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Abstract. This paper presents an analysis of the basicitiefia of the theory of intuitioni-
stic fuzzy sets. Some undesirable properties ofnconly used operations on intuitionistic
fuzzy values are revealed and the ways to approgeptoperties of intuitionistic fuzzy
arithmetic are proposed. The aim of the analysisgmted in the paper is to propose a set of
operations on intuitionistic fuzzy values, whicloypides non-controversial results of the
solution of multiple criteria decision making prebis in the intuitionistic fuzzy setting. The
theoretical analysis is illustrated with numerieahmples.

I ntroduction

The intuitionistic fuzzy set introduced by Atanasg1l] may be treated as
a generalization of fuzzy sets theory which cufgeig used mainly for solving
multiple criteria decision making problemMCDM) [2-8] and group decision
making problems [9-11] when the values of localecia (attributes) of alternatives
and/or their weights are intuitionistic fuzzy vadugFV).

As the so-called “intuitionistic fuzzy set theonyas independently introduced
by Takeuti and Titani [12], there are some ternvgatal difficulties in fuzzy set
theory. Dubois et al. [13] noted that “Takeuti-Tita intuitionitic fuzzy logic is
simply an extension of intuitionistic logic [14]ei, all formulas provable in the
intuitionistic logic are provable in their logicntuitionistic fuzzy set theory by
Takeuti and Titani is an absolutely legitimate aygmh, in the scope of intuitioni-
stic logic, but it has nothing to do with Atanassointuitionistic fuzzy sets.”
Therefore, to avoid a misunderstanding, in thisgpaftanassov’s intuitionistic
fuzzy sets is abbreviated AslFS. Generally, Atanassov's moded-(FS) may be
treated as a classification model subject to aatedn space with three classes and
defining certain structure [15].

The concept ofA-IFSis based on the simultaneous consideration of membe
ship # and non-membership of an element of a set in the set itself [1].

It is postulated thaO< p+v <1. A similar approach, the so-called vague sets,
proposed by Gau and Buehrer in [16] is proved toefeivalent toA-IFS (see
[17]). Since vague sets were proposed later #vadRS, in this paper, we shall
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always speak oA-IFS To make the basic definitions 8fIFS clearer and more
transparent, consider an illustrative example ffb@j.

Let E be the set of all countries with elective governteeAssume that we
now for every countryxJ E the percentage of the electorate that has votetthéor
corresponding government. Denote it Myx) and let x(x) =M (x) /100 (degree
of membership, validity, etc.). Let(x) =1-(x). This number corresponds to the
part of the electorate who has not voted for theegament. Using fuzzy set theory
alone, we cannot consider this value in more ddthilvever, if we defing/ (de-
gree of non-membership, non-validity, etc.) asrtbimber of votes given to parties
or persons outside the government, then we can shewart of electorate who
has not voted at all or has spoiled their ballats] the corresponding number will
be (x) =1- w(x) - v(x) (degree of indeterminacy, uncertainty, hesitatlegree,
etc.). Thus we can construct the sfiix, #(x).v(x))|xOE} and obviously,
O< u+v <1l ltis clear that for every ordinary fuzzy sefx) =0 for eachxOE
and these sets have the fof(x, 2/(x),1- ¢ (x))|x OE} .

As the most important applications AfIFS are decision making problems
when the values of local criteria (attributes) bémnatives and/or their weights are
IFVs, it seems quite natural that the resulting altemeadvaluation should be an
IFV as well. Therefore, appropriate operationdevis used for aggregating local
criteria should be properly defined. Obvioushthig final scores of alternatives are
IFVs, then appropriate methods for their comparison aeded to select the best
alternative.

Since there are many different operationd fevis and method$or their com-
parison and aggregation have been proposed irténatlre, the aim of this paper
is to analyze their merits and drawbacks and eixttaase which provide the re-
sults of operations olFVs and aggregation with acceptable properties.dafs to
say that currenthA-IFSis an open theory, since there are many compegfigid
tions of operations ohFVs which often lead to non-intuitive or non-accepgabl
results of the aggregation FVs.

Therefore, the rest of the paper is set out agal Section 1 presents the
basic definition ofA-IFS, the commonly used arithmetical operationdevis and
the method for their comparison. In Section 2, wavigle a critical analysis of the
operations presented in Section 2 to elicit thesadvantages and propose a com-
promising set of operations with at least satisfgctalgebraic properties and
reasonable results dFVs aggregation. The last section concludes with some
remarks.

1. Basic definitions of intuitionistic fuzzy set theory

In [1], Atanassov defined-IFSas follows.

