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Abstract. The full structure of right hereditary semiperfeemidistributive rings of bound-
ed representation type are given. This structsiigivien in terms of special graphs which
can be considered as some generalization of QeRgtekin diagrams.

Introduction

The theory of representations is an important tfwsl studying groups,
algebras and ring by means of linear algebra. Hselts of this theory play
a fundamental role in many recent developments athematics and theoretical
physics.

One of the main problems of representation theeryoi obtain information
about the possible structure of indecomposable tesdand to describe the iso-
morphism classes of all indecomposable modules. tlBy famous theorem
on trichotomy for finite dimensional associativegetbras over an algebraically
closed field, obtained by Drozd, all such algehbaess divided into three disjoint
classes: finite, tame and wild type. Thereforelthsic problems in the representa-
tion theory of associative algebras are that dhiobhg necessary and sufficient
conditions for an algebra to belong to one of thelssses and classify the in-
decomposable representations in the finite and teases. Similar problems are
considered for Artinian rings.

For the rings which are not Artinian (for instanfa, Noetherian rings) the con-
dition of finiteness of indecomposable finitely geated modules are not
natural. In this case one of the fundamental probles to characterize the rings of
bounded representation type in terms of their airac

Recall thatA-moduleM is calledfinitely presented if there exists an epimor-
phism ¢: A” _. M such that Kexf) is a finitely generated-module.

Following to Warfield a ringA is said to be ofbounded representation
type if the length of finitely presented indecomposatint A-modules are bound-
ed.
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In the paper [1] Warfield, Jr. put the followingestion:

For what semiperfect rings is there an upper boondhe number of genera-
tors required for the indecomposable finitely preeel modules?

The well known theorem of Warfield, Jr. in [1], carDrozd in [2] shows that
for any finitely presented module over a seriagnis serial. So any serial ring is
of bounded representation type.

The main goal of this paper is to give the fullusture of right hereditary
semiperfect semidistributive rings of bounded repration type. This structure is
given in terms of special graphs which can be awisid as some generalization
of Coxeter-Dynkin diagrams.

All rings considered in this paper are associatwth identity and all modules
are unitary. We refer to [3] and [4] for the gealanaterial on theory of rings and
modules.

1. Hereditary Artinian semidistributiverings of finitetype

Recall that a modul# is calleddistributive if KN(L+N) = KNL+KNN for all
submodule, L, N. A module is calledemidistributive if it is a direct sum of
distributive modules. A rind\ is calledright (left) semidistributive if the right
(left) regular module‘\A (AA) is semi-distributive. A right and left semidistutive

ring is calledsemidistributive.

Semiperfect semidistributive rings (SPSD-ringsshort) were first considered
by Tuganbaev in [5] and [6]. The properties andcditire of these rings were stud-
ied in [7-9].

A ring A is calledright (left) hereditary if each right ideal oA is projective.
This is equivalent to the condition that any subuoiedof a projective right
A-module is projective. A right and left hereditaiyg is calledhereditary.

Denote byT(SD) an incidence ring of a partial ordered set (hdseshort) S =
= {0y, ay,...,a,} over a division ringD, that isT(SD) is a subring of the general-
ized matrix ring M(D) such that thei f)-entry of T(SD) is equal to 0 ifa; < q;
in S. Then it holds the following theorem.

Theorem 1. Every hereditary semidistributive Artinian ring i& Morita
equivalent to a finite direct product of indecomguale rings of the form T(S, D),
where S is a finite poset, D is a division riagd the diagram of S contains no
rhombuses. Conversely, every ring of this form iBeseditary semidistributive
Artinian ring.

Recall that an Artinian ring\ is offinite representation type if there are (up to
isomorphism) only a finite number of finitely geated indecomposable right
A-modules.
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For semi-primary rings the conditions in this difim were shown to be right-
left symmetric by Eisenbud and Griffith [10], aridlab, Ringel [11]. Ringel and
Tachikawa [12] proved that iA is an Artinian ring of finite representation type
then allA-modules are direct sums of finitely generated neglun particular, in
this case all indecomposal#emodules are finitely generated. From their regult
also follows that for a semi-primary riny the number of finitely generated in-
decomposable le#®-modules equals the number of finitely generatetecom-
posable righA-modules.

