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Abstract. In this paper is presented a solution of the free vibration problem of multi-
stepped Timoshenko beam with attachments. The Green’s functions method is used to ob-
tain the solution in an analytical form. The presented approach can be used for the vibration 
analysis of beams consisting of an arbitrary number of segments and an arbitrary number of 
attached discrete elements. 

Introduction 

Free vibrations of a uniform and non-uniform beam according to the Ti-
moshenko theory are the subject of research of many authors, for example the pa-
pers [1-6] are devoted to these vibration problems. 

The equations of motion for a uniform Timoshenko beam is derived in [1].  
To find a solution of vibration problem of systems whose main elements are 

beams a Green’s function method was used in [2-4]. In a paper [2] the exact solu-
tion of uniform beam was obtained. The author of [3] and [4] presented an applica-
tion of Green’s function in vibration problem of system consisting of a uniform 
Timoshenko beam and multi-mass oscillators or other attached discrete elements 
[3, 4] and in vibration problem of a multi-stepped beam without any attachments 
[4]. 

The solution of the free vibration problem of the uniform Timoshenko beam 
with added discrete elements obtained by using the Lagrange multiplier is pre-
sented in [5]. In paper [6] author presents an approximation of the non-
homogeneous beam with wariable cross-section by a number of homogeneous 
stepped beams with a constant cross-section. 

The presented paper deals with the free vibration problem of a system consist-
ing of a stepped Timoshenko beam and attached discrete elements. Formulation 
and solution to the problem take into account arbitrary finite number of uniform 
beams composing the stepped beam and an arbitrary number of additional ele-
ments. The analytical solution of considered problem is found with the use of the 
Green’s functions method. 
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1. Formulation of the problem 

The subject of this consideration is a free vibration problem of a stepped beam 

length 
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n

i
i

L L
=

=∑  with n-segments. At points 0,  ij ix x∈  i = 1,2,…,n, 1,..., jj n= ,  

of the beam discrete elements are attached (Fig. 1).  
 

 
Fig. 1. A sketch of a non-uniform beam with attached discrete (spring-mass) elements 

Free vibration of the beam is governed by the following Timoshenko equations 
[3]: 
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i = 1, 2,..., n-1; S0 = M0 = 0, [ ]ii Lx ,0∈       (1a) 
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where wi is a deflection, φi is a bending slope, ki is a factor depending on the shape 
of the cross-section, Ai is the cross-section area, Gi is a modulus of rigidity, Ei is 
a modulus of elasticity, Ii is a moment of inertia, ρi is the mass density of the beam 
material for every  i = 1,2,...,n and δ( ) denotes a Dirac delta function.  
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Linear differential operators: [ ]iii w ϕ,~
1M , [ ],i i iw ϕ2M� , for i =1, 2, ..., n, depend on 

the attached discrete elements. 
The functions wi, φi (i = 1,n) satisfy homogeneous boundary conditions sym-

bolically written in the form: 

 [ ] 0,
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Moreover, the continuity conditions at beam points xi = Li  
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are satisfied. 
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The boundary and continuity conditions (5), (6) may be written in the form: 

 [ ] 0,
0110 =

=ix
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 ( ) ( )01 1+= iii WW α ,          ( ) ( )01 1+= ii ψψ ,                i = 1,2,…,n-1 (9) 

2. Solution of the problem 

The solution of the considered free vibration problem will be obtained by using 
the Green’s function method [3, 4]. 

The Green’s matrix corresponding to the system of equations (7a,b) has the 
form: 
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The matrixes G0i, G1i are: 
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By using the relationships (3.2.66)-(3.2.67) given in [3] and (7a,b) presented here, 
we obtain: 
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  i = 1,…,n-1    (13a) 
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Using equations (13a,b) in continuity conditions (9), the homogeneous set of 
equations with 2(n-1) unknown S1, M1, S2, M2,..., Sn-1, Mn-1 are received. This set of 
equations supplement equations with unknown: W1, Ψ1, W2, Ψ 2,..., WN, Ψ N, which 
are obtained from equations (13a,b) by substituting iji ζξ = (i = 1,2,...,n,  
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and only if the following condition is fulfilled: 

 detA = 0  (14) 

where A is a main matrix of system of equations. 
Assuming that one spring-mass element is attached at i-th beam segment at 
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Equation (14) is the characteristic equation of the considered vibration problem 
which may be numerically solved with respect to non-dimensional frequency pa-
rameters 4

iΩ . 
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Conclusions 

The solution for free vibrations of the stepped beam was obtained by using of 
the Green’s function properties. The presented solution may be used to the nu-
merical vibration analysis of a beam with an arbitrary number of segments and 
discrete elements. It’s possible to approximate the non-homogeneous beam with 
variable cross-section by a number of homogeneous stepped beams with a constant 
cross-section. 
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