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Abstract. In this paper we show that among the idempotemhetes of a generalised in-
verse semigroup isomorphic to a pseudogroup oftoamations on a topological space, is
the largest element. We also show how to obtairsthallest element in some inverse semi-
groups.

Introduction

The notion of a pseudogroup was formed progressiegiether with the devel-
opment of differential geometry. The first matheicians who realized the classic
notion of a group of transformations was not sigfit for the purposes of differ-
ential geometry were O. Veblen and J.H.C. Whitehigati932. Their definition
was improved by J.A. Schouten and J. Haantjes 87V 19$. Gaib in 1939 and
C. Ehresmann in 1947. Gd¥s and Ehresmann’s definitions are good enoudieto
used at present. It was shown in [1] that the agiofmEhresmann’s definition can
be formulated in the equivalent way which simpppiyofs. We used this definition
in [2] to show that a group of transformation cantteated as a pseudogroup.

Main result

Let us recall the following version of Ehresmandéfinition which is used in
differential geometry and can be found in [3].

Definition 1. A pseudogroup of transformations on a topologspdcesS is
a setl” of transformations satisfying the following axioms:
1° Each f [[ is a homeomorphism of an open seSainto another open set of,

2° If f I , then the restriction off to an arbitrary open subset of the domain of
fisinT;
3° Let U= Y U; whereeachy, is an open set o8. A homeomorphisnf of

i

U onto an open set ofS belongs tol" if the restriction off toy; isin [ for
everyi;
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4° For every open sdfl of S, the identity transformation df isin T;
5° If fO ,thenf T ;
6° If fI is a homeomorphism & ontoV and g is a homeomorphism
of Y onto Z and if VnY is non-empty, then the homeomorphigro f of
fVnY)ontog(VnY)isinT.

We will also use the following definition introdudén [1].
Definition 2. A non-empty sef of functions, for which domainp; are arbi-

trary non-empty sets, will be called a pseudogrofifunctions if it satisfies the
following conditions

1° f(Df)ngiﬂ =gof for f,g ,

2° 70 for £,
3 ur'm for r'o(r)
where
(My={0 zr'0 : YT isafunction ancU(F')_l is a functior}
and
(ry"={t*: o}

and f™ denotes an inverse relation.

It was shown in [1] that if is a pseudogrup, thenf%]{ D,.{D::

f DF} D{D}) is a topological space and is an Ehresmanpseudogrup of
transformations on this topological space. On thewhand, ifl" is an Ehresmann
pseudogroup of transformations on a topologicatsf®, then ™ is a pseudogrup
of functions.

We will use the following definition which we camd in [4].

Definition 3. We will say thatl™ is a Schouten-Haantjes pseudogroup if it satisfies
the following axioms:

1° If fOr , g and gof is defined thergof OT,

2° If f@I and f*isdefined thenf *T .
We will need the following definition which was iotduced in [5].

Definition 4. A generalized inverse semigroup is a partial groid (B, ¢) satis-
fying the following axioms:
1° as(be 9= (a2 b ¢
holds when one of the sides is defined:;
2° For everyal B there exists exactly ortel1 B such that
ae (b &= aandbe @ byr b
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We will also need for the elements of a generalinegrse semigrougdB, *)
the following definitions and denotations which wentroduced in [5]. We will
write ab insted ofae« b. For everyad B only onebB from2° of Definition 4
will be denoted bya' and called a generalised inverse elemerd of'a will be
called a right identity ofa and aa' a left identity ofa. It is obvious thata will
then be a generalised inverse elemenéiof a'a will be a left identity ofa’ and
aa' a right identity ofa. If a is a right and left identity for all the elemenfsB,
we say thata is an identity. We will say thaa 0B is an idempotent element
when aa= a. It was shown in [5] thalh=a' for an idempotent elemera so it
means that its generalised inverse element, rigttlaft identity are all equal to
a. It was also shown that the following relation

as<b < ba a= g, (2)

is a partial order in a generalized inverse semigrdo prove it, we used a lemma
saying that ifa, b are idempotent elements, operatanis commutative.

It was proved in [6] that we can obtain an invessmigroup from every gener-
alised inverse semigroyp, ¢) joining an elementO 0B. Then (B D{O} 0 is

a semigroup where operatidnis defined in the following way

allb= ab when operatiorabis defined (2)

O in the other case (3)

We will also use the theorem which was proved ihgiTd says that if is a
pseudogroup of transformations on a topologicatsg@ then " is a generalised
inverse semigroup with identity. Of course we caplace a pseudogroup of trans-
formations by a pseudogroup of functions and treotém will be true. It was
shown in [7] that even a Schouten-Haantjes psewdpgis a generalized inverse
semigroup. As the definition of Schouten-Haantgsniore general, we can also
say that a pseudogroup of functions is a generhlireerse semigroup. It was also
proved in [8] that every generalised inverse seouigris isomorphic to a Schou-
ten-Haantjes pseudogroup.

Now we will formulate the problems. In which gerlesad inverse semigroups
does the largest element among the idempotent atsnegist? In which general-
ised inverse semigroups does the smallest elememigthe idempotent elements
exist? We can formulate the following theorems.

Theorem 1. When (B, ) is a generalised inverse semigroup isomorphic to

a pseudogroup of transformations on a topologiqahce, then there exists the
largest element in the set of idempotent elemdntB,o) .

Proof. As we noticed above(B, ¢) will be a generalised inverse semigroup with

an identity. Let us denote this identity lay Let a be an idempotent element. As
€ is an identity, so the equality holds
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ae=ea= ¢ (4)

Of course,e is its generalised inverse element, right anditifhtity simulta-
neously. Asa is an idempotent element, it is also its genezdlinverse element,
right and left identity simultaneously. To showttlze< e, we need the equality

ea'a= a (5)
but it holds becausa'= a andaa= a. That is required.

Theorem 2. When (B, ¢) is a generalised inverse semigroup, then thestsettie
smallest element in the semigroup [(]{O} ,0) obtained from(B, ¢) in the way

shown earlier.
Proof. An inverse semigroup is also a generalised invessmligroup so

(B D{O} ,0 is also a generalised inverse semigroup. We casider the relation
of a partial ordem defined as earlier

apb- bd(dl & s (6)
Of course, elemend will be the smallest element because the equaditgs
bD(O] O): Oand O=0' @)

forall bOB {G . Thatis required.

Conclusions

Of course we can replace a pseudogroup of transtans with a pseudogroup
of functions and theorem 1 will be true. Eleméhtis an idempotent element so it
is the smallest among them but it is also the swaakhmong all the elements of

BO{C}.
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