The first important class of such rings are Aréilyebras. LeR be a commuta-
tive Artinian ring. A ringA is said to be aR-algebra if ra = ar for eachr O R and
a 0 A. An R-algebraA over a commutative Artinian ring is called anArtin al-
gebra if A is finitely generated as @&module. It is clear that an Artin algebra is
both a left and a right Artinian ring. Importantaemples of Artin algebras are finite
dimensional algebras over a field.

The modules over Artin algebras were studiedAlslander, Reiten, Smalg in
[13-17], Dlab and Ringel in [11, 18]. The dd®ation of Artinian hereditary
rings of finite representation type was studieddmwbor, Ringel, Simson in [19].
The classification of these rings are given in &oh Dynkin diagrams.

The next class of rings of finite representatiopetyvhich had been described
by means of Coxeter-Dynkin diagrams are heredifauye semisimple rings.
Simson in [5] proved the theorem which gives tresssification of all indecompos-
able hereditary right pure semisimple rings ofténmepresentation type in terms of
the Coxeter valued diagrams.

From theorem 1 and [20] we obtain the followingdrem.

Theorem 2. A hereditary Artinian semidistributive ring §,(D), where S is a finite
poset and D is a division ring, is a ring of finepresentation type if and only if

the undirected graphT'(S) of the Hasse diagrami(S) of the poset S is of finite
type.

A central role in the theory of representation§imife dimensional algebras and
rings is played by quivers which were introducedGabriel in 1972 [21]. In this
paper he gave a full description of quivers ofténiype over an algebraically
closed field. The Gabriel theorem was proved bynB&in, Gel'fand, Ponomarev
for an arbitrary field [22]. Taking into accounttithe quiver QI) of a hereditary

Artinian semidistributive ringd (S, D) coincides with the undirected graph(S)
of the Hasse diagraif(S) of S we obtain the following theorem.

Theorem 3. A hereditary Artinian semidistributive rin§(S, D) is of finite type if
and only if the undirected graphl’(S) of the Hasse diagraii(S) is a disjoint
union of the Dynkin diagrams of the foAw, D,, Es, E;, Eg, where
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2. Right hereditary semiperfect semidistributiverings of bounded
representation type

Following to Bass [23] aring is calledsemiperfect if any finitely generated
A-module has a projective cover. Miller in [24byed that a ringd is semiper-
fect if and only if the identity oA can be decomposed into a sum of a finite hum-
ber of pairwise orthogonal local idempotents.

Let {O} be a family of discrete valuation rings (not nesary commutative)
with the Jacobson radicéMl; and a common division ring of fractiobsfor i = 1,
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2,...k S ={ay, a,,...,0,} a finite poset with a partial ordet; S = {0y, a,,...,0u}
a subset of minimal points oS (k< n), and S = §0 S, where $ = {01,

(o PR P4 3
According with this partition of consider thgposet Swith weights so that the
point i has the weightH ni (G), i=1,2,..k n ON; and all other points

j have the weighb.

Construct a ringA = A(S, 9, S, Oy,...,0¢ D, ng, ny,...,ny) (or A(S0), in short)
which is a subring of D), s =n;+ny+...+n, +(n—K) by the following way. Let
the identity of A be decomposed into a sum of p@eworthogonal idempotents
1=f+f,+..+f, and the two-sided Peirce decomposition have fahewing
form:

n
A= [] fiAfj
i,j=1

where f; Af; = Hni (G) fori=1, 2,..k; fAf =T(S,) forf="fu, + ..+f; and

A; = fiAfis an @, Aj)-bimodule, fori,j =1, 2,...n. Moreover, A; = 0 if o; < qj
inS. Ifo;<aj inSand; 0%, a;0S, theneAf =D for anye I fi. So the two-
sided Peirce decomposition have the following form:

H©) -~ O M
A= . . . .
O - Hp (O My

whereM. is a (Hp, (G;), T (§1) )-bimodule fori=1, 2,....k; T(S) is the incidence
ring of a poset Sover a division rind. These rings were first considered in [20].

