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Abstract. The Laplace equation (2D problem) supplemented dynbary conditions is
analyzed. To estimate the changes of temperatutieeiD domain due to the change of
local geometry of the boundary, the implicit methafdsensitivity analysis is used. In the
final part of the paper, the example of numerigahputations is shown.

Introduction

To estimate the changes of temperature in a 2D ohoduee to the change of lo-
cal geometry of the boundary, the methods of seitgitanalysis can be applied
[1-5]. There are two basic approaches to sengitaitalysis using boundary ele-
ment formulation: the continuous approach and tkeretized one [6]. In the con-
tinuous approach (explicit differentiation methottje analytical expressions for
sensitivities are derived and then they are caledlaumerically using the BEM.
They have the form of boundary integrals with iméegls that depend only on the
variables of the primary as well as additional peats. The implicit differentiation
method, which belongs to the discretized approachased on the differentiation
of algebraic boundary element matrix equations. déevatives of boundary ele-
ment system matrices can be calculated either &relly or semi-analytically. In
the paper the implicit differentiation method ohsgivity analysis for a steady
state problem is presented

poym oa LT, OTy) (1)
0x oy

where A [W/(mK)] is the thermal conductivityT is the temperature and y
are the geometrical co-ordinates. Equation (1upmpkemented by boundary condi-
tions
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whereT, is the known boundary temperatugg,is the known boundary heat flux,
a [W/(m?K)] is the heat transfer coefficient afid is the ambient temperature.

1. Boundary element method for Laplace equation

The boundary integral equation for the problem dbed by equations (1), (2)
is the following [7, 8]

EnT : En JEOD [TEQ, xy)akynd =

] ©)
[a”&n x v T x(y, 0d

where B(§,n)C (0,1)is the coefficient connected with the local shagethe

boundary, &,n) is the observation poing(x,y)=-A nOT(x,y), TN x.y)is
the fundamental solution

o =1t
T (EJ’],X’Y)— 21T)\|nr (4)

wherer is the distance between poinggy) and &.y)

r=Jx-92+(y-n)? (5)
Functiong”(¢,n,x,y)is defined as follows:
g"En.x,y)=-A nMTEn x.y) (6)
and it can be calculated analytically
d
2mr?

q'En.xy)= @)

where
d=(x=gn,+(y-nn, (8)

while n, n, are the directional cosines of normal outward vegto
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2. Numerical realization of boundary element method
In numerical realization of the BEM, the boundasydivided intoN boundary

elements and integrals appearing in equation (@)sabstituted by the sums of
integrals over these elements

N
BE.NITE N+ D, [aCyT € n, xy)a | =

i=lr,
N (9)
DT xyd G xy ),
izlrj
For linear boundary elemenhy, it is assumed that
T(6) =N_T) +N,T/
(x O "o J. (10)
q(6) = Nyd, + N,
where
1-06 1+06
sz—2 . N, == (11)

are the shape function§0f 1,1] and (x-p,y]-p), (x:-< ,y'j‘)are the co-ordinates of

the beginning and end of elemént
The integrals appearing in equation (9) can beevriin the form of [7, 8]

[T N xy) atoy)d = Gha)+ Gig (12)
rj
and
[’ &N y) Ty)d = AT+ HET (13)
T
where
GP =|—;inTD(E‘ N NpXP+ N X NyP + N, y*)dd (14)

[ 1 S
Gy = | NGTHE ' NP + NoX Ny P + N,y ) (15)
-1
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and
Hir} :_éj qu(El ’nl , Npo + Nka,prP + Nkyk )CB (16)
[ 1 o
= ] NG(E ' N+ NN y? + Ny o (17)
-1
where
1= O =X + (¥ —yP)? = J1])% +())? (18)

is the length of element,.
Taking into account dependencies (4), (7), one has

ij: le—de (19)
i
| 1
._:_j n_de (20)
AT\
and
N T S LS
HP =— [N.2Y _Y X498 21
e L (21)
. 13 rid =il
k -+ XYy YX
Hij_4n_lek 2 de, (22)
where

= JINX? + N xE = 8)2 +(NyP +N,ys —n)2 =\J(r))2 +(r))%. (29)

It should be pointed out that i§;(;) is the beginning of boundary elemdt
this means&,n;) = (x",y,") then

@-2inl) - _la-2i)

— —gk —
P = HE =HE = ¢, (24)

' gAY 8T\

while if (&;,n)) is the end of boundary elemédnt (,n;) = (x*, y;) then
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| 1-2Inl, I (3— 2Inl, ~ «
P _ @ 2nl;) '), G~ 13- 2in;) ), HP =H =C (25)
. 8mA : 81T\ .

