db Db Db

or

%zHDT+DHT—DGq 27)
Db Db Db Db

This approach of shape sensitivity analysis requine differentiation of ele-
ments of matrice§ andH, this means the differentiation &°, G* HP?, H ¥
(c.f. Equations (12), (13), (14), (15)) with respecparameteb.
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Non-zero elements of these matrices are connedtad5y:

1. the integrals over the boundary elements approxigahe external boundary
of the domain considered for which the observagiomt (&, n;) belongs to the
circle (Figure 2),

2. the integrals over the boundary elements approxngathe internal circle
(Figure 3).

Fig. 2. Integration over the 'external’ linear bdary element

In the first case the observation poit, @) can be expressed as follows
(Fig. 2)
& =X tRcosp,

. (28)
M, =Y, +Rsing,

where &, Ys) is the circle centre. Taking into account thenfalas (7), (18), (19)
one has

ol ol ol

x=0, —Y=0 —l= (29)
ob dob ob
while (c.f. Equation (17))
r; =N, x) +N, x}] —(x, +R cosd,
xj p ;j k kj ( - q)) (30)
ry :prp+Nk yk _(ys+RS|n¢|)
from which results that
or] -cosp;,, b=R j -sinp,, b=R
al; ={ -1, b=xg, Y =4 -1, b=x, (31)
0, b=y, 0, b=y,
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(4%}

Fig. 3. Integration over the 'internal’ linear bdary element

In the second case (Fig. 3) each point on therliheandary elemerit; can be
expressed as follows (Fig. 4)

x YT - {szp(xS+Rcos<pL)+Nk(xs+Rco&pi)
1 I

- e (32)
y=N,(y, +Rsing}) +N (y, +Rsing})
Fig. 4. ’Internal’ element
It is easy to check that (c.f. Equation (9))
I} =x} —x) =R(cosp \—cosp )
i j i e —<ing | (33)
Iy = yk _yp = R(S|n(P k_SIn(p p)

So (c.f. Equation (18))

ol. ol ol
e (34)
ob I, ob db
where

b - (35)

dl ) _|cospi-cosp;,b=R ali_ sing j-sing },b =R
0, b=x orb=y_’ ab

0, b=x,ob=y,
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If the observation point( ;) does not belong to the circle (Fig. 3a) then

r)"(:Np(x5+RCOS(P J;))+Nk(XS+RCOS(Pi) =, (36)
r’=N,(y, +Rsing!) +N,(y, +Rsing}) -n,

y

and

ar N COS(pj+N cos(pi, b
o |- b=

0, b= y

(37)

or N, sing }+N sing}, b=R
a_by: 1, b= X

0, b=y,

If the observation points(, ;) belongs to the circle bugi(n;) # (%', yp)) and
(&, ) # (%, y') (Fig. 3b) then

=N (X +Rcosp 1) +N, (x, +Rcosp|) —(x, +Rcosp,)

38
=N, (y,*+Rsing;) +N, (y, +Rsing}) —(y, +Rsino,) 9
and
or, [N, cospl +N,cosp) —cosp;, b=R
ob |0, b=x,orb=y,
(39)

ari: N singl +N,sing} -sing,, b=R
0, b=x,orb=y,

(Can) =D

Eam)=(yD)

Fig. 5. Singular integrals over the ‘internal’ bdary elements
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For &, i) =(%, ') (Fig. 5) one has
r) =N, (X, +Rcosp ) +N, (x, +Rcosp}) —(x, +Rcospl)
' =N, (y, +Rsing}) +N, (y, +Rsing;) —(y, +Rsing})

and then

ob 0, b=x,0orb=y,
or, :{(Np -1)sing’ +N,sing), b=R

ar/ _{(Np—l)coap"p+Nkco&pi, b=R

ob |0, b=x,orb=y,

For &, i) = (%, yi') one obtains
r) =N, (x, +Rcospl) +N, (x, +Rcosp]) —(x, +Rcosp})
' =N, (y, +Rsingl) +N,(y, +Rsing}) —(y, +Rsine})

and then

ar;: N, cospl +(N, ~1)cosp}, b=R
ob 0, b=x,0orb=y,
ar) [N _sing! +(N, -Dsing), b=R
ab |0, b=x,0orb=y,

