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Abstract. In the paper we give the direct FDM formulas for the solutions of the Fourier
equation with the Newton boundary condition in the (x, t) case.

1. Formulation of the problem

In limited spatial solid (centres) approximate to the one-dimensional case the
temperature distribution 7/(x,7) with the Newton boundary conditions and deter-

mined initial conditions (without the internal heat source) is defined by the equations
0°T(x,1) oT(x,1)

o T a M

(heat conduction in the centre-Fourier’s equation)

oT (x,
_ M = (T ()C 5 t ) -T. environment ] xeborder (2)
alfl xeborder

(heat exchange on the border-Newton’s equation)
T (x,O) = Tinitial (3)

where the positive coefficients A, p,c and o we receive as a constant.

Classical difference methods lead to the linear systems equations
Ty =20y + Ty _ Ty =Ty

Ax? At

A “)

where 1<i<m and />1 (internal case)
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T, -T
lu:a(TOI _Tenv)
2Ax )
1 Tony =270 + T :pCTOI —Tors
Ax? At
where />1 and T, >T,, > T, (border case)
Tig =Ty (6)
where 0 </ <m (initial case)
2. Solution of the problem
From the linear system (5) we calculate only 7, with the limitation
12 <Ax< i @)
a a
In fact, the first equation from the system (5) gives
2a
Tll:Tenv_TAx(Tenv_TOI) (8)
)
2a 2a
Ty T, = (T, _Tenv)+7Ax(Tenv _TOI)Z(Tenv Ty TAx_l ©))
and because T, —7,, >0 and 7, -7}, >0, that is
2% Axs1 or Ars 2 (10)
A 2a
And now the linear system (5) gives
aTOl _LTII =l _i Tenv
2Ax 2Ax
an

2
L 4 Ty — 4 T, = A Tenv+&TOI—1
At Ax? Ax? Ax? At
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with the determinant condition

A
- -1
2 [04
pc 22 2ﬁx:2Ax_+ﬁ _i>0 (12)
2
YA

It only needs to point out that the determinant on the right side

a -1

pe 24 2|--20 R0, 2 (13)
At Ax® Ax LA
is positive, when
2 2 2 (A
B e (14)
Ax  Ax® Ax\Ax
)
i—0{>0 or A>c<i (15)
Ax a
The solution 7, of linear system (5) has then the next intermediate form
pe 2 (/1 _ aj
At Ax\ Ax
Ty, = > ot P Ty + 2 (4 env (16)
e e I E
At Ax\ Ax At Ax\ Ax
For the internal linear system (4) and from symmetry condition 7, _,, =7,_,, we
receive
pc 24 A A pc
—t— T - =—Ty+—T,
At Ax Ax Ax At
A pc 24 A oc
_FTII + (E‘*‘ F)Tzz _FTy :Esz
....................................................................... (17)
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with the positive determinant (see [1, 2])
pC_;.ﬁ _L 0
At Ax? Ax®
A e 2 A
AT A A A
. . . . . . (18)
DET=| L ' |
_A o 24 A 0
A A AXP :
A pe 22 A
0 AT A A Ax®
o o 2 o 2
A A AP
A
DET =D, ——=D,_, (19)
where
b o_(re, 22 P pe 22722 (ji-2Ype 227 2
Tl ad) U e ) a2 W T ) A
(20)
Finally, we can write
pc 24 A
~ L 2 0
At AX? Ax?
_A e 22 A
AP A AP AX?
: (21)
DET = ‘
A pe 22 2
o A Tae !
o A p 2F A
AT A AP Ax?
24 pc 24
0 0 =L £, =7
A A A
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m=2 2 m—4 4
(ﬁJrﬂj A m_3(ﬁ+ﬂj A
At AP At 2t \Aar A A
m m— 22)
22 (m75)(m74)[pc uj s (
DET =| 25422 | | Y 2Am=2)p pe | =4
(At+Ax2j " 3 A A A
(m—7)m—6)m->5) gﬁ_ﬁ " .
4! At AP) AT
Next, the algebraic complements of the matrix
kﬁ + ﬂ — L 0 1
At AX? Ax?
Aope 224
A A A AP
A e 22 A 0
AXZ At AX,‘Z sz
o A ope 2 A
Ax2 At sz AxZ
0 0 — ﬁ E + ﬁ
AT A A
there are the simple induction formes (see [2])
2k+p A ’ /12
Ay, =(=1) ~~7 | Dit| Pty =i Dotz for0< p<m—k—-1
m—k—1
k+m-1( POC 2/1 /1
Ay =(-1) (E + EJ(_E] Dy (24)
1 m—k
A, =2(- I)Wk(_ﬁj D,, for 1<k<m-1

according to the formula for D,.

Also, the direct solutions of the linear system (17) are given

(A/;TOI +'ZjT1,_1jAh. +o+T
T e

ettt Apyi ¥ Ty Ay
At At
il

25
DET (25)
for 1<i<m-2
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A pec pe pec
(sz Ty + A T jAlml +...t A Ty Ay + A T A
T, .= (26)
DET
A pe pe pe
(sz TOI + Xf Tll—l jAlm +...+ E zn—ll—lAm—lm + Zt Tml—l Amm
T, = 27
DET

according to the formulas for 4,,.
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