Definition 1. Let A={x,%,....x,} be a finite universal set. An intuitioni-
stic fuzzy setA in X is an object having the following form: A =
:{<xj s Ha (%),Va (X )>‘xj DX} , Where functionsy, : X -[0,1], x OX> () [0.1]
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andv,: X - [01], x; 00X - v(x;)T[0]] define the degree of membership and
degree of nonmembership of elemeqtt] X to set ADJ X, respectively, and for
every x; X we haveO < u,(x;) +va(x;) 1.

Following [1], we call 77,(X;) =1- ta(X;) +VA(X; ) the intuitionistic index (or
the hesitation degree) of elemenin setA. It is obvious that for every; O X we
haveO<m, < 1

As we noted above)-IFSis a generalization of the standard fuzzy set. &her
fore, all the results which are typical for ordipduzzy sets theory can be trans-
formed in the framework of-IFS as well as. Moreover, any research based on
fuzzy sets can be described in term#&dfS. On the other hand, in the framework
of A-IFS, there arenot only operations similar to ordinary fuzzy sees, but also
operators that cannot be defined in the case aharg fuzzy sets.

The operations of additioh] and multiplication] on IFVs were defined by

Atanassov [19] as follows. LeA=(,,V,) and B =(ug,Vg) belFVs. Then
AUB (Ui Mg Habs:VaVs), (1)
AD B (fpllg Vi+ Vg~ VaVg) - )

These operations were constructed in such a waythbg producdFVs since
it is easy to prove tha< ), + g — Uiy VoV <1 andO0< iy fgs +V, +Vg Vg <1.
Using expressions (1) and (2), in [20] the followiaquations were obtained
for any integen=1,2,..:

MA=ADLD A {1 4L g W), A =ADD A (sl L va )

It was proved later that these operations prod&&s not only for integen,
but also for all real values >0, i.e.

AA=<1—(1—uA)@,vQ\>, 3)

A =<;/,L,1—(1—VA)‘>. (4)

Operations (1)-(4) have the following algebraicpedies [21]:
Theorem 1. Let A=(p,,V,) and B={/p,Vg) belFVsand A >0 be a real
value Then

AOB=BOA, (5)
AOB=BOA, (6)
AMAOB¥ AAl AB, (7)
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(ADBY= AD B, (8)
MAOALA A+ A)A, A,A,>0, (9)
AL O A= A2 ) >0, (10)

Operations (1)-(4) are used to aggregate locakr@itfor the solution of
MCDM problems in the intuitionistic fuzzy setting.

Let A,...,A, belFVs representing the values of local criteria amd...,w, ,

n
D w =1, be their weights.
i=1
Then the Intuitionistic Weighted Arithmetic MealW@AM) can be obtained us-
ing operations (1) and (3) as follows:

IWAM =wA Ow,A 0O...0w A, :<1— |j @= )" ,ﬁ'v}:ﬁ> (11)

This aggregating operator providdsVs and currently is the most popular in
the solution oMCDM problems in the intuitionistic fuzzy setting.

An important problem is the comparison I&fVs. This problem arises, e.qg.,
when we have to choose the best alternative irfrtreework ofMCDM and the
final scores of alternatives are presented Bys, e.g., bylWAM. Bustince and
Burillo [22] analyzed the general properties ofuitibnistic fuzzy relations and
showed that the definition of these properties duoasalways coincide with the
definition of the properties of fuzzy relations. érbfore, the specific methods
which are rather of the heuristic nature were dgyed to comparéFVs. For this
purpose, Chen and Tan [23] proposed to use thalfgdcscore function (or net
membership)S(x) = x(x) —v(X), whereX is anIFV. Let a andb be IFVs It

is intuitively appealing that i5(a) > S(b) thena should be greater (better) than
b, but if S(a) = S(b) this does not always mean thatis equal tob. Therefore,

Hong and Choi [24] in addition to the above scaracfion introduced the so-
called accuracy functiorH (x) = u(x) +v(x) and showed that the relation be-

tween functionsS and H is similar to the relation between mean and vagan
statistics. Xu [25] used functionS and H to construct order relations between
any pair of intuitionistic fuzzy values as follows:

If (S(a) > S(b)), then b is smaller than a;

If (S(a) = S(b)), then (12)
(1) If (H(a)=H (b)),then a =b;

(2) If (H(a) <H (b)) then ais smaller than b.
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Basing on these relations, Xu [25] introduced tl@cepts of intuitionistic
preference relation, consistent intuitionistic preihce relation, incomplete intui-
tionistic preference relation and acceptable im@nistic preference relation. The
method for|FVs comparison based on functiosand H seems to be intuitive-
ly obvious and this is its undeniable merit.

Since the approach described above is rather aduaigtic nature, there are
some different definitions of the score functioposed in literature. They were
presented in [26] as follows:S =y-v, S, =u-vn, S=pu-05w+rm),

S, =05(u+v)-7, § = yu+(1-y)a-v), y0[0.1].

