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Abstract. M. Marshall introduced the notion of quaternionic structure and he showed that 
the categories of Witt rings and quaternionic structures are naturally equivalent. Quaterni-
onic structures turn out to bea useful tool for the investigation of Witt rings, since it suffices 
to handle the structure of a group. In our paper we shall describe precisely the one-to-one 
correspondence between automorphisms of quaternionic structures and strong the automor-
phisms of Witt rings. 

Introduction  

The notion of a Witt ring originated in 1937 with a paper [1] by E. Witt, then 
developed slowly until the 1960s, and then rapidly progressed as a consequence of 
a series of significant papers [2-4] by A. Pfister. Nowadays, the theory of Witt 
rings is an important part of bilinear algebra. An intelligible introduction to that 
field of algebra can be found for example in [5, 6]. In this paper we deal with the 
abstract Witt rings introduced in 1970s as an axiomatic treatment of the subject 
holding the most of original results of the theory. A comprehensive study of that 
theory can be found in the book by M. Marshall [7]. Together with abstract Witt 
rings, Marshall introduced the notion of quaternionic structures and showed that 
the categories of Witt rings and quaternionic structures are naturally equivalent. 
This fact enables one to investigate a rather more simple structure of a group  
instead the structure of a ring. In our paper we shall describe precisely the one-to-
one correspondence between Witt rings and quaternionic structures in a special 
case: the correspondence between the automorphisms of quaternionic structures 
and strong automorphisms of Witt rings. The result theorem (Theorem 2.1) allows 
us to describe the groups of automorphisms of quaternionic structures instead the 
groups of strong automorphisms of suitable abstract Witt rings. We shall present 
the application of this method in the last section. 

For the convenience of the reader, we recall some facts from [7]. 

Let G be a group of exponent 2, i.e. 12 =a  for all Ga ∈  with distinguished  
element G∈−1  and let us denote aa ⋅−=− 1: . Let Q be the set with distinguished 
element θ and let QGGq →×:  be a surjective map.  
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Definition 1.1. The triplet ( )qQG ,,  is called a quaternionic structure if for every 

Gdcba ∈,,,  map q fulfills: 

Q1: ( ) ( )abqbaq ,, =  

Q2: ( ) θ=−aaq ,  

Q3: ( ) ( ) ( ) θ=⇔= bcaqcaqbaq ,,,  
Q4: If ( ) ( )dcqbaq ,, = , then it exists such Gx ∈  that ( ) ( )xaqbaq ,, =  and 

( ) ( )xcqdcq ,, = . 
 

Remark 1.2. Directly from the above definition we get the following consequences: 

1. ( ) θ=1,aq  (since ( ) ( )1,1, aqaq = , so by axiom Q3, ( ) ( ) θ== 1,1, 2 aqaq ). 

2. ( ) ( )1,, −= aqaaq  (as above it follows from ( )( ) ( ) θ=−=− aaqaaq ,1, ). 

3. ( ) ( )baqabaq ,, =−  (since ( ) ( ) θ=−=− aaqabaq ,, 2 ). 

Let ( )qQG ,,  be an arbitrary quaternionic structure. (Quadratic) form of dimen-

sion 1≥n  over G is an n-tuple ( )naaf ,,1 Κ= , where .,,1 Gaa n ∈Κ  The form of di-

mension 2 is called a binary form. Form (1,−1) is called the binary hyperbolic form.  
The sum and product of forms ( )naaf ,,1 Κ=  and ( )mbbg ,,1 Κ=  are defined as 

follows: 
=⊕ gf ( )naa ,,1 Κ ( )mbb ,,1 Κ⊕ ( )mn bbaa ,,,,, 11 ΚΚ=  
=⊗ gf ( )naa ,,1 Κ ( )mbb ,,1 Κ⊗ ( ).ba,,ba,,ba,,ba mnnm ΚΚΚ 1111=  

Two forms of dimension n are called equivalent (or isometric) if: 

(1) 1=n , ( ) ( )ba ≅ ba =⇔  

(2) 2=n , ( ) ( )dcba ,, ≅ cdab =⇔  and ( ) ( )dcqbaq ,, =  
(3) 2>n ,  ( )naa ,,1 Κ ( )nbb ,,1 Κ≅ ⇔  there exist Gccba n ∈,,, 3Κ  such that  

