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Abstract. The thermally induced vibration of a homogenedus tircular plate is consid-
ered. The plate is subjected to the activity of ghét heat source which moves with con-
stant angular velocity on the plate surface alongrecentric circular trajectory. The thermal
moment is derived on the basis of temperature fielhe plate. The solution of the vibra-
tion problem is obtained by using the Green'’s fimmcmethod.

Introduction

Changes in the temperature of a plate produce #iestresses, which cause
displacements of the plate. Cyclic changes in #mperature of plates induce
transverse vibration. Several authors have stuthedproblem of thermally in-
duced vibration of plates [1-5]. This problem haagtical importance in mechani-
cal, aeronautical and nuclear power industries. thieemally induced vibration of
a circular and an annular plate is presented irpéper [1]. The plate is subjected
to a sinusoidally varying heat flux on one surfacel the other is thermally insu-
lated. Applying the theory to circular and annytéates, the deflection, the stress
distribution and the frequency response of theeglare calculated numerically.

In the paper [2] the thermally induced vibration afsimply supported and
clamped circular plates is presented. In this asly is assumed that the distribu-
tion of temperature is linear through the thicknasd along the radius. To solve
this problem the author used an analytical mettibd fnethod of separation of
variables) and the numerical method (FEM). The Inagar response of a thermal-
ly loaded isotropic plate is investigated in paf3r Authors excited the plate ex-
ternally by a harmonic force near primary resonasme considered the in-plane
thermal load to be axisymmetric. In paper [4] awhmvestigated the thermal
deflection of an inverse thermoelastic problem ithia isotropic circular plate.
Authors determined temperature distribution and ttiermal deflection on the
curved surface of the plate by employing integrahsform. The results are ob-
tained in terms of series of Bessel's functions.
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In this work, an analytical solution to the problemthermally induced vibra-
tion of a circular plate is presented. The thermament caused by the tempera-
ture distribution on the thin circular plate is el@ined and displacements of the
plate induced by the thermal moment are analyzedrétically. The solution of
the problem is obtained by using a time dependee¢®s function.

1. Heat conduction problem

A circular isotropic plate of uniform thicknessand outer radiub (Fig. 1) is
considered. This plate is heated by a heat souniehvwnoves on the plate surface
along a concentric circular trajectory at radigisvith constant angular velocity

heat source

Fig. 1. A schema of a circular plate with a heairse

The temperature of the plate is governed by a teduction equation in cy-
lindrical coordinates

A°T 1 10T
02T+2 _ +=q(r,pzt) ==2— 1
o7 kq(r ®,7,1) T (1)

2 2
where: 02 =a—+li+ia—,
ar? ror r?agf

point (r,¢,z) at timet, k - thermal conductivity,a - thermal diffusivity and

T(r,¢,zt) - temperature of the plate at the
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q(r,¢,zt) represents a heat generation term. The heat gemetarm is assumed
in the form

q(r.@,z1) = 60(r —10) o(p- ¢(t)) 6(z - h) 2

where @ characterises the stream of the hégj},is the Dirac delta functiong(t)
is the function describing the movement of the lseatce

pt)=at (3)
An analytical form of the temperature distributionthe considered plate have

been given in paper [6] as a solution of the eguatl) with the following initial
and boundary conditions:

T(r,¢,20)=0 (4)

k‘;—T = —ay[To ~T(b,0.2)] 5)
Mlr=p

K22 0.9h) = aglTo=T(r. @) ®)

koﬂ'—TZ (r,@0,t) =—ay[Ty —T(r,0,1)] (7)

where q; is the heat transfer coefficienly is the known temperature of the sur-

rounding medium. The temperature fiy = 0, is expressed as (derivation is pre-
sented in the paper [6])

T(.p2t)=2HC a“o ioijkiﬁmkuymkro)uymkr)w @¥% M) | k@1 (8)

where

Am ,Bn yr%k N o
k2 + 1) [osoh82 + (B2 + 12 )sin? Ao 202 + 1)~ 12 32 ()

(@) = zwz[ i COSM(@— wt) —masinm( p— wt )

mnk

—eVmi(v . cosmp-mawsin m¢)] ,

mGza(ﬁ,f+y2wk), ,uoza—ko, Km = 2 form=0andk,, = lfor m# 0,
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@, (2)= B, cosB.z+ uysinfB,z, n=12,...

wheref, are roots of equation

21, B, cos Bh = (7 - 11,2 Jsin B,h =0 ©
and )y are roots of equation
bynk‘]m—l(bymk)_(m+blu0)‘Jm(bynk):O (10)

2. The problem of thermally induced vibration of the plate

Thermally induced vibration of the considered plaéegoverned by the bi-
harmonic differential equation [5]:
a%w

DD4W+,UW:—D2MT (11)

whereD is a flexural stiffnessy is a mass per unit area of the platé;, @.t) is

a displacement of the middle surface of the platgomnt (,®) at timet, andM+
denotes a thermal moment. The thermal moment appesaa result of temperature
field in the plate and it is defined as [1]

h
M =a—Esz(r,(/), z,t)dz (12)
1_V 0

The presented study deals with the circular platé simply supported edge
which means that the following boundary conditians satisfied

