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Abstract. M. Marshall introduced the notion of quaterniosteucture and he showed that
the categories of Witt rings and quaternionic gtregs are naturally equivalent. Quaterni-
onic structures turn out to bea useful tool foritheestigation of Witt rings, since it suffices

to handle the structure of a group. In our papershal describe precisely the one-to-one
correspondence between automorphisms of quatecngédmictures and strong the automor-
phisms of Witt rings.

Introduction

The notion of a Witt ring originated in 1937 withpaper [1] by E. Witt, then
developed slowly until the 1960s, and then rappitygressed as a consequence of
a series of significant papers [2-4] by A. Pfistdowadays, the theory of Witt
rings is an important part of bilinear algebra. ixtelligible introduction to that
field of algebra can be found for example in [5, I6]this paper we deal with the
abstract Witt rings introduced in 1970s as an agitentreatment of the subject
holding the most of original results of the thedkycomprehensive study of that
theory can be found in the book by M. Marshall [Fpgether with abstract Witt
rings, Marshall introduced the notion of quatermostructures and showed that
the categories of Witt rings and quaternionic strees are naturally equivalent.
This fact enables one to investigate a rather nsargle structure of a group
instead the structure of a ring. In our paper wadlstescribe precisely the one-to-
one correspondence between Witt rings and quatemiructures in a special
case: the correspondence between the automorploiipgaternionic structures
and strong automorphisms of Witt rings. The retwdbrem (Theorem 2.1) allows
us to describe the groups of automorphisms of quiat@c structures instead the
groups of strong automorphisms of suitable absW¥étt rings. We shall present
the application of this method in the last section.

For the convenience of the reader, we recall s@uiks from [7].

Let G be a group of exponent 2, i.a? =1 for all al0G with distinguished
element—-10G and let us denoi—a:=-1la. Let Q be the set with distinguished
elementdand letq: GxG - Q be a surjective map.
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Definition 1.1. The triplet (G,Q,q) is called aguaternionic structure if for every
a,b,c,d G mapq fulfills:

Qu: d(ab)=q(b.a)

Qy: qla—a)=#0
Qa: q(a’b)=CI(a,C) - q(a,bc):g
Q4 | Q(a,b):q(c d) then it exists suckxOG that q(a b) q(a x) and

Remark 1.2. Directly from the above definition we get the &alling consequences:
1. q(ag1) =6 (sinceq(al)=q(al), so by axionQs, q(af) =q(al)=6).

2. q(a,a)=qg(a,~1) (as above it follows fror g(a,(-1)a) = g(a,-a) = 8).

3. q(a-ab) = q(a,b) (sinceq(a,-ab?)= qla-a)=#8).

Let (G,Q,q) be an arbitrary quaternionic structur@u#dratic) form of dimen-
sion n=1 overG is ann-tuple f =(a,K ,a,), wherea K ,a,0G. The form of di-
mension 2 is calledlginary form. Form (1;-1) is called thévinary hyperbolic form.
The sum and product of forn f =(a,,K ,a,) and g =(b K ,b,) are defined as
follows:
fOg=(aK,a) 0K b,) =(a,K ,a,0.K b,)

fOg=(aK,a)0(0K b,)=(ahK ab,K ahK ab,)
Two forms of dimensiom are calledequivalent (or isometric) if:

(1) n=1, (@) d() = a=b

@n=2,  (ab)O(cd) ~ ab=cd anda(ab)=qlc.d)

(3)n>2, (a,K ,a,) O(b.K ,b,)- there exisa,b,c;K ,c,0G such that
(2K &) O(a,cK ,c,), (a,a) O(b,b) and
(b,K \b,) O(b.cs.K ,c,).

Form (La)A O(La,), wherea K ,a,0G, n>0 is calledn-fold Pfister
form. We say that fornf represents elemeial]G if there exista, K ,a,00G
such tha f 0(a,8,,K ,a,). We denote the set of all elements representédrhyf
(value set of the form f) by D(f). We have f L g= D(f)=D(g). M. Marshall
showed thabOD(1,-a) - q(a,b) =6.