A ring A(S,0) possesses a right classical ring of fractidnsvhich is an Artini-
an right hereditary semidistributive ring and tassform:

Mp (D) - O M
/Z\: . . . ~
O - Mp (D) My

where M; = H; 05 M, and H; =M, (D) fori =1,2, ...k

A
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For Artinian rings along with the notion of finitepresentation type there is
considered the notion of bounded representatioa. tiRecall that a right Artinian
ring Ais said to be of bounded representation typeeifethis a bound on the length
of finitely generated indecomposable rightnodules. The first Brauer-Thrall con-
jecture says that these notions are the sameerRIif25] proved that this conjec-
ture true for finite dimen-sional algebras and lander generalized this theorem
for Artin algebras and one-sided Artinian ringse(f&4, 15]).

Warfield, Jr. introduced in [1] the notion of bowudrepresentation type for
semiperfect rings (not necessary Artinian).

Definition. A ring A is called to be of aight bounded representation type if
there is an upper bound on the number of generegqrsred for indecomposable
finitely presented righ\-modules.

Note that since for a right Artinian rindy any finitely generated module is fi-
nitely presented and a bound of the length of indgmosable modules implies
a bound of the number of generators required fdeéomposable finitely present-
ed rightA-modules and visa verso, these notions are the $anright Artinian
rings.

Proposition 4. If a right hereditary ring A = £S0) is of bounded representa-
tion type then its classical right ring of fract®m is a ring of finite representation
type.

Proof. Suppose thak is a ring of bounded representation type,Mus of infinite
representation type. Then from [13] it followstt#a is of unbounded representa-

tion type.
Assume the following notations: i is a rightA-module, then

P=POoDOPOAA;

on the other hand P is a rightA -module therP is a moduleP considered as an
A-module.

Prove that for anyA-module M there is anA-module X such thatM” =
=M O X. We have

M"=M'Og D=(M Og D) Og D=M Og (D Og D)

Since O s an integral domain, aridlis its division ring of fractiond) is an in-
jective torsion-freeO-module. Therefore the md@p - D 0o D withd - 10 d,
for any d O D, is a monomorphism, i.e., there exists an exaquesgce of
O-modules:

0-D - D0OoD - Cokergp)- 0
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SinceD is injective, this sequence splits, i.B.,[0o D = D 0O Y, whereY [
Cokerf). Therefore

"=M 0o (DOgD)=M O (DOY)=M O X

SinceA is a ring of infinite representation type, faryaN >0 there is an in-
decomposable finitely generatéemoduleM such thatl(M) > N. Consider an-
module M’ . It is finitely generated and it is decomposedaiulirect sum of in-
decomposable submodules:

M'=N,O--0 N X0 X,

whereN; are torsiorO-modules (=1, 2,...t), X are torsion-fre€-modules j =1,
2,...r). ThenN' =N OoD=0(=12, ...,t), and M" = X" 0 ... O X{. Since
M" =M 0O X, we haveM O X=X;'0O ... O X'. From uniqueness of decomposition
it follows that there is a numbérsuch thatM is a direct summand oiX/, i.e.,
there is anA-moduleP such thax;' =M O P. Then we have a chain of inequali-
ties:

UACKD) = (X)) 21(6) =1(M) +1(P)21(M) >N

which contradicts the assumption thfatis of bounded representation type. This
proves the proposition.
Now consider the finite poset S =4 q,,...,a,} with a partial orders;
S = {ay, a,,...,a,} a subset of minimal points 08 (k< n), and S = §00 S;, where
St = {Ok+1, Oe,...,00}. FOr the Hasse diagram of S write to each vedgxof §
a weight 1 and to each vertex af&weight 0. Such Hasse diagram we shall call

the Hasse diagrams with weights. Write a vertex with a weight 1 b@ and
a vertex with a weight O by.

The following theorem gives the full classificatiofi hereditary semiperfect
semidistributive rings of bounded representatigetin terms of Dynkin diagrams
and Hasse diagrams with weights.

Theorem 6. Let {O} be a family of discrete valuation rings with a coomm
division ring of fraction®d, and letS = § 0 S, be a disjoint union of subposets.
A right hereditary SPSD-ring & A(SO) is of bounded representation type if and

only if the undirected graplf(_S) of the Hasse diagram(S) of the posesS is
a finite disjoint union of Dynkin diagrams of therh An’ Dn’ E., E7 E8 and the

following diagrams with weights
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where all vertices with weight 1 correspond toithieaimal elements of the posgt

Note that theorem 8 is a generalization of reqbtained in [20].
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