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Abstract. In this paper we show that groups of transformatidefined on antidiscrete

topological spaces are the only ones among pseodpgyr It means that if a topological
structure of a pseudogroup is the weakest thergafm@ic structure of this pseudogroup is
a group.

I ntroduction

The notion of a pseudogroup was formed progresstegiether with the devel-
opment of differential geometry. First mathematisiavho realized a classic notion
of a group of transformations was not sufficientgarposes of differential geome-
try were O. Veblen and J.H.C. Whitehead in 1932ii definition was improved
by J.A. Schouten and J.Haantjes in 1937, Salit 1939 and C. Ehresmann in
1947. Gadb’s and Ehresmann’s definitions are good enougdbetased at present.
It was shown in [1] that axioms of Ehresmann’sirdgdn can be formulated in the
equivalent way which simplyfy proofs. We used tthiinition in [2] to show that
a group of transformations can be treated as alpseoup.

Main result

Let us remind the following version of Ehresmanaédinition which is used
in differential geometry and can be found in [3].

Definition 1. A pseudogroup of transformations on a topologsgeiceS is a set

I" of transformations satisfying the following axioms:

1° Each f OO is a homeomorphism of an open set ®bnto another open set
of S;

2° If f OrI, then the restriction of to an arbitrary open subset of the domain of
fisinTl;
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3° Let U= U Ui where eachy; is an open set ofS. A homeomorphismf

of U onto an open set ofS belongs tol" if the restriction off to U, is in
I for everyi;
4° For every open setU of S, the identity transformation ot) isin T

5 If fOr,then £10T;

6° If f OI is a homeomorphism df ontoV and gL' is a homeomorphism
of Y onto Z and if V nY is non-empty, then the homeomorphisge f
of 'V nY)ontog(VnY)isinTl.

We will also use the following definition introdutén [1].

Definition 2. A non-empty sef” of functions for which domaing ; are arbitrary

non-empty sets will be called a pseudogrup of fionstif it satisfies the following
conditions:

1  f(D;)nD, %8 =gofOr for fgOT
2° f70r for fOT

¥ yrar for rrodr

where

MN={@r'ogr-yr isafunctionandJ (r')™ is a functio
(r)={ (r)

and
(r)y*={t=tor}

and f ™ denotes an inverse relation.
It was shown in [1] that if ' is a pseudogrup, then
qlz ,{Df: f Or } 0{@}) is a topological space anfl is an Ehresmann

for

pseudogrup of transformations on this topologipalce. On the other hand,[if is
an Ehresmanpseudogrup of transformations on a topological sp8cthenT is
a pseudogrup of functions.

We will need the following definition which was mtuced in [4].

Definition 3. A generalized inverse semigroup is a partial godd (B,[) satisfy-
ing the following axioms:

1°al(blc) =(alb)lc

holds when one of the sides is defined;
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2° For everya [l B there exists exactly ortel] B such that
al(bla)=a and bl(alb)=b

It is not difficult to see that thanks to definiti@ we get a connection between
groups of transformations and pseudogroups. Itsis @asy to see that groups of
transformations are the only pseudogroups on autielie topological spaces. We
will use definition 1 to prove it.

Theorem. If T is a pseudogroup of transformations on a topo&gipaceS
which is antidiscrete theh is a group of transformations.

Proof. From 1° it follows that I" is non-empty. Because the topological space is
antidiscrete there is only one non-empty openisetthe whole space. Fro@f it
follows that all functions are transformations af@pen set onto the same open set.
From 5° it follows that the inverse transformation belongd™ for every f 0T .

From 6° it follows that the composition of two transfornats belonging tol”
belongs tol" . That requires.

Conclusions

Of course we can replace a pseudogroup of tranat@mns by a pseudogroup
of functions and the theorem will be true. It whswn in [5] that even a Schouten-
Haantjes pseudogroup is a generalized inverse sempigAs the definition of
Schouten-Haantjes is more general we can alschaaw tpseudogroup of functions
IS a generalized inverse semigroup. The above ¢éheshows that in the case of
pseudogroups on antidiscrete topological spacesdapelogical structure influ-
ences on the algebraic structure because we olslamething more than
a generalized inverse semigroup. A pseudogroupgi®@p when topolgical struc-
ture is the weakest. It was shown in [3] that weehthe inverse theorem i.e. when
a pseudogroup is a group then a topological stred¢sthe weakest.
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