As is well known, in the final system of algebraiguations, the values of tem-
peratures or heat fluxes are connected with thendtemy nodes. If the following
numeration of boundary nodes 1, 2, ... Ris accepted, then foe1, 2, ...,Rone
obtains the system of equations (c.f. equation (9))

R R

BT, +>.G,q =) H,T,, (26)

r=1 r=1

where for single node being the end of boundary elemédntand being the
beginning of boundary elemelit, (Fig. 1) we have
G :Gikj +GL, H,, :HAikj +HAipj+11 (27)

while for double node, r +1

_ ~k _
o G"k Gra =G (28)
Hii =H{j, Hin = Hipj+l
r-1 r
Fig. 1. Single and double nodes
The system of equations (26) can be written irfone of
R R
>.G,q =Y H,T, i=12.R (29)
=1 r=1
or
Gg=HT (30)
where

{I—]” i 21
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It should be pointed out that it is convenient &bcalate valuesd;; using the
formula

R
Hi=-> H,, i=12.R. (32)
e
Taking into account boundary conditions (2), syst#raquations (30) should be
rebuilt to the formAY =F. The solution of this system allows one to deteenthe
“missing” boundary temperatures and heat fluxesxtN#he temperatures in an
optional set of internal nodes can be calculatgthuisrmula

R R
Ti =2Hi rTr _ZGirqr . (33)
r=1 r=1

3. Implicit differentiation method of shape sensitivity analysis

We assume thdtis the shape parameter, this melmrsrresponds to theory
coordinate of one of the boundary nodes. The intalifferentiation method [6, 3]
starts with the algebraic system of equations (BB& differentiation of (30) with
respect td leads to the following system of equations

DG ,.Da _DH_ ., DT

—_— = — 34
Db? “Db Db Db (34)
or
GW:HU+%T—Eq (35)
Db Db
where
u=PT =Pa (36)
Db Db
The differentiation of boundary conditions (2) give
DT,
x, )T ,: =—1b
xy)I 4 Db
Dq,_
x,yir ,: W= ——= 0 37
xyI , Db (37)
Dg = DT
CNT st 5% by

Therefore, this approach of shape sensitivity aislis connected with the dif-
ferentiation of elements of matric&andH.
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Taking into account dependencies (19), (20), orse ha

and

where

and

where

OHP _ 1t |afonl,;, 0y 9y, joli]|_
ob  4m’ P|r? S

0G"
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ij ]

-1 I I
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ob .| *aob Y ob

J

alx — a k p aIy - a kK _\,P
o =350 ) gp =50 )
0 1 1 0
—|Ih=|=-=21
ab| 1, . 0b
ai i rjarxl rla_ryj
ob ;| *ab ¥ ab
or, - N ax,P+ k Xj 9§
db P ob ob 0db
i p k
ary :Npayl +Nk yl _anl
db ob b ob

(38)

(39)

(40)

(41)

(42)

(43)
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(44)

In the case when shape paraméteorresponds to nodé&(n;) = (x*, y;*) or to
node &, n) = (x*, ¥, then formulas (24), (25) should be differentiteith re-
spect tab.

The way of creating matricéss;, /0b andoH; , /0b is similar to matrice&;;, and
H;: (c.f. equations (27), (28)) and when, for example,x;, where &, ;) is a sin-
gle boundary node, the non-zero elements of thestiams appear in columns
r—21,r,r+1 andin row.

