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Abstract. In article the stochastic model of local computer network (LCN) in queueing
network (QN) with one-line systems which are functioning in condition of high load is in-
vestigated. Optimization problem of finding optimal channel capacity which minimizes
customer’s fee for communication service during given time interval is solved. For finding
of average number of calls which serve and wait in server queues the method of multidi-
mensional generating functions was used.

Introduction

In connection with intensive development and embedding of information-com-
puter networks (ICN) in different spheres of production and science activity the
necessity of creation the theory of analysis and synthesis of such networks appears.
Queueing theory makes it possible to build adequate mathematical models of ICN
and to solve a set of problems which are connected with finding of qualitative cha-
racteristics of ICN functioning such as efficiency, capacity factor of their systems
and etc. In present work the network model of LCN which is functioning in the
condition of high load is observed [1].

1. Optimisation problem

Let us consider the functioning of LCN. LCN users via switches of levels and
corpses and then via root switch connect to specialized servers such as proxy-server,
web-server, mail server, database server, monitoring server, NetWare server. Calls
of external users from Internet to resources of LCN servers: web-server, mail server,
proxy-server, and calls of internal users to Internet resources create the total load
in communication lines of four Internet-providers, which have specified order
channel capacity and which in its turn is defined by agreement between LCN ad-
ministration and providers. Finding of optimal channel capacity is an urgent prob-
lem. There are two cases can be observed: 1) if high channel capacity is ordered
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but network idles then LCN administration incurs unreasonable high loss and coasts
of LCN resources should be reduced; 2) if low channel capacity is ordered and net-
work is overload then users waiting time of service startup is big and users incurs
unreasonable high loss with low loss for LNC resources therefore coasts of LCN
resources should be enhanced. Functioning of network services can be described
with help of one-line queueing systems (QS) which have input flow of messages
and waiting queue. Under message we will understand scope of generated sessions
of one LCN user which appear in access to Internet-resources.

Distribution law of intervals between arrival time of messages describes the type
of input flow of messages. Service of each message consists in file transfer of de-
fined size V; with transfer rate G,, which equals to server capacity. The set of ran-

1

dom variables 7, :% generates the set of service time and their distribution law
1
describes the service type.

Let us suppose that LCN functions in condition of high load, i.e. there are users
calls to servers at every time moment. In practice it can be explained that LCN
users can leave calls for file downloading of external Internet-resources in their
working places during time they absence or create loading in servers by means of
the remote access.

Optimization problem for finding of optimal ordered channel capacity of LCN
which minimizes service fee of Internet-provider during concrete time interval T
will take form:

T Nser
s 6.n=9y (619 [ > MV, Mv,(G,1)dt — min
G 15 G ey
51 =G=g,
where: S,,,(G,T) - service fee of provider, V. .(G,T) - information scope which

transits via dedicated channel to Internet at time interval [0, T], C(G) - provider

fee for communication service which is function of capacity of dedicate channel
G Mb/s and corresponds the maximum quantity of megabytes in a second which

: : . CG o .
dedicated channel is able to transmit, % - coast of traffic unit, V;; - amount in

bytes of i-th call in j-th server, v;(G,?) - number of calls transmitting via j-th server

at the moment ¢, N, - server number.

[}

For calculation of criteria in problem (1) variables V,; are defined by observa-
tion by means of LNC monitoring and average number of calls Mv;(G,t) can be

calculated with help of method of multidimensional generating functions which
was worked up earlier [1]. The integral can be found by means of trapezium me-
thod for example. Let us describe more detail how it can be done.
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2. Application of method of multidimensional generating functions

Let us examine open exponential QN of arbitrary topology with one type mes-
sages which consists of n one-line QS Sy, S»,...,5,. Under the network state at the
moment ¢ we will understand vector k(1) = (k,t)=(k,,k,,...,k,.t), where k, - mes-
sage number in system S;, i = 1,1 . Poisson flow of messages of the rate A(¢) enters
the network, service times in network systems are distributed by exponential law
with parameter (;(G.,1?), i=1,n, which depends on time and channel capacity. Let

- probability of message transmit after service in the system S; to the system
S,
probability that network is in state (k,?).

i,j =0,n, under the system S, we will understand the environment; P(k,t) -

Let us denote n-dementional generating function as ¥, (z,f), where
2=0(21, 29505 2"

‘P (Z t)_ Z Z ZP(kl’kZ’ ’kn’t)zl ZZ . nn = Z Z Z P(k t)HZ

=0k =0 k,=0 =0ky=0 k,=0
and

A(t) = _f/"t(t)dt, M,(t,G)= jﬂi(t?G)dt9 i=ln

a=(a,,a,,..,,0), a; >0 - network state at the initial moment. In [1] expression

for generating function ¥, (z,#) was obtained and it is of the form

zz

© oo
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where

n

R=)1, a)(G,n)= exp{— (A0 = A)= (M(G.0)-M,(G, m)}
i=1

i=1
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The average number of messages in the system §; can be calculated with for-

mula

oo

Mvi(t’G):w =ay(G, f>Z iZ ii i(aﬁlj—qj—rﬁR)x
Szj z=(L1,...1) =0 1,=0g1=0 ¢,=0r=0 r,=0
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(A0 -A0)" ] zv;h%jov (M,(G.)-M (GO | j=1n
i=1 i"dili:

If we make change of variables k;=a;+1;—q;—r;+ R in the last expression and

consider that network systems function in condition of high load (there are non
empty queues in these systems at every moment), i.e. &;—¢q;—r;+R=1 and con-

sequently g;<a; —r;+ R—1, we obtain final formula for average calls in the j-th

server:
-n+R-1  a,-r,+R-1
Mv;(G,1)= aO(Gt)Z ZZk Z Z Z Z Z > X
k=1 kj=lk;=1 kjq=1 ky=1 n=0 r,= 4n =0
(NG EINO) " Hp,]
<] 70 (M,(G.)- M (G0

(ki—ai+qi +ri—R)!qi!ri!

Optimization problem (1) is problem of one-variable G function minimization
at the segment which has complicated form under the complexity of expression for
average number of messages in server. In practice it is known that parameter G Mb/s
possesses the integer value so we will consider problem (1) as problem of integer
programming. It can be solved by means of exhaustion method or by means of
combinatorial methods of discrete programming which allow to replace exchaus-
tive search by partial enumeration and to reduce calculation time. In present article
we will use method of branch and bounds for problem solving.
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3. Algorithm of finding of optimal channel capacity by means
of method of branch and bounds

1. Optimization problem L, which correspond to problem (1) nonmetering require-

ment that G should be integral variable is solved and solution G is found.
Before it was said that objective function of problem (1) has complicated form,
so to find its minimum by equating its derivative to zero doesn’t seem to be
possible. For finding solution of problem L, the method of golden section was
used. It allows to reduce the segment of localization to a given value ¢ corres-
ponding to error of finding solution. If problem L, doesn’t have solution so ini-
tial problem has no integer solution and calculations are completed.

2. Lower bound of objective function is calculated: 5(0) =S(G, T). If solution

G is integer so it is supposed that G’ =G, S:e, (G,1) =& and calculations

are completed, where G - solution of problem (1). If solution G is not an in-

teger for speeding up the process of solution we introduce upper bound of objec-
tive function S, ,, (G, T') which is designated as ® and which is defined the next

net

way:

(1) if problem L, has no solution
v _ e, [OF .
0" = or G isn'tinteger

min{®" Y, £}, if G is integer

where v - number of node of problem graph, from which branching is carried
on, and which corresponds to problem L,, v=0,1,2.... At zero iteration it is
supposed that @ = 40 . Then we suppose k =1 and pass to item 3.

3. The v-th node from the node set I (set of nodes of problem graph from which
branching is possible) which satisfies the condition

W) — i £0)
¢ rgglnf

is chosen.
4. From chosen node v the branching by variable G is carried out. Then we com-

pose problems L,, , and L,,, which follow from problem L,,v=0,1,2..., by
addition of new restriction:

. L, . L.
166" 62 6M)+1
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5. Problems Lj, j=2k-1,2k, are solved by means of method of golden section
nonmetering condition that G is integer. If problem L; has no solution then it is
supposed £V =4oo, @ =@V j=2k—1, 2k, and we pass (with j = 2k) to
item 7.

6. We find G and calculate &Y = §(G'”, T'), j=2k -1, 2k . If solution G is
integer then we suppose @ =min{@®", £’} and pass (with j = 2k) to item 7.
If solution G isn’t integer then it is supposed @' =0®Y™" and we pass (with
Jj = 2k) to item 7. Node v, from which brunching was carried out, is deleted
from set I.

7. The rest of nodes from I are checked and if condition £ >@%" ie I, is satis-
fied so branching is completed.

8. Condition of conclusion of calculations I = J is checked. If it executes then it
is supposed S*(G,T)=0%" G'=G", where G" is defined from condition

S(GM,T)=0"%" and calculations are completed. If condition doesn’t execute
then we suppose k = k +1 and pass to item 3.

4. Numerical examples

Example 1. Let us consider model of LCN. The main loading to external com-
munication channel of Internet-provider is made up at the expense of working of
two servers: proxy-server and mail server. Let us denote them as systems S, and
S,. System S, corresponds to LCN users, system S, - communication channel. Since
web-server, database server and NetWare-server are for access to domestic resources
of LCN then loading in these servers influences on loading of external communica-
tion channels insignificantly and correspondingly on value of coast criterion in (1).
So problem (1) will be solved for N, =2. We will consider case when A(t) = Ar,

1(G.1) = p]cos@n +1]G, i=13. So A@)=0.54>, A©)=0, M(G,1)=1, {M +t}G,
[0

1

_ ; )
M.(G,0)=0, i=13, a,(G,t)= exp{— 0.5¢% — Zﬂ{sm(a)iz) o

i=1

}G} . Probabilities
of message transitions between network systems are p,, =0.6, p,, =04, p;y=p;;=

= Py = P31 = Pp3 = P3 =0.5, reminder - p; =0, i,j=$3. Let fee to provider for

communication service is given by function C(G)= aG* +bG +c, then @:

=aG+b +é. Problem (1) in this case takes on form
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X

Aa 2 [sin(wit) }G
2 T -Z4 —Zyi +
(G, T)_w'[e 2 a3 i

net

o oo Q- +R- 1“2 rp+R— 1

3
0526 py, )7~ p) T P
w |3 ' " H )

Pme#0
(km -a,+q,+r, —R)!qm!rm!

