Please cite this article as:

Tadeusz Konik, On homogeneity of the tangency relation of arcs, Scientific Research of the Institute of Mathematics
and Computer Science, 2010, Volume 9, Issue 2, pages 115-122.

The website: http://www.amcm.pcz.pl/

Scientific Research of the Institute of Mathematics and Computer Science

ON HOMOGENEITY
OF THE TANGENCY RELATION OF ARCS

Tadeusz Konik

Institute of Mathematics, Czestochowa University of Technology, Poland
tadeusz.konik@im.pcz.pl

Abstract. In this paper the problem of the homogeneity of some tangency relation of sets for
the rectifiable arcs in the generalized metric spaces is considered. Some sufficient conditions
for the homogeneity of this relation are given.

Introduction

Let (E,1) be a generalized metric space (see [1]). In system (£, 1) symbol [
denotes a non-negative real function defined on Cartesian product Fg x Fg of
family Eg of all non-empty subsets of set F.

Let Iy be the function of the form:

lo(z,y) =l({z},{y}) for z,ye k& (1)

By some assumptions relating to function I, function [y defined by formula (1)
will be the metric of set F.

We will denote by Si(p, 7). (see [2, 3]) the u-neighbourhood of sphere S;(p, )
in space (F,[) defined by the following formula:

U Ki(gu) for u>0
Si(p,r)u = 4a€Sip.r) (2)

Si(p,r) for u=0
Let a, b be arbitrary non-negative real functions defined in a certain right-

hand side neighbourhood of 0 such that
a(r)——0 and b(r)——0 (3)
r—0t r—0t

We say that pair (A, B) of sets A, B € Ey is (a,b)-clustered at point p of
space (FE,1), if 0 is the cluster point of the set of all real numbers r > 0 such

that the sets AN Sy(p,7)q(r), BN Si(p,7)y(ry are non-empty.



116 T. Konik

Let Tj(a, b, k,p) (see [1, 3, 4]) be the tangency relation of sets in generalized
metric space (F,[) defined by formula:
Ti(a,b,k,p) ={(A,B): A, B € Ey, pair (A, B) is (a, b)-clustered
at point p of space (F,[) and

1
T_kl(AmSl(p) r)a(r)aB N Sl(pa r)b(r)) ——>0} (4)

r—0t
If pair (A4, B) € Ti(a,b,k,p), then we say that set A € Ey is (a,b)-tangent
of order k > 0 to set B € Ej at point p of the generalized metric space (E,1).

Let p be a metric of set E and let A, B be arbitrary sets from family E.
Let us define:

p(A, B) =inf{p(x,y) : z € A, y € B} (5)

dpA = sup{p(z,y) : z,y € A} (6)
We shall denote by §, the class of all functions [ fulfilling the conditions:
19 1: Ey x By — [0, 00),
29 p(A,B) <I(A,B) <d,(AUB) for A,B € E.

From equality (1) and from condition 2° it follows that

I({z},{y}) = lo(x,y) = p(x,y) for | €F, and z,y € £ (7)

The above equality implies that any function [ € ¥, generates metric p in
set E.

Let ,pr be the class of the rectifiable arcs with the origin at point p € E of
the form (see [5, 6]):

A,={A€Ey: lim (pr) =g < oo} (8)

where ¢(px) denotes the length of the arc pz with ends p and z.

In paper [7] we considered the problem of the additivity of the tangency
relation Tj(a,b,k,p) in class of arcs Ep in generalized metric space (E,l),
where [ € §, (see also considerations related to the problem of the tangency
of arcs in paper [8]).

If we assume in Corollary 1.2 of Theorem 1.1 of paper [7] that functions
li,l2,....l;m € §p are equal to function [ € §,, then
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for A, B € ﬁp, m € N, and for functions a, b fulfilling the condition
alr) ——0 and b(r) —0 (10)
r  r—o0t r  r—ot

Therefore arises the question: is the equivalence (9) true for an arbitrary
m € R4 7 The answer to this question is positive, what will be proved in the
present paper.

Definition 1. We shall call the tangency relation Ti(a,b, k, p) homogeneous
of order 0 in class §,, if equivalence (9) holds for arbitrary m > 0,1 € F,
and A, B € Ejy.

