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Abstract. In this paper the Green’s function method for the free vibration problem of non-
uniform Bernoulli-Euler beams is presented. To find the Green’s function of the fourth 
order differential operator, occurring at the beam’s equation of motion, the power series 
method is proposed.  

Introduction 

The approximate approach for the vibration problem of non-uniform Bernoulli 
Euler beams was presented in [1, 2]. The authors of these publications used the 
Rayleigh-Ritz method for beams with a polynomial cross section and moment of 
inertia with additional discrete elements [1] and for different boundary conditions 
[6]. An analytical solution of the free vibration problems of the non-uniform beams 
can only be found for some special types of the beams. The closed form solutions 
of the free vibration problem for second and fourth order polynomial parameters 
characterizing beams have been found in [3, 4]. The Green’s function method was 
presented in papers [4-6]. 

1. Formulation and solution of the problem  

Let’s consider a non-uniform beam length L with cross section area A(x) and 
moment of inertia I(x) carrying any number of discrete elements.  

 

 

 

 

Fig. 1. A sketch of a non-uniform beam 
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According to the Bernoulli-Euler theory the following equation governs a free 
vibration of the beam with attached discrete elements (springs, masses, oscillators) 
[5]: 
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where Y  is the function of deflection, ρ is the mass density of the beam material, E 
is the modulus of elasticity and the form of operator F depends on the nature of the 
attached discrete systems. Function Y satisfies homogeneous boundary conditions  
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Natural frequencies of the beam are harmonic( ) ( ), i tY x t Y x e ω= , therefore 

equations (1) and (2) may be written in the form: 
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By introducing non-dimensional coordinates and values: 
x
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ρ ωΩ = , where ω is the natural vibration of the beam, we obtain equations 

(3)-(4) in the form: 
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The solution to this problem (5)-(6) can be obtained with the use of the Green’s 
function method and properties of the Green’s function. If the Green’s function of 

the linear differential operator ( ) ( )
2 2
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L  is known, the 

solution to the problem (5)-(6) may be written as follows: 
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Equation (7) is used in the analysis of the vibration of the beam. It yields to the 
frequency equation which is solved numerically with respect to the eigenfrequen-
cies. The eigenfunctions corresponding to the eigenfrequencies are derived by us-
ing equation (7). 

2. Green’s function of the fourth order differential operator  

Let’s consider the following operator [4]: 
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The Green’s function of this operator (8) satisfies the equation: 

 ( ) ( ),G ξ ζ δ ξ ζ  = − L   (9) 

where δ is the Dirac delta function. Function G has the form: 
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H is a unit step function, G0 and G1 are solutions to a homogeneous equation  

 ( ), 0G ξ ζ  = L   (11) 

G1 also satisfies the following conditions: 
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where , ,
0

r

i r i j r i j
j

r
P p v

j + −
=

 
=  

 
∑ , i = 1, 2, 3. We may write this equation (13) as follows: 
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From (14) we can determinate values of unknown coefficients vr+4 (r = 0, 1, 2,...) 
by means of factors v0, v1, v2, v3: 
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Equation (11) has four linear independent solutions: 
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To find them we must assume that functions Vk
* satisfy conditons: 
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where δk,i+1 is the Kronecker delta function. Because of 
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write (17) in the form  
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With the use of formula (18) and equation (14) other coefficients of function Vk
* are 

calculated: 
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Finally, a general solution to the homogeneous equation ( ) 0V ξ  = L  has the 

form: 
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where *
,k rv   are expressed by (18) and (19). 
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To calculate a particular solution ( ) ( )1 ,G Hξ ζ ξ ζ−  to equation (9) it´s neces-

sary to have in mind condition (12) where  ( ) 3,
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obtain the function G1(ξ,ζ) as follows: 
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In result, the Green’s function G(ξ,ζ) of the differential operator L can be pre-
sented in the form:  
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Unknown constants Ck are calculated with the use of boundary conditions (6). 
For example, the system of equations  

 ( ) ( )
4

2*

1

0 0i
k k

k

C V +

=
=∑ ,   

( )
( )

( ) ( )
4

2*

1 3

1
1 0

k

ik
k k

k

W
C V

p Wζ
+

=

 −
 + =
  

∑     i = 0, 1  (23) 

gives the coefficients for a free-free beam: 
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For a clamped-free beam the boundary conditions are as follows: 
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and the coefficients Ck are: 
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Introduced functions and values occuring in (24), (26) are given as: 
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and denominators M, N: 
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Conclusions  

The presented solution for the free vibration problem may be used for numerical 
calculations. The presented method may be used to analyze stepped non-uniform 
beams with additional discrete elements. 
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