2 2

w=0, -D a_vzv+v la—W+i26—W =0 onr=b (13)
or ror r?a¢f

Moreover, the zero initial conditions are assumed

“OW_0 fort=0 (14)
ot

Substituting (8) into equation (12) we obtain thertnal moment in the form

My (@) = 220K 5§ 3 A B (Yk0) I Yk a0 | e @1) (15)
(1 V)7T m=0n=lk=1
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where

(14 htp) (82 + 122)sin Buh - 2Bt
B, = >
2:8n /UO

The solution of the problem in an analytical folsrobtained by using the prop-
erties of the Green'’s function (GF). The GF for titeration problem describes the
displacement of the plate caused by impulse farbe.GF function is a solution to
the differential equation [7]:

2 - - -
DD4G+'UaatC25 :_J(I' 10)5(% [/I)J(t T) (16)

Moreover, the Green’s function satisfies the zaritial and homogeneous
boundary conditions analogous to conditions (13)e Bolution of the vibration
problem (11), (13) can be expressed as

th2mr
w(r.@t)=[[ [ O°M+(0.0.7)G(r @t p.00,7)dyp dpdr (17)
000

3. The Green’s function

The GF for the considered vibration problem maywr#ten in the form of
a series

G(r.gt)= 3 gm(r.t)cosmip-u) (18)

m=-oo

Substituting the series (18) into equation (16) asidg the expansion [8]

Slp-w)=-= 3 cosmlp-y) (19)

27T m=—o

the differential equation for the functiomg,(r,t) is obtained

2
2 10 m  ud%n _dlr-p)dli-1) (20)
ar2 rar 2] "™ D a¢t2 27D 1

Next using (18) in boundary and initial conditiqii8)-(14), we have

9%g 199, m?
b,t) =0, mypy =M

=0 (21)
r=b
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9,(r.0)=0, ‘)aﬂ -0 (22)
t t=0

The solution of the initial-boundary problem (11B] can be presented in the
form

Gn(t)= X R (1) mn ) (23)
n=
where Ry, (r) are the eigenfunctions of the following boundargblem

2 272
{%%%—T—z} Run(r) = AmRn(r) = 0 (24)

=0 (25)

r=b
The general solution of the differential equati@B)(can be written in the form

Rmn(r) = él‘Jm(/Tmnr)"' 62Ym(/Tmnr)+ 63' m(/Tmnr)+ 64Km(/Tmnr) (26)

92 0 2
Rnn(0) =0, [GF:';“”WF R’“”—%Rmnﬂ

r or r

where J.,,, Y,, are the Bessel functions of orderand I ,,, K,,, are the modified

Bessel functions of orden. As ‘Rmn(o)( < +00, SO We assume

Ron(r) = clJm[Amn t)ec m[Amn o 27)

where A, =bA,,,. Substituting the function (27) into the boundagnditions
(25) we obtain a system of homogeneous equations

{Cl‘Jm(Amn)'i' CZI m(/]mn): 0

Ciap; +Cray, =0

(28)

where

A = (/]ﬁwn - m(m - 1)(1_ V))Jm(/]mn)_ (1_ |/)/]mn~]m+1(/]mn)

Ay, = _(Aﬁm + m(m_ 1)(1_ V))I m(/]mn)"' (1_ I/)/1mn| m+1(/1mn)
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The non-trivial solution of the system exists foeseA,,, which satisfy the equa-
tion

2Amn Jm(/‘mn)lm()lmn)_ (- V)l‘Jm(/]mn)lmﬂ()lmn)"' Jm+1(/1mn)|m()|mn)J =0 (29)

Using (28a) we have
J é/] )
C2 — _Cl m\'mn
Im /]mn

and the functiorR,,, can be written in the form

Rmn(r)z Im(/]mn)‘Jm[/]mn %)_Jm(Amn)lm(/]mn %j (30)
Note that the function®,,, satisfy the orthogonality condition
b 0 for n'zn
[ R (1) Ry () ar = 31)
0 /Ym(/]mn) for n'=n
where
b2 .,
HlA)= 2 DA AN s(2) 22 ,(2) -

1200310 3 ()= 2m=2) 3, () + 22 32(A)1 20
Taken into account (23), (24) and using the ortimadjty condition (31) in
equations (20) and (22), we obtain the differerdglation

Plnl), D e = )

otz pry ™ " 2701 YA

ot-1) (33)

and initial conditions

d/ o

Imn\0)=0 =0 34
(=0 =g (34)

The solution of the initial problem (33), (34) hths form

_ Rumlo)
/_mn(t) - 2”# 'an )(m(Amn

)siann (t-r)H(t-7) (35)
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where Q2 =b%A,fm andH denotes the Heaviside function.
U

Finally, on the basis of equations (18), (23) @reen’s function for the simply
supported circular plate can be written in thediwihg form

H(t-7) $ % Rnn(0)

r)sinQ.,,\t—7)cosm(g-
277-/'1 m:—oon:]__(_)mnXm /]mn Rmn() mn( ) (¢ w)

(36)

G(r.ot; p.¥,1)=

Summary

In this paper the problem of the transverse vibratf a circular plate induced
by a mobile heat source was considered. The fotioalaf the problem was
based on the differential equations of heat conduand transverse vibration of
the plate, which were complemented by suitablaainégnd boundary conditions.
The temperature distribution and transverse vibnaof the circular plate in an
analytical form were obtained by using the progsrf the Green'’s function.
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