For f to be a form ovelG and n>0, we denote bynx f to be the form
fOA Of (nterms). Two form$ andg are calledsimilar (or Witt equivalent),
denoted by f =g, if there exist numberk,| 0N, such that f 0 kx(1-1) 0
g 01x(1,-1). The similarity class of the fori f =(a,,K ,a,) will be denoted by

(f)=(aK .a).
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Let (G,Q,q) be a quaternionic structure and Wétbe the set all equivalence

classes of forms with respect to the similarityatiein. Thus the sum and product
of forms induce binary operations on the similaitgsses of forms. In this way
we get a commutative ring wiwW = W(G, Q,q), which we will call thewitt ring

associated to quaternionic structure (G,Q,Q)- The zero element iW(G,Q,q) is

class(1-1) of hyperbolic forms and the unit element is c/(1)s GroupG gener-
ates W(G,Q,q) additively and all axioms of the abstract Wittgidefined by
Marshall in [7] are fulfilled. M. Marshall provedhat the categories of Witt rings
and quaternionic structures are naturally equiva{eh [7, Theorem 4.5, Chap-
ter 4]).

In])this paper we shall investigate the automorphkismWitt rings and quater-
nionic structures.
Definition 1.3. A map o is called anautomorphism of quaternionic structure
(G.Q.a), which we denotes 0AW(G,Q,q), if for all abOG it fulfills
the following conditions:
1. o(-1)=-1,
2. q(a,b)=8 - qg(o(a).a(b)) = 6.
One can show (cf. [7]) that the second requireneetuivalent to the following:
d(ab)=d(c.d) = alofa).a(b)) = a(o(c). o(d)).
Lemma 14. Let (G,Q,q) be a quaternionic structure and let 0:G - G be an
automorphism of group G. Then ois an automorphism of quaternionic structure
(G.Q.q) iff the following conditions hold:
1. 0(-1)=-1
2. 0(Da))=D@o(a)) for all a0G,

Proof. It follows from the fact thabOD(1,-a) iff g(a,b)=8 for all a,b0G .

Definition 1.5. Let W be a Witt ring. We say thatis a &trong) automor phism of
Witt ring Wif ¢(G)=G.

One can notice that we consider only such autonemph of ringW, which
preserves the dimension of forms (or automorphismpping one-dimensional
forms to one-dimensional forms).

1. Main theorem

Theorem 2.1. Let (G,Q,q) be a quaternionic structure and W =W (G,Q,q)
associated Wtt ring. Then:
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1. Every automorphism o of (G,Q, Q) induces a unique strong automor phism ¢ of
Witt ring W(G,Q,q) , such that g(a) = ¢(a) for all alG.
2. Aut(G,Q,q) C Aut(W).

Proof. 1. Let W be the set of all similarity classes of forms ower For
o OAut(G,Q,q) we define maj¢:W - W as follows:

#l(a K .a,))=(ofa)K .o(a,)).

We shall prove thap is a group isomorphism betwe Aut(W) and Aut(G,Q,q).

First notice that ¢ is well-defined. Induction onn. Assume that
(a,K ,a,)O(b.K,b,) For n=1 we have (a)O(h)< a=b, hence
o(a)=o(b) Let n=2 Then by the definition of the equivalence of forme
have (a,a,)0(b,b,) - aa, =bb, and q(a,a,)=q(b,b,). It follows that
o(aa,)=a(bb,) and therqg(o(a ), o(a,)) = a(o(b,). o(b, )). Next, using the proper-
ties of owe geta(a)o(a,) = (b )o(b,). hence(o(a,) ofa,)) O (o(h) o (b))

Assume that the hypothesis holds n-1. Using equivalenc(a K ,a,)0
(b,K ,b,) it follows that there exist suca,b,c,K ,c,0G, that (a,a) O(b.b),
(a,,K ,a,)0(a,c5K ,c,) and (b,.K ,b,)O(b,c;K ,c,). Next by the above proof
for n=2 we have (o(a) o(a)) O(c(b),o(b)). Using induction we obtain
(o(a2)K ,o(a,)) O (ofa) ofes) K L o(c,)) and

(o(b.)K .0(0,)) O (a(b) oles) K, olc,)-

Using again the equivalence of forms we (o(a,)K ,o(a,))0(c(b)K ,a(b,)),
which means that the map is well-defined on egeiviaforms.

Now notice that the image of hyperbolic form isygpérbolic form. In fact, we
have #((1-1K 1-1))= (0(1),o(-1)K ,o(1)o(-1))) = (1-1K 1-1).