  ( )naa ,,2 Κ ( )ncca ,,, 3 Κ≅ , ( ) ( )bbaa ,, 11 ≅  and 

  ( )nbb ,,2 Κ ( )nccb ,,, 3 Κ≅ . 
Form ( ) ( )naa ,1,1 1 ⊗⊗Λ , where Gaa n ∈,,1 Κ , 0>n  is called n-fold Pfister 

form. We say that form f represents element Ga ∈  if there exist Gaa n ∈,,2 Κ  

such that ( )naaaf ,,, 2 Κ≅ . We denote the set of all elements represented by form f 
(value set of the form f) by ( )fD . We have ⇒≅ gf ( ) ( )gDfD = . M. Marshall 

showed that ( ) ⇔−∈ aDb ,1 .b,aq θ=)(  

For f to be a form over G and 0>n , we denote by fn ×  to be the form 

ff ⊕⊕ Λ  (n terms). Two forms f and g are called similar (or Witt equivalent), 

denoted by ,gf ≈  if there exist numbers ∈lk, N, such that ( ) ≅−×⊕ 1,1kf  

( )1,1−×⊕ lg . The similarity class of the form ( )naaf ,,1 Κ=  will be denoted by 

naaf ,,1 Κ= . 
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Let ( )qQG ,,  be a quaternionic structure and let W be the set all equivalence 

classes of forms with respect to the similarity relation. Thus the sum and product 
of forms induce binary operations on the similarity classes of forms. In this way 
we get a commutative ring with ( , , ),=W W G Q q  which we will call the Witt ring  

associated to quaternionic structure ( ).,, qQG  The zero element in ),,( qQGW is 

class 1,1−  of hyperbolic forms and the unit element is class 1 .  Group G gener-

ates ),,( qQGW  additively and all axioms of the abstract Witt ring defined by 

Marshall in [7] are fulfilled. M. Marshall proved that the categories of Witt rings 
and quaternionic structures are naturally equivalent (cf. [7, Theorem 4.5, Chap-
ter 4]).  

In this paper we shall investigate the automorphisms of Witt rings and quater-
nionic structures. 
 

Definition 1.3. A map σ is called an automorphism of quaternionic structure 
( )qQG ,, , which we denote ),,( qQGAut∈σ , if for all Gba ∈,  it fulfills  

the following conditions: 
1. ( ) 11 −=−σ , 

2. ( ) ( ) ( )( ) θσσθ =⇔= baqbaq ,, . 
 

One can show (cf. [7]) that the second requirement is equivalent to the following: 
( ) ( ) ( ) ( )( ) ( ) ( )( )dcqbaqdcqbaq σσσσ ,,,, =⇔= . 

 

Lemma 1.4.  Let ( )qQG ,,  be a quaternionic structure and let GG →:σ  be an 

automorphism of  group G. Then σ is an automorphism of quaternionic structure 
( )qQG ,,  iff the following conditions hold: 

1. ,1)1( −=−σ  

2. ))(,1()),1(( aDaD σσ =  for all Ga ∈ . 
 

Proof. It follows from the fact that ( )aDb −∈ ,1  iff ( ) θ=baq ,  for all Gba ∈, . 
 

Definition 1.5. Let W be a Witt ring. We say that ϕ is a (strong) automorphism of 
Witt ring W if ( ) GG =ϕ . 
 

One can notice that we consider only such automorphisms of ring W, which 
preserves the dimension of forms (or automorphisms mapping one-dimensional 
forms to one-dimensional forms). 

1. Main theorem 

Theorem 2.1. Let ( )qQG ,,  be a quaternionic structure and ),,( qQGWW =   

associated Witt ring. Then: 
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1. Every automorphism σ of ( )qQG ,,  induces a unique strong automorphism ϕ of 

Witt ring ),,( qQGW , such that )()( aa ϕσ =  for all .Ga ∈  

2. ).(),,( WAutqQGAut ≅  
 
Proof. 1. Let W be the set of all similarity classes of forms over G. For 

),,( qQGAut∈σ  we define map WW →:ϕ  as follows: 
 

( ) ( ) ( ) .,,:,, 11 nn aaaa σσϕ ΚΚ =  
 

We shall prove that ϕ is a group isomorphism between )(WAut  and ).,,( qQGAut  

First notice that ϕ is well-defined. Induction on n. Assume that 
( ) ( ).,,,, 11 nn bbaa ΚΚ ≅  For 1=n  we have ( ) ( ) 1111 baba =⇔≅ , hence 

( ) ( ).11 ba σσ =  Let .2=n  Then by the definition of the equivalence of forms we 
have ( ) ( ) 21212121 ,, bbaabbaa =⇔≅  and ( ) ( ).,, 2121 bbqaaq =  It follows that 

( ) ( )2121 bbaa σσ =  and then ( ) ( )( ) ( ) ( )( ).,, 2121 bbqaaq σσσσ =  Next, using the proper-

ties of σ we get ( ) ( ) ( ) ( ),2121 bbaa σσσσ =  hence ( ) ( )( ) ≅21 , aa σσ ( ) ( )( )21 , bb σσ .  

