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Abstract. In this paper is presented a solution of the fvdsration problem of multi-
stepped Timoshenko beam with attachments. The Gréamctions method is used to ob-
tain the solution in an analytical form. The prdaedmapproach can be used for the vibration
analysis of beams consisting of an arbitrary nunatbesegments and an arbitrary number of
attached discrete elements.

Introduction

Free vibrations of a uniform and non-uniform beaotoading to the Ti-
moshenko theory are the subject of research of raathors, for example the pa-
pers [1-6] are devoted to these vibration problems.

The equations of motion for a uniform Timoshenkarbéas derived in [1].

To find a solution of vibration problem of systemthose main elements are
beams a Green’s function method was used in [la4]. paper [2] the exact solu-
tion of uniform beam was obtained. The author ¢&j3d [4] presented an applica-
tion of Green’s function in vibration problem ofstgm consisting of a uniform
Timoshenko beam and multi-mass oscillators or o#tterched discrete elements
[3, 4] and in vibration problem of a multi-steppleeam without any attachments
[4].

The solution of the free vibration problem of theifarm Timoshenko beam
with added discrete elements obtained by usingLétgrange multiplier is pre-
sented in [5]. In paper [6] author presents an @papration of the non-
homogeneous beam with wariable cross-section byirabar of homogeneous
stepped beams with a constant cross-section.

The presented paper deals with the free vibratioblpm of a system consist-
ing of a stepped Timoshenko beam and attachedetisetements. Formulation
and solution to the problem take into account eabjtfinite number of uniform
beams composing the stepped beam and an arbituapar of additional ele-
ments. The analytical solution of considered pnabis found with the use of the
Green'’s functions method.
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1. Formulation of the problem
The subject of this consideration is a free vilmagproblem of a stepped beam
length L =)L, with n-segments. At points, D<0,>q> i=12..n j=1..n,
i=1

of the beam discrete elements are attached (Fig. 1)
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Fig. 1. A sketch of a non-uniform beam with attathkéscrete (spring-mass) elements

Free vibration of the beam is governed by the foilhg Timoshenko equations

[3]:
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wherew; is a deflectiong; is a bending slopd is a factor depending on the shape
of the cross-sectiord is the cross-section are@, is a modulus of rigidityE; is

a modulus of elasticityl; is a moment of inertigy is the mass density of the beam
material for everyi = 1,2,...n andd( ) denotes a Dirac delta function.
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Linear differential operatorsvl , [w,¢], M, [w,¢,], fori =1, 2, ...n, depend on

the attached discrete elements.
The functionsw;, ¢; (i = 1n) satisfy homogeneous boundary conditions sym-
bolically written in the form:

§0[W11¢1]‘X1:0 =0, §1[Wn1¢n] oL, 0 (2)

Moreover, the continuity conditions at beam poigtsL;
\Ni|>§:|-i = i+l|Xi:07 ¢i|xi:|-i :¢i+l|)(i:0 i:1!27---n_1 (3)

are satisfied.
Assuming in the equations (1)-(3) that(x ,t)=W(x )e'“, #(x.t)=7(x)e'“,
S(t)=Se“, M, (t)=M,e“, S, =M, =0, the following equations are obtained:

k AG, (\/T/I'_lpl)_ll)la)zA\/T/I :Mu [VT/I,E{} +§i—16()§) +§ d)ﬁ _Lu)

ElLZ +kAG, (VV ‘lﬁ)‘ﬂ.ﬂdiﬂ{ :Mm [VT/I,E(} +Mi—15()§) +Mi C(Xi _|—|)
i=1,2,.n1 (4a)
knA1Gn (an,_Wn) _lona)zphvvn :Mlnlivvn’Wn:I +§n—15(Xn)

Enln‘pr: +knA'|Gn (er'1 _wn) _pnﬁ‘)zlnaln :MZn |:an’ aé:l +Mn—ldxn) (4b)

Bz _ =0, B, =0 (5)

W (L) =W.,(0), 7 (L)=7..(0) i=12..n1 (6)

Introducing non-dimensional co-ordinates & :% W (&)= _'EX‘) and

dimensionless  values: a; = L . B :m Qf =M
L kG, A El,

s’ = k,EGII,L,Z , 2= AI;_'Z , S = kéiA .M, :%,i =1,2,...n, we obtain:
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W& )-wi(6)+ st (&) =My W (&) ()] + BS 006 ) + So(& -1)

syi(&)+wi(&) + (Q ts’r? - 1}“ (€)=

=¥ (e ) (6 ]+ Pomote) + st - e
i=1,2,..n1
Wi () =7 () + QasIWG (€)= M1 WG (620 (601 + 8,S140(&,)
snle) v wi(g,)+ (isin? -2 (6) =M, W, (€) 6]+ 2w, 0,
(7b)
The boundary and continuity conditions (5), (6) rbaywritten in the form:
BolWs4],, =0, B, W, ], =0 (8)
W(L)=aW,.(0),  ¢(1)=¢.00), i=1,2,.p1 9)

2. Solution of the problem

The solution of the considered free vibration peoblwill be obtained by using
the Green'’s function method [3, 4].