Now, we calculate (c.f. Equations (12), (13))

al, |

1 jN In—de+— Np 9 in-L |as,

4m) db I 4o’ " db i

9GP (iwﬂi)?‘(xj,yé)andﬁnﬂi)?t(X;(j,ykj)
1 1 dl o

ob S gp -2l €.n)=(xly))

1 Ol

8 xab( 1-2Inl}), €)= yi)

and

(40)

(41)

(42)

(43)

(44)
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6 |
1 N In —d9+— N, i In—1 do,
4nd ab r,  4mhd “obl T,
aG_k_ (éi’n')i(xlvy )andéi!ni)i(xgiyd)
L~ 1 al ' . (45)
9b 5 5p 172, €.n) =(x) y))
USRS € ) =(x v))
81 Kab ir N kr Yk
where
ar)  ar)
9 Ini :——12 rl—=—+r) —- (46)
abl r,, )" rZ*ab ¥ ab

In similar way the formulas (14), (15) are diffetiated and then for
(&, m) # (%', ¥)) and €, i) # (X, yi') one obtains

aHp 1 ri|i_ri|i
) 1 J.Npi Xy 5 y X de (47)
ob 47t_l ob M
and
aH X ! ro1)=r)1)
SR ORI AL (48)
ob  4n: " db I
where

Kl ra=r)1) ar'Il ;o1 _aryjlj_rjal)j 2
ob r2 ob "’ Xab ob * 7 ab Y

.ar;' ,or)
2r) ab ry ab (r‘IJ— ‘IJ)/r

It should be pointed out that in the system of ¢éiqua (27) the values af and
g are known from the boundary conditions or basabfam solution (c.f. Equation
(24)). Differentiation of assumed boundary conditicallows to calculate part of
the values D / Db, Dg / Db, while remaining part should be determined from
(27).

Next, the valuedJ; = DT, /Db at the optional internal node§,(n;) are calcu-
lated using the formula

(49)
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R R R DH. RDG
= H _ 7 |r-|— _ ir
U=2HU -26Z, + 2T 2 (50)

r=1 r=1

where Z, = Dq,/Db. For internal nodes( n;) the non-zero elementsGy/Db,
DH;/Db are connected only with integrals over the 'indéimoundary elements.

4. Example of computations

The square of dimensions 0.89.05 m is considered - Figure 6. The centre of
the circle: x; = 0.0025,y, = 0.0025, radiusR = 0.01 m. It is assumed that
A =1 W/ mK. On the bottom external boundary the Neumannditiom
0, = —10* W/m? is accepted, on the remaining part of the exteboaindary the
Dirichlet conditionT,; = 500°C is assumed. Along the circle the constamiera-
ture Tp, = 700°C is given. The external boundary has beeideli into 40 linear
elements, while the internal boundary has beerdéddiinto 16 linear elements.
The temperature distribution is shown in Figurg=igures 8, 9, 10 illustrate the
distributions of sensitivity functions DR, DT/Dxs and DI/Dys, respectively.

31 30 29 28 27 26 25 24 23

2 2
3 77 78 79 80 81 82 83 84 85 2
4 86 87 88 89 90 91 92 93 94 2

5 113114115 545556 116117 118 1

5 109 110 111112 1

N ™ © O

105 106 5
8 101 102 " 103194 1
9 95 95 97 4 6 9_8 99 190 1
0 68 69 70 71 72 73 74 75 76 1

1 59 60 61 62 63 64 65 66 67 1

A»Auu%uuuuu

N @ R~ g >

2 2 3 4 5 6 7 8 9 10 1

Fig. 6. Discretization and internal nodes

It should be pointed out that using the expansiofulaction T into the Taylor
series

_ DT(b)
T(b+ 2b) =T(b) += > Ab (51)

one can estimate the change of temperature dhe twhange of parameter
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Fig. 9. Distribution of O/Dxg Fig. 10. Distriinn of DT/Dys
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