In this paper the problem of the homogeneity of tangency relation
Ti(a,b,1,p) in the class of functions §, for arcs of the class gp is considered.
Some sufficient conditions for the homogeneity of order 0 of this tangency
relation of arcs ]{p will be given in Section 1.

1. Homogeneity of the tangency relation of arcs

We shall define:
(ml)(A, B) = ml(A,B) for m >0, l€F, and A,Be€ A, (11)

Let Sj(p, )y be the u-neighbourhood of sphere S;(p, ) in space (F, ) defined
by formula (2). For this set we shall prove the following lemma:

Lemma 1.1. If [ € 3§, then
St (P; 7)u = S, 7/ M)y for m >0 (12)
Proof . Using (11) we have
Smi(p,7) ={z € E: (ml)({p},{z}) =r}
={recE: mi({p},{z}) =r} ={rvec E: I({p},{z}) =r/m}
= Si(p,r/m),
i.e.
Smi(p,7) = Si(p,r/m) for 1 €F, and m >0 (13)
Analogously
Kpu(p,r) = Ki(p,r/m) for 1 €F, and m >0 (14)
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From (13), (14) and from definition (4) of set Si(p, ), we get thesis of this
lemma.
The following lemma was proved in paper [3]

Lemma 1.2. If non-decreasing function a fulfils the condition
a(r)
0 15
e (15)

then for arbitrary set A € A;’k having the Darbouz property at point p of space
(E,p) and m >0

1
dp(AﬂSp(p, r/m)a(r)/m) —0 (16)

rk 0+

As class of arcs gp is a subset of class A7 of sets having the Darboux
property at point p of space (E, p) (see [3]), then from this lemma immediately
follows:

Corollary 1.1. If non-decreasing function a fulfils the condition

ar) (17)

r r—0+

then for an arbitrary arc A € jp and m > 0

1
;dp(A N Sp(p,7/M)a(r)/m) T 0 (18)
Theorem 1.1. If non-decreasing functions a,b fulfil the condition
b
@——m and ﬁ—%) (19)
T r—o0t T r—0t

then tangency relation Ti(a,b,1,p) is homogeneous of order 0 in class of arcs
Ap for any function | € §,.

Proof. Let us assume that (A4, B) € T,;(a,b,1,p) for A, B € Zp. Hence it
follows
%(ml)(A N St (D7) a(rys B N St (Ds 7)) . 0.
Hence, from (11) and from Lemma 1.1 we obtain
AN,/ m)atry s BOSUp /Ml o) ——0 (20)

r—0t

From (20) and from the fact that [ € §, it results
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1
;P(A NS, 7/M) () m> B OV S1(p, 7 /M) b1y ) —— 0.

r—0t

Hence and from Theorem 2 of paper [4] on the compatibility of the tangency
relations of rectifiable arcs we get

1

;P(A N Sy(p,7/m)q(ry, BN SH(p,7/m)pry) o 0 (21)

If 0 < m < 1, then from the definition of set S;(p, r),, and from the assumption
that a and b are non-decreasing functions below the inequality

0< p(A N Sl(p7 T/m)a(r/m)7 Bn Sl(p7 r/m)b(r/m))
< p(ANSi(p, /Mgy, BN SID, T/M)p(r))-
Hence, from (21) and from the properties of function [ € §, we obtain
1
—P(ANSi(p1/1)a(rfmy, B OGP T/ /) —— 0.

Hence and from Theorem 1 of paper [4] on the compatibility of the tangency
relations of rectifiable arcs we have

%dp((A N Sz(p, T/m)a(r/m)) U (B N Sl(p, r/m)b(r/m))) —0.

r—0t
Hence and from the fact that [ € §,
1
;Z(A N Sip; /M) a(rjmy, B OV S1(0, /M) b1 m)) - 0,

whence it follows

1
EZ(A N Si(pst)agy, BN SI(D, o) . 0 (22)
From (21) and from Theorem 1 of paper [4] it results
1
5 Ao (AN S (P 7/m)ar)) U (B O Si(p,7/mp(r))) — >0 (23)

If m > 1, then from (23) and from the assumption on functions a, b we get
%dp((A N .S;(p, r/m)a(r/m)) U (BN Si(p, r/m)b(r/m))) m 0 (24)
Hence and from the fact that [ € §, it follows
%Z(A N S1(p, /M) a(rjmy, B OV S1p; /M) b jimy) —— 0,

r—0t

which yields condition (22).
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Because pair (A4, B) of arcs A, B € gp is (a, b)-clustered at point p of space
(E,1), then from (22) it follows that (A, B) € Tj(a,b,1,p) for A, B € A,.

Now we assume that (A, B) € Tj(a,b,1,p) for A, B € ﬁp. Hence it follows
that

1
;l(A N Si(ps /M) g(rjmy> B OV S1(p, 7/M)b(r ) —— 0.

r—0+
Hence and from the fact that [ € §, we obtain
AN,/ W)as s B O Sips /o) ——0 (25)
Hence and from Theorem 1 of paper [4] we have
S (A Si(pyr/m)atepm) U (B OV Si(p. /oo pmy)) ——0 (26)
If 0 < m < 1, then from the fact that a,b are non-decreasing functions it
follows

0 < dp((ANSi(p,7/m)ary) U (BN Si(p,7/m)y)))
< dp((A N Sl(p7 r/m)a(r/m)) U (B N Sl(p7 r/m)b(r/m)))

From here and from (26) we get

1
;dp((A NS (p,7/M)q(ry) U (B NS (p,7/m)pry)) T 0 (27)
Hence and from Theorem 2 of paper [4] we have
1
Ao ((AN S (P 7/m)a(r) ) U (B OVSUP, 7/ m)br) ) — 0,

from where

1
—UAN S, /M) a(r) fms B O S, 7/M)ar) ) — 0,

r—0t
i.e.
1
;(ml)(A N Sml (pa r)a(r)a BN Sml (pa r)b(r)) T 0 (28)

If m > 1, then from the fact that a, b are the non-decreasing functions we get
the inequality

0< p(A NS (pa r/m)a(r)) Bn Sl(p¢ T/m)b(r))
< p(ANSUp;T/M)a(rjmy> B NV SID, T/10) b /m))-
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Hence and from (25) we have
1
;P(A NSy, 7/M)a(rys B O S (p,7/mM)p(r)) P~ 0 (29)

From (29), from Theorem 1 and Theorem 2 (see also Corollary 2) of paper [4]
we obtain

1
~dp((AN Si(p,1/m)ar)m) U (B0 S (0, 7/m)o(r) /m) —0
Hence and from the fact that [ € §, we get
1
SUANS (P r/m)ar)m), (B O S0, 1/M)b(r) m) —0
what gives the condition (28). N
Because pair (A, B) of arcs A, B € A is (a, b)-clustered at point p of space
(E,ml), then from the condition (28) it follows that (A, B) € T,y(a,b,1,p)
for A, B € Ap. This ends the proof of the theorem.
Let A,B € Ey and ly,lo,... ,l, be arbitrary functions belonging to class
§p- Let us define the sum of tangency relations (see [2]):

n
(A,B) € UTli(a, b,k,p) < (A, B) € Tj;(a,b,k,p) forany je€{1,2,...,n}.
i=1
Hence, from Theorem 1.1 and from Theorem 2.1 on the additivity of the
tangency relation Tj(a, b, k, p) of paper [2] we get
Corollary 1.2. If non-decreasing functions a,b fulfil condition (19) and
Lo, ... ly € ), then

(Aa B) S Tm1l1+"'+mnln(a7 b7 ]-7p) — (A7 B) € ﬂj (CL7 bu 17p) (30)

foran j € {1,2,...,n}, for arbitrary A, B € jp, and mq,...,my > 0.

Let A, be the class of the rectifiable arcs with the Archimedean property
at point p of metric space (E, p).

We say that rectifiable arc A has the Archimedean property at point p of
space (E, p) iff

Upx)
11m =
Asz—p p(p, T)

(31)

where {(px) denotes the length of arc pz.
Because the class A, is contained in the class of arcs A, then from Theorem
1.1 of this paper follows:
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Corollary 1.3. If non-decreasing functions a,b fulfil condition (19), then
tangency relation Ti(a,b,1,p) is homogeneous of order 0 in the class of func-
tions §y for arcs of the class Ay, fulfilling condition (31).
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