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Abstract. Given two pairs � �,,�� � ��,� of conjugate linear spaces, we show that the 

modified power of an algebraic nucleus preserves � �X,� - weak continuity of multilinear 

functionals. An application of the result in the determinant theory is also considered. 

Introduction

Algebraic nuclei play an essential role in the theory of determinant systems [1-

-4]. They allow to construct determinant systems for nuclear perturbations of Fred-

holm operators, i.e. if � � � �0	
NnnD is a determinant system for Fredholm operator 

� �,,� YXopA ��
 � then one can obtain effective formulae for determinant 

system for ,FTA� where � �.,� YXanF ��
 � The terms ,nD � �,0	
Nn

are, in particular, bi-skew symmetric multilinear � �X,� - weakly continuous func-

tionals. It is well known that functionals kn
pk DF � , ,Nk
 are bi-skew symmetric. 

We shall prove that the modified power of an algebraic nucleus transforms � �X,� -

weakly continuous functionals into � �X,� - weakly continuous functionals. There-

fore, in view of the result, kn
pk DF � are also � �X,� - weakly continuous functionals.

1. Terminology and notation

Let � �,,�� � ��,� denote pairs of conjugate linear spaces over the same real or 

complex field K. A bilinear functional ,�: KA �
� whose value at a point 

� � Xx 

�,� is denoted by ,Ax� satisfying the condition � � � � ,xAAxAx ��� ��

where YAx
 and ,�� 
A is called � ��� , - operator on .� �
 Let 

� �YXop �� ,�� denotes the space of � ��� , - operators on .�� 
 Each 

� �YXopA ��
 ,� � can simultaneously be interpreted as a linear operator 

�� �:A and as a linear operator .�: ��A For fixed non-zero elements 
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,0 Xx 
 ,0 �� 
 00 ��x denotes the bilinear functional on ,Y
� defined by 

� � yxyx 0000 ���� ��� for � � ., Yy 

�� A linear functional 

� � KopF ��� ��� ,�: is called an algebraic nucleus, if there exists 

� ���� ��
 ,�opTF such that � � xTxF F�� �� for � � .�, �� 

x The opera-

tor FT is called a nuclear operator determined by F. The space of all algebraic 

nuclei on � ���� �� ,�op is denoted by � � .,� YXan ��� The value of 

a � �m�� -linear functional ,: KD m �
�� � � �,0, 	
Nm� at a point 

� � m
myy ���� �

� 

,,,,, 11 �� is denoted by .
,,

,,

1

1

��
�

�
��
�

�

myy
D

�

� ���
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linear functional D on m�� � 
 is said to be bi-skew symmetric if it is skew sym-

metric in variables from both ,� and Y. A � �m�� -linear functional 

K: �
 mD �� � is said to be � ��,� - weakly continuous functional on 

,m�� � 
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For � ����� ��
 ,anF and a bi-skew symmetric � ��,� -weakly conti-

nuous functional D on ,m�� � 
 interpreted as a function of variables  11, y� only, 

we define a � �2��m� -linear functional DF y11�
on 11 �� 
 m�� � by the formula 
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If � �,,mmink �� then assuming that DFFF yyy kkkk 112211 ��� �
����

is � ��,� -

weakly continuous functional and interpreting it as a function of variables kk y,�
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Since for fixed � ���� ��
 ,�anF and every permutation � of integers 

,,,1 k�
1111

yyyy FFFF
kkkk

���� ����
�� � [3], the common value of all 

11 ���� �� yy
FF

kk
� is 

denoted by  
�����

�

timesk

FF

�

��
[2]. Moreover, kF� denotes the modified k-th power of a 

nucleus F, i.e. 
�����

�

timesk

k FF
k

F

�

�
��

!

1p .

2. Main theorem

Given � � ,,� YXanF ��
 � � �XYopB ��
 ,�� , let FTT � and 

� �� � � �mm
TBBBT � for � �0	
Nm . Obviously, � �� � � � .,� XYopBT

m ��
 � If

121 ��� mmm , � �021 	
Nm,m , then

� �� � � �� � � �� �� �yBTyBTFyBT
mm

y

m ���� ��
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�� (1)
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�� (2)
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�,� (3)

Lemma. Let � �,,� YXanF ��
 � � � ,,� XYopB ��
 �
� �,,mnminr ��� � �,0, 	
�� Nmn ,,,1 Xzz n 
�� .�,,1 
�m�� � If Nn


and � �,,,1 rnnppp ���� � � �rmnqqq ���� ,,1 � are permutations of the integers 

rnn ���,,1� and ,,,1 rmn ���� respectively, then for every integer 
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for every � � rmnrnn
rmnrnn Yy,,y,,, ������
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��� �� 11 , where Kck 
 ,

� �,,min krmnkrnnnk ��������� � � ,
1

kn

iim � � � ,
1
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�����
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iil
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�1
are 

finite sequences of non-negative integers, � �,,,1 krnn �����    �

� �krmn�,,�� ����� �1 are permutations of integers rnnk ���� ,,1� and

,,,1 rmnk ���� � respectively.
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Proof. Induction on k � �� �.,min,,0 rmnrnnk ������� � Let 

� � .,,,,, 11
rmnrnn

rmnrnn Yyy ������
������ 

��� �� If k = 0, then (4) holds for  ,10 �c
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., qp �� � Suppose that (4) holds for k � �� �.,min0 rmnrnnk ������!� Then
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permutations of integers, ,,,1 rnn ���� krnnlrnn �������� ,,1 � and 

,,,1,,,1 krmnlrmnrmn ������������ �� respectively. 

Thus, in view of the above considerations, we obtain the following

Theorem. If � �,,� YXanF ��
 � � �YXopA ��
 ,� � is a Fredholm 

operator of order � �m,nminr ��� , � �,0, 	
�� Nmn and � � � �0	
NnnD is a determi-

nant system for A, then ,kn
k DF �

� where � �,0, 	
Nkn is � �X,� -weakly conti-

nuous functional on .rmnrnn Y ������ 
�

Conclusions

We have shown that the modified power kF� of an algebraic nucleus

� �YXanF ��
 ,� � preserves � �X,� -weak continuity of terms of a determi-

nant system for a given Fredholm operator. The result can be applied to a construc-

tion of determinant systems for nuclear perturbations of Fredholm operators.
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