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Abstract. The hyperbolic equation (2D problem) supplemented by adequate boundary and
initial conditions is considered. This equation is solved by means of the boundary element
method using discretization in time. The aim of investigations is to analyze the influence of
time step and the discretization assumed on the exactness of the obtained results.

Introduction

The following problem is considered
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where 6 = B(xl,xz) is an unknown function, {xl,xz} are the spatial co-ordinates
and ¢ is the time.

The aim of investigations is to solve the problem by means of the boundary ele-
ment method using dicretization in time and to analyze the influence of time step
and the discretization assumed on the results of computations.
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1. Boundary element method using discretization in time

To solve the problem (1), the BEM using discretization in time is applied [1-4].
So, the time grid

0=1"<t'<..<t/ <t/ <t/ <. <tf<o )

with constant step Ar =1/ —#/ " is introduced.

The boundary integral equation corresponding to the problem (1) has the following
form [1]
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where B(£)e (0,1) is the coefficient connected with the position of the point & on
the boundary ', 8*(&,x) is the fundamental solution, ¢*(&,x)=-00%(&,x)/on

and ¢/ =—00' /9n.
For 2D problem the functions 8* (&, x) and ¢ * (&, x) are of the form [5]

6’*=%K0(r\/2) @)

and

gF = dA Kl(r\/z ) )
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where K| () and K, () are the modified Bessel's function of first kind, zero and
first order, respectively, r is the distance between the points £ and x, while

d= (xl _§1 )COS 6¥1 +(XZ _§2 )COS az (6)
where n = [cos a,,cos 0{2]. In equations (3), (4), (5):

A=p*+p, B=2p+p C=p (7

where S=1/At.

To solve the boundary integral equation (3) the boundary I' is divided into N
constant elements and the interior Q is divided into L constant internal cells as
shown in Figure 1.
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30 29 28 27 26 25 24 23 22 21
3 1%1 132 | 133 | 134 | 135 | 136 | 137 | 138 | 139 1;1:0 20

3P 121 122 123 | 124 | 125 126 127 128 | 129 130 19
* * * * * * * * * *

3P 111 12 | 113 114 ] 115 | 116 | 117 | 118 | 119 | 120 1B
* * * * * *

3P 9*1 92 93 94 95 9*6 97 98 99 190 16
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Fig. 1. Discretization

At the first step of computations the following system of algebraic equation should
be solved (i=1,2,...,N)

N

L
zG,Jq, Pt 07+ p, (86 - o) ®)
=1

The definitions of elements G, I H, Iz

At the second step of computations the internal values of function 8 should be
determined (i=N+1,N+2,..., N+ L)

P, are presented in [2].

ZH 6, - ZG,JqJ +ZR,( 6'"'-ce’" 2) )
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2. Analysis of solution exactness

Application of the boundary element method using discretization in time re-
quires the proper assumption of time step At and number of internal cells L. The

testing computations presented in this paper have been done for time step Az =0.05,
0.1,0.5 and number of internal cells L=10x10 (c.f. Figure 1), 20x20, 40x40.

The successive variants of computations are collected in Table 1. To show conver-
gence, the error of numerical solution is calculated



28 J. Drozdek, M. Lupa, E. Ladyga

L 2
:Liz(vje,f—AalerBalf‘1+calf‘2) (10)
l_

where Vazﬁlf denotes the approximation of operator V26 at the internal point .

Table 1. Variants of computations

Variant Mesh Time step At Error E
1 10x10 0.05 0.321
2 10x10 0.10 0.094
3 10x10 0.50 0.017
4 20%x20 0.05 0.099
5 20x20 0.10 0.036
6 20x20 0.50 0.011
7 40x40 0.05 0.037
8 40x40 0.10 0.018
9 40x40 0.50 0.008

In Figure 2 different locations of internal point / are shown (c.f. Figure 1) and for
these cases the following approximations of operator V@ have been taken into
account
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Fig. 2. Different locations of internal point /

In Figures 3-5 the course of function t9,f at the central point of domain conside-
red for successive variants of computations is shown. Figure 6 illustrates the results
for all variants. It is visible, that the results are strongly dependent on the time step

assumed. In the last column of Table 1 the global error of numerical solution is
presented, this means

E= |—=> B’ (12)
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Fig. 5. Variants 7, 8, 9
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Fig. 6. All variants of computations
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Conclusions

For variants 3, 6 and 9 corresponding to the small values of error (12) the results
of computations are practically the same.

It should be pointed out that the computations have been done for the time steps
greater than the optimum time steps resulting from calculations (see: Table 1) and
for these values the errors were very small.

Summing up, the BEM using discretization in time constitutes the effective
numerical method of hyperbolic equation solution under the assumption that the
time step is proper. Additionally, if the small value of time step is needed then the
big number L of internal cells should be taken into account.
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