Let (&K ,a,)=(b.,K ,b,). Then using the definition of similarity of formsew
can assume, tha f =(a,K,a, 1-1K 1-1), g=(b.K b, 1-1K 1-1) and
fCg

Then #((f))=#((a K a, 1-1K 1-1))=(o(a)K ,o(a,)1-1K 1-1) and
#((9))=#((0.K b, 2-1K 1-1))= (o(b)K ,olb,) 1-1K 1-1),
hence by the fact that is well-defined on the equivalence classes of foamd on
the similarity classes of hyperbolic forms we ¢(< f )) = ¢(<g>)
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Let f =(a.K ,a,) andg = (b.K ,b,). We have

¢(< )0 < >) (<a1K an>D<blK b >) (<a1K anblK,bm>):
) = (o(a)K ,o(a,) 0 (o(b)K ofb,) =

=(o(a)K .o(a,).olb)K ,olo,

= ¢((a K an)w(blK b)) = ¢(())0 ¢((g)) and

#((f)0(9))= #l(a.K .a,) 0 (0K .b,))= #((ab.K .ab,K .ab.K .ab,)=
=(ofab)K .o(ab,)K .olab)K ofab,)) =

=(o(a)olo,)K ,o(a)olb,)K ()(bl) o(a,)olb,)) =

=(o(a)K ,o(a,)) 0 (o) K ,olb,) = ¢(( 1)) 0 ¢((g),
thereforeg is a ring homomorphism.
We define majy:w — W by g((a, K ,an>):=<a‘1(a1),K ,a‘l(an)>.
Then
wop)(ak .a))=¢(ola)k ofa))= (o (ola)K .o ola,) =
=(a1,K ,an>, henceg¢ is a bijection, which means it is a ring automasph

Moreover from the definition of it follows, that #(G)=G | thus ¢ is a strong
automorphism of Witt ringyV.
2. Define map ®:Aut(G,Q,q) -~ Aut(W) like this: ®(o)=¢,, where
8, (K a,)=(o(a)K ,ofa,), for everyo 0 A(G,Q.0).

Let 9,0 AU(G,Q,0) . we shall show the®(g 0p) = d(c) 0®(p).
In fact, we have

8,00, (8K 1)) = 4,8, (8K .a,)))= 4, ((ola) K , ola,)=
=(a(pla))K ,o(ola,) = (o op)a)k (T 0p)a,) = bo (@K a,)),

thus® is a group homomaorphism.
Let ¢ be an automorphism of Witt rirw(G,Q,q), i.e. ¢(G)=G and letobe

the restriction ofg to groupG. We shall show thatr is an automorphism of
quaternionic structure, i.e q(a,b)=6 « q(o(a).o(b))=6 for all abOG.
Notice, thatd = q(a,b) = g(1,ab) (see Remark 1.2), hence by the definition of the
equivalence of binary forms we ¢(a,b) O(1ab). Sinceg is an automorphism of

a Witt ring, thus¢((a,b)) = ¢((1 ab)). We have
#l(ab))=g((a))0 ¢((b)=(o(a)) O {o(b)
and ol =al(D)0g(ab)= (1 O ofeb)

{o(a).o(b))
(Lo (ab))
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Therefore forms (g(a),o(b)) and (1,o(ab)) are equivalent and consequently

o(o(a).o(b)) = oft.o(ab)) = 6.
Finally routine calculation shows, thker® :{idAut(G,Q'q)}, which means that

@ is a bijectiorns

2. Application

The best examples are often the simplest ones.hale mesent some applica-
tions of our theorem in simple cases.
1. Let us consider the smallest Witt rivg 00 Z/2Z. Then grougG is trivial, so
identity is the only automorphism.
2. There are 3 non-isomorphic Witt rings with the talement groups, namely

W, 0Z, W, 0Z/4Z andW; O0Z/2Z [C;]. By the definition of the automorphism
of quaternionic structure it follows theAut(G,Q,q)={ids} for all W,
1<i<3,
3. LetW, 0Z/4Z [C] andW, 0Z/2Z[C,], so-called Witt rings of the local type.
The quaternionic structures associated to Witt sivg, i1=12 are triplets
(G,Q.a), whereG, ={1-1,x-% (-1#21inGy), G, ={Lx,y,xy} (-1=1inG,)
and|Q|=2, sayQ ={1,7 and mapsj are defined as follows:

gu | 1 [-1] x | X | 1| X]|y]|Xxy
11606666 116, 6]6]| 6
-1/0 | 06]|z]|z X| 0|06z ¢z
X |0 |z| z|®86 y| | 08|z |06]|z
x| 0 |z|0]|z XYy| 0| z|z| 6

One can calculate thi Aut(G,,Q,,q,) ={ids,o}, wherea is such an automor-

phism of (G,,Q,,q,) that o(x) =-x and Aut(G,,Q,,q,) 0 Aut(G).

More examples of groups of automorphisms of Witgs described with the
use of their one-to-one correspondence to groupsutfmorphisms of quaterni-
onic structures can be found in [8], [9] and [10].
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