Assume that the hypothesis holds for .1−n  Using equivalence ( ) ≅naa ,,1 Κ  

( )nbb ,,1 Κ  it follows that there exist such Gccba n ∈,,,, 3 Κ , that ( ) ( )bbaa ,, 11 ≅ , 

( ) ( )nn ccaaa ,,,,, 32 ΚΚ ≅  and ( ) ( )nn ccbbb ,,,,, 32 ΚΚ ≅ . Next by the above proof 

for 2=n  we have ( ) ( )( ) ( ) ( )( ).,, 11 bbaa σσσσ ≅  Using induction we obtain 

( ) ( )( ) ≅naa σσ ,,2 Κ ( ) ( ) ( )( )ncca σσσ ,,, 3 Κ  and  

( ) ( )( ) ≅nbb σσ ,,2 Κ ( ) ( ) ( )( )nccb σσσ ,,, 3 Κ .  

Using again the equivalence of forms we get ( ) ( )( ) ( ) ( )( )nn bbaa σσσσ ,,,, 11 ΚΚ ≅ , 

which means that the map is well-defined on equivalent forms. 

Now notice that the image of hyperbolic form is a hyperbolic form. In fact, we 

have ( )=−− 1,1,,1,1 Κϕ ( ) ( ) ( ) ( )( ) =−− 1,1,,1,1 σσσσ Κ .1,1,,1,1 −− Κ  

Let .,,,, 11 mn bbaa ΚΚ =  Then using the definition of similarity of forms we 

can assume, that ( )1,1,,1,1,,,1 −−= ΚΚ naaf , ( )1,1,,1,1,,,1 −−= ΚΚ mbbg  and 
.gf ≅  

Then ( )=fϕ ( ) =−− 1,1,,1,1,,,1 ΚΚ naaϕ ( ) ( ) 1,1,,1,1,,,1 −− ΚΚ naa σσ  and 

( )=gϕ ( ) =−− 1,1,,1,1,,,1 ΚΚ mbbϕ ( ) ( ) 1,1,,1,1,,,1 −− ΚΚ mbb σσ , 

hence by the fact that ϕ is well-defined on the equivalence classes of forms and on 
the similarity classes of hyperbolic forms we get ( ) ( ).gf ϕϕ =  
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Let ( )naaf ,,1 Κ=  and ( )mbbg ,,1 Κ= . We have  

( ) =⊕ gfϕ ( )=⊕ mn bbaa ,,,, 11 ΚΚϕ ( )=mn bbaa ,,,,, 11 ΚΚϕ
( ) ( ) ( ) ( ) == mn bbaa σσσσ ,,,,, 11 ΚΚ ( ) ( ) ⊕naa σσ ,,1 Κ ( ) ( ) =mbb σσ ,,1 Κ

( ) ( )=⊕= mn bbaa ,,,, 11 ΚΚ ϕϕ ( ) ( )gf ϕϕ ⊕  and 

( ) =⊗ gfϕ ( ) =⊗ mn bbaa ,,,, 11 ΚΚϕ ( )=mnnm babababa ,,,,,, 1111 ΚΚΚϕ
( ) ( ) ( ) ( ) == mnnm babababa σσσσ ,,,,,, 1111 ΚΚΚ  

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) == mnnm babababa σσσσσσσσ ,,,,,, 1111 ΚΚΚ  

( ) ( ) ⊗= naa σσ ,,1 Κ ( ) ( ) =mbb σσ ,,1 Κ ( ) ( )gf ϕϕ ⊗ , 

therefore ϕ is a ring homomorphism. 

We define map WW →:ψ  by ( ) ( ) ( ) .,,:,, 1
1

1
1 nn aaaa −−= σσψ ΚΚ  

Then 

( )( ) ( ) ( )( )== nn aaaa σσψϕψ ,,,, 11 ΚΚο ( )( ) ( )( ) =−−
naa σσσσ 1

1
1 ,,Κ

naa ,,1 Κ= , hence ϕ is