Additionally (c.f. equation (32))

b = ob’

r#i

i=12,.R (45)

After solving the system of equations (35), theueal of functiorlJ at optional
internal points can be calculated using formula

= = & aHir = aGir
U :ZHirUr _ZGir\Nr +Z ab T, _Z ab " (46)
r=1 r=1 r=1 =1

It should be pointed out that using Taylor expamnsio
T(x,y,b+Ab)=T(x,y,b)+U (x,y b)Ab
T(Xy,b—Ab)=T(x,y,b)-U (x,y b)Ab

(47)

one has
AT(XY)=T(X,y,b+Ab)-T(x,y,b-2b)=2J X,y b)b (48)

whereAb is the perturbation of parameter Hence, on the basis of formula (48)
the change of temperature due to the change ofmgdesb can be estimated.
4. Example of computations

A square of dimensions 0.88.05 m has been considered. Thermal conductivi-

ty equalsih = 1 W/(mK). On the bottom boundary, Neumann cooditg, =
=-1d W/’ has been assumed, on the remaining parts of thedaoy Dirichlet
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condition T, = 600°C has been accepted. The boundary has beeedlinto 8
linear boundary elements (Fig. 2) and 10 boundades have been distinguished
(two double boundary nodes).

ylr
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° °
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11 12
o o
104 . ) LI

1 2 3

Fig. 3. Discretization

The solution of the basic problem (equations (@)), is the following:

[ 600 | [ 10000 |
779.28 - 10000
600 -10000
600 18951.74
600 -236.43
T= : q= (49)
600 246.19
600 937.35
600 246.19
600 -236.43
| 600 | | 18951.74

For shape parametbr= xs, one hadJ,= 1.02 andJ;3= 4.67, while forb, = ys
U,=11.89 andJ,3= 29.77. Therefore, under the assumption tet 0.01 m, the
change of temperature at node 2 due to the chahgarameter; is equal to
0.02°C, while the change of temperature at nodae2td the change of parameter
b, is equal to 0.24°C (c.f. Expression (48)).
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The temperature at point 13 changes from 630.963th01 for parametds,
while for parameteb, from 630.96 to 631.26.

The temperature distribution is shown in FigureFgures 5, 6 illustrate the
distributions of sensitivity functions DT and DT/Db,, respectively.
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Fig. 4. Temperature distribution
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Fig. 5. Distribution of DT/,

Conclusion

An implicit approach of shape sensitivity analys@mupled with the boundary
element method has been discussed. Linear bouetianents have been used and
then it is possible, in a simple way, to changddbal geometry of the boundary. To
estimate the change of temperature due to therpation of a shape parameter, the
Taylor series containing the sensitivity functiastbeen applied.
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In this paper the steady state has been consibated future a similar approach
will be used for transient heat transfer.

0,05

| 129 \
0,04
A
90.5
77,
0,03 -6
64.7
E 51.7
>
0,02 4
38.8
4 9
0,01 15° o
~—
0’00 T T T T \
0,00 0,01 0,02 0,03 0,04 0,05

Fig. 6. Distribution of DT/,

References

[1] Kleiber M., Parameter Sensitivity, J. Wiley & Sdrtsl., Chichester 1997.

[2] Szopa R., Sensitivity analysis and inverse problentee thermal theory of foundry, Publ. of
Czest. Univ. of Techn., Monographs, 124, CzestochzRes.

[3] Mochnacki B., Szopa R., Application of sensitivityalysis in numerical simulation of solidifi-
cation process, [in:] J. Szajnar, Rgpst teorii i praktyki odlewniczej, PAN, Komisja Odimic-
twa 2009, 271-286.

[4] Mochnacki B., Metelski A., Identification of interhlaeat source capacity in the heterogeneous
domain, Scientific Research of the Institute of Matlatics and Computer Science 2005, 1(4),
182-187.

[5] SzopaR., Siedlecki J., Wojciechowska W., Seconeérasdnsitivity analysis of heat conduction
problems, Scientific Research of the Institute otidanatics and Computer Science 2005, 1(4),
255-263.

[6] Burczyaski T., Sensitivity analysis, optimization and inse problems, [in:] Boundary Element
Advances in Solid Mechanics, Springer-Verlag, Widaw York 2004, 245-307.

[7] Brebbia C.A., Domingues J., Boundary Elements, raroductory Course, CMP, McGraw-Hill
Book Company, London 1992.

[8] Majchrzak E., Boundary element method in heat fean®ubl. of the Techn. Univ. of Czest.,
Czestochowa 2001 (in Polish).

[91 Majchrzak E., Dziewaski M., Freus S., Application of boundary elemerdtinod to shape
sensitivity analysis, Scientific Research of thetitoge of Mathematics and Computer Science
2005, 1(4), 137-146.

[10] Majchrzak E., Kataa G., Explicit and implicit approach of sensitivigpnalysis in numerical
modeling of solidification, Archives of Foundry Engering 2008, 8, 1, 187-192.