Tim

q3= 0 m=1

. Am+Im
X(Gﬂm(M+IJJ dt — mcin,
a)m

81=G=<g,,

Let a=300, 5=1000, c=400000; A=600, i =4.8-107, u,=1.38-107,
4 =0.87-107*; minimum and maximum values of channel capacity correspondingly

equals g, =10 Mb/s and g, =360 Mb/s, T =1.

Follow the circumscribed algorithm at the first stage the problem (2) is solved
nonmetering the condition that parameter G must be integer. Using method of

golden section we find solution G’ =36.4 of problem (2) accurate within & =0.01.

Calculating time of problem (2) with computer will increase if accuracy of found
solution will be increased. Then we pass to item 2. of algorithm and calculate the

lower bound of function f(o) =S(G", T)=1833495.94. Since solution G is not
integer so for speeding up the process of solution we find upper bound of objective
function ®® =+, suppose k=1 and pass to item 3 of algorithm. Set of nodes
contains just one zero node I ={0}.

We choose 0-th node for brunching, since it is singular, and pass to item 4 of
algorithm.
Then we carry out branching by variable G, compose problems L, and L,:

S.(G,.T)—> m1n L S,.;(G, T)— min,
. N G
IOSG£36 > 37<G <360,

and pass to item 5 of algorithm.
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We solve problems L i j =1,2, by means of method of golden section nonmeter-
ing that variable G must be integer and pass to item 6.
Then we find G"=35.9, &V =5(G",T)=1833533.25 and G* =37.1, £* =

= S(G(Z), T)=1834749.18. Since G(j),j =1, 2, are not integer so we calculate upper

bounds for nodes 1 and 2: @ =0® =@ =+c0. Branching is possible from set
of nodes I ={1,2}. Pass to item 7 of algorithm.

Then we check nodes from set I, since f(i) <@ iel, so brunching from
these nodes is not completed, and pass to item 8.

At the next step we check condition of ending of calculations. Since I # &, then
we suppose k = k +1 and pass to item 3. Choose the next node for brunching such

that £ = min £
4 ie{l,2}§

Then follow the algorithm we will find the solution of problem (2) G =G =
(G",T)=E%=1833518.79.
Notice that the same solution was found by means of exhaustive search but

timetable is less. Plot of dependence of coast criterion of optimization problem (2)
from channel capacity G is presented in Figure 1.
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Fig. 1. Dependence of the provider service fee from channel capacity

Example 2. Let us consider queueing network from the first example in case when

At)=At, 1,(G,t) =4, G, i=13. Then A(t)=0.54, A(0)=0, M,(G,1t)=u, G,
— 3

M, (G,0)=0, i=13, a,(G,1)= exp{— 0.5t — Z,ui tG} . Probabilities of transitions
i=1

between network systems - p,,=0.45, p,=0.55, p,;=0.6, p;3=0.4, p,,= p;;=0.7,

P2y = Py =0.3, reminders - p; =0, i,j =0,3. Fee to provider for communication
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service is also given by quadratic function. Objective function of problem (1) in
this case takes form:

T A2 23: Xei
Sm(G,T)Z(aG+b+£jjezt =
G 0
2 o ay—r+R-lay-rn+R-1 az-ry+R-1
DD DD 11D WD D MENC
j=1 ki=lky=l k3=l n=0r,=0 r3= q2=0 93=0

Tm

3
m = Cm T qm+n -R qm
(ﬂ‘tp 0m )k P m0 H pP mc
3 c=1,
mc :’to
<] ] z (1, Gt)m™"m | dr

(k, —e, +q, +1, —R)\q,'r,!

m

Let a=4000, b»=300000; A=200, x,=5-107, w,=2-107, 1;=4-107;
g,=10 Mb/s and g, =100 Mb/s, T =1.

Objective function (3) reaches its minimum at the left bound of the segment,
i.e. G'=10 Mb/s, value of coast criterion S,,, G,T )}=2391151.81. This solution
can be recieved by the means of the method of brunche and bounds at the first itera-
tion. So results of observed examples show that in case when solution of optimiza-
tion problem is at the bound of the definitional domain using of method of branch
and bounds is more effective, in other cases - method of exhaustive search. It was
proved by another observed examples. Plot of function S,,,(G,T) is presented in

Figure 2.
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Fig. 2. Plot of the function S,,,(G,T)
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