The Green’s matrix corresponding to the systemamfadons (7a,b) has the
form:

G (6)=Calt )+ Gulen e -n)=| 461D SHEA | )

The matrixe$s;, Gy; are:
901({) gioz(fi) _ g:ill({i _,7i) gilz({i _’7i)
OI (E ’7|) {gos(f) gicm(fi )}’ Gli (EI ’”i)_{gls(fi _/7i) gi14(<zi _/7i):|
where
gis(‘fi’”i):g(i)s(fi’)-'-g;s(é—i _’7i)H(‘5i"7i) s=1,2,3,4 (11)

and
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9i,(&)=C,cos, & +C,sinhA, & +C,coshy & +C,sindy &
9l,(& ) =Ca, sinhA, & +C,a, coshh, & —Caay, sindy, & +C,a, cosly, &,
9l5(&)=C, coshl, & +C,sinhA, & +C,cosly, & +C,sinAy &
954(&)=Cia, sinhA, & +C,a, coshl, & — Caay sinA,é +C,a, cosly &
9 (& —m) = Al aysind, (& =7,) —a, sinkl €, 7,) ]
0is(& -71,) =2y8,A [ cost, (€ —7,) — cosh . €, #7,) ]

giz(fi _”i):a[cosmm‘ (Eu _’7i)_ Co’ngi ﬂi):|

914(‘5 _”i):Bl[aﬂi Sinm:ﬁ({i _’7i) +a, sinl Zei ﬁi):| (12)
whereA—;, B = ; ay :\/A—i_’(ﬂ a, :\/A_i+/m
ay A, § (A +a,1,) " 21, 21,
A K2| /1 +/(2,
2 2 \/A_izgiz\/l(li +4

Ky :Qi4(ri2 _32) Ky :Qi4(ri2+$2)

By using the relationships (3.2.66)-(3.2.67) giwef3] and (7a,b) presented here,
we obtain:

W(é)=[ﬂgi(<ﬁ,0)ﬁ-l+£19;(ci,O)Mi_1+g‘1(<ﬂ A8 +ay(é M, +

+g::.(gi,Zij)M]j[W(Zij):l"'gi:;(giZij)M2[4[/(Zij):|
¢/i (5):@92(510)3—1 +%gi4(fi ’O)Mi—1+gi2(£i ’])$ +gi4(<ti ’:DMi *
+gi2(gti,Zij)M]j|:W(Zij):|+gi4(EiZij)M2|:‘//(Zij):|

=1,...n-1 (13a)
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Wn ({n) :ﬁngln ({nio) Sn—l +al,6_n gg ({n ’O) Mn—l +

n-1

g7 (£, ML [W(E,) ]+ 03 (Ec Ml €)]

wn ({n) = IBng;1 (fmo) Sn—l + IBn 92 (En ’O) M n-1 +
A (13b)

+ 03 (£,05 )M [W(E,) ]+ i (64 s )Ml € 4)]

Using equations (13a,b) in continuity condition3, (e homogeneous set of
equations with 2(-1) unknownS;, M;, $, M,,..., S.1, M1 are received. This set of
equations supplement equations with unknowiy: 1, Wa, ¥ ,,..., Wy, ¥n, Which
are obtained from equations (13a,b) by substitutigg=d; (i =1,2,..n,

i=12,.n N :Zn:nj). The non-trivial solution of a system of equatiaxist, if
j=1
and only if the following condition is fulfilled:

deA=0 (14)

whereA is a main matrix of system of equations.
Assuming that one spring-mass element is attachedtra beam segment at
¢ ={;,, the matrixA forn= 2,j = 1 has the following form:

_gll(l,l)—a]ﬂzgf(o,c) gg(lrj-_ﬂzgé( ng) gi( Zl])yl 0 —0’921( qu)y 2 E
()-Aei(00 a(1}-Loi0d Sz, 0 el @, |
gll(Zn,l) gé(znv]) gll(z 11( 1)1/ 1_1 0 0 0
93 (¢ud) 94(¢ 19 0 . -1 0 o| (15)
£6:(¢0) Zg¢.9 0 0 gl 0
B0 (£40) 26209 0 0 G(uly. -]
K-M.
h ) = ZQ4 i i .
wnerey, =9 I—MiQiA—Ki

Equation (14) is the characteristic equation of ¢tbasidered vibration problem
which may be numerically solved with respect to 4dimensional frequency pa-
rametersQ’ .
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Conclusions

The solution for free vibrations of the steppedrbe@as obtained by using of
the Green'’s function properties. The presentedtisoiunay be used to the nu-
merical vibration analysis of a beam with an agbsitrnumber of segments and
discrete elements. It's possible to approximate rtbe-homogeneous beam with
variable cross-section by a number of homogeneteppsed beams with a constant
cross-section.
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