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Abstract. The aim of contribution is to investigate a quasi-linear heat conduction in the 

two-phased periodically-spaced multilayered rigid conductor. The analysis is based on 

the tolerance averaging technique. Considerations are restricted to the heat conduction in 

the direction normal to the interfaces. 

1. Model equations 

This is a continuation of earlier contribution [1] on this subject. The starting 

point of considerations is the following system of equations 
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where ( )k ⋅  is a heat conduction coefficient, ( )h ⋅  is a fluctuation shape function, λ  

is a laminae thickness, c  and ρ  are specific heat and mass density, respectively. 

The basic unknowns are: averaged temperature ( ),t= xϑ ϑ  and temperature fluc-

tuation amplitude ( ),t= xψ ψ , 2 3, 0, 0,L L H H∈ − × ×x , )0,t ∈ ∞ . We use 

denotations ( )1 2 3, ,x x x=x , 1 1/ x∂ = ∂ ∂ , / x∂ = ∂ ∂α α , 2,3=α . 

We recall, [1], that k  is given by formula 

 ( ) ( ) ( )( )1 0 1 1, 1k x k x h xθ δ ϑ ψ = + +    (2) 

where θ  is the temperature field, δ  is a positive constant and ( )0 1k x  takes the 

constant values 0 'k , 0 "k  in every component material, 0 ' 0k > , 0 " 0k > . 

Subsequently we restrict considerations to the stationary heat conduction prob-

lems. It means that in the system of equations (1) for averaged temperature field ϑ  
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and temperature fluctuation amplitude ψ  we have 0ϑ ψ= ≡� � . Hence, these equa-

tions take the form 
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Denoting [ ]1k h k∂ =  and ( ) { }
2

1k h k∂ = , we can rewrite (3) in the form 
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Setting /ν λ λ′ ′= , /ν λ λ′′ ′′=  and bearing in mind (2) we obtain 
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It can be observed that coefficients k , [ ]k , { }k  are independent on temperature 

fluctuation amplitude ψ . 

Let us transform equations (4) by introducing dimensionless arguments 1 1 /x Lξ = , 

/x Hα α αξ = , 2,3α = . Denoting 2 2 2/ Lσ λ≡  we obtain from (4) the following 

system of equations for the averaged temperature ϑ  and the fluctuation amplitude 
ψ  
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The above equations together with formulae (5) constitute the starting point for the 

subsequent analysis. The characteristic feature of model equations (6) is that the 

quasi-linearity is imposed only on averaged temperature ϑ  and the problem is linear 

with respect to the temperature fluctuation amplitude ψ . 
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2. Heat conduction across laminae 

Let us assume that ( )1ϑ ϑ ξ= , ( )1ψ ψ ξ=  and 1 0,1ξ ∈ . It means that we shall 

deal with the heat conduction in the direction normal to the interfaces between 

adjacent laminae. Denoting 
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we obtain from (6) the following system of equations 
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The general solution to equation (8)1 has the form 
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where C and D  are constants. Assuming boundary conditions ( ) 00ϑ ϑ=  and ( ) 11ϑ ϑ=  

we obtain 
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It has to be underlined that ( )1 0ϑ ξ ≥  for every 1 0,1ξ ∈ , so that 
1

0C Dξ + ≥ . 

The boundary value problem for ϑ  depends on parameter δ . We shall deal with 

three following solutions to equation (8)1 
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It can be seen that the effect of quasi-linearity of equation (8)1 results in increas- 

ing of the values of the averaged temperature ϑ  while δ → ∞ , cf. Figure 1. 
 

 

Fig. 1. The effect of quasi-linearity on the averaged temperature 

of the heat conduction across laminae 

3. Final remarks 

Let us remind that in the problem under consideration the quasi-linearity of the 

heat conduction equations reduces to the averaged temperature field ϑ  while the 

problem is linear with respect to the temperature fluctuation amplitude ψ . 

The conclusion is that the quasi-linearity of the heat conduction in a laminated 

medium increases values of the averaged temperature inside the conductor. 

More detailed analysis of the problem under consideration can be found in [1]. 
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