In [26], these score functions were analyzed amdpawed, and finally the au-
thor concludes: “The observed differences amongtioee functions will motivate
further research on the question of the justifamatof the five score functions in
real-world decision-making problems. For routine lomited decision-making
problems,S is suggested to be an appropriate score funclioa.reasons provid-
ed for the superiority of this score function asef@lows: it is easily understanda-
ble, it takes little time to calculate the scorduea and it is ideal for dealing with
MCDA problems because of its high consistency”.

Therefore, in the following, we shall use the sdomection S= u —v.

2. Limitations of operationson intuitionistic fuzzy values
in context of multiple criteria decision making problem

The problems with the above defined operationsravealed when they are
used with order relation (12). Hence addition Eljot an addition invariant opera-
tion. To show this, consider the following example:

Example 1. Let A=(0503), B=(0401) and C=(0101). Since
S(A) = 0.2 and S(B) = 0.3 then according to (12) we hawke<B. On the other
hand, ADC =( 055003, BOC=( 046001), S(ADC) = 0.52, S(BOC ) =
=0.45 and fromS(AOC p»S(BOC) we getADC>BOC.

It is worth noting that these undesirable propsrtarrently cannot be elimi-
nated as there are no other definition$Fdfs sum and ordering proposed in litera-
ture.

Another undesirable property of ordering (12) iatth is not preserved under
the multiplication by a scalaA < B does not necessarily implj§A< B, 1>0.
To illustrate this, consider the following example.

Example 2. Let A=(0504),B=(0403) and A= 05 Then S A )=S(B) =
=0.1,

H(A)=0.9,H B8)=0.7 and from (12) we geA > B. Using (3) we obtain
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AA=(0.29280.632) , 1B =(0.2250.5477 , S(AA)=-0.3396,S(1B ) -0.3227.
Since S(AA) < S(AB) we getAA<AB.

In [27], with the use of the Lukasiewitzonorm and-norm, the following ex-
pression was inferred:

A= (M 1-A1-v,)),A0[0]]. (13)

It is easy to prove that the use of (13) guaranteaisforlFVs Aand B the in-
equalityA<B alwaysimplies AA</AB (A0[01] ), but unfortunately, properties (7)

and (9) with operation (13) do not hold.
An important problem with aggregation operation)(¥lthat it is not consistent
with the aggregation operation on ordinary fuzzag $&heny =1-v). This can be

easily seen from the following example.

Example 3. Let A=( 095001) and B=(0.106), w =w, = 05.Then in the
framework of ordinary fuzzy sets we get the Ordynéfeighted Arithmetic Mean
OWAM =wu, +W,ig = 05095+ 05 001= 0.48 and in the framework of
A-IFS from (11) we obtainlWAM =( 0780.077). We can see that the resulting

value of u obtained usingWAM is considerably greater than that obtained from

OWAM .
In [27], using the correspondirtgnorms and-conorms, the following simple
expression was inferred fdlWWAM

[WAM :<Zn:vvi,ui,iwivi>. (14)

It is easy to show that this operator is consistgtit the aggregation operation
on ordinary fuzzy sets. For Example 3 from (14) Wweam IWAM =( 0480.305).

Another problem with aggregation operation (11)hat it is not monotonic
with respect to the ordering in (12). Considerlasirative example:

Example 4. Let A=(01), B=(0504) and C=(0302). Since S(A)=-1
S(B)=01, S(C)=01and H(A) =1 H(B)=09, H(C)=05, from (12) we
obtain B>C>A. Suppose w,=w,= 05 Then from (11) we obtain
IWAM (A,C) =(0.16340.4472 , IWAM (A, B) =(0.29280.6423 . The score func-
tions of these results are as follows:S(IWAM(A,C =)0.2838,
S(IWAM (A, B)) =-0.3396. We can see theé®(IWAM (A,C)) > S(IWAM (A,B  ))

It is important that this problem does not ariseewkve use aggregation (14).

Summarizing, we can say that for the solutioM&@DM problems in the intui-
tionistic fuzzy setting, the set of operations (), (4), (13) and (14) should be
recommended as they do not provide controverssailt® Nevertheless, this set of
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operations cannot be considered as inherently steméias aggregation (14) can-
not be directly obtained from (1) and (13).

Conclusion

The aim of this paper is to present the set of atjmrs on intuitionistic fuzzy
values which provides non-controversial resultshef solution of multiple criteria
decision making problems in the intuitionistic fyzzetting. For this purpose, the
properties of commonly used operations on intuisto fuzzy values have been
analyzed and some of their undesirable properte® wevealed. The ways to ap-
prove the properties of intuitionistic fuzzy aritbtic are proposed. Finally, the set
of operations providing non-controversial resultsaving multiple criteria deci-
sion making problems in the intuitionistic fuzz\tts®y is proposed. The analysis is
illustrated with numerical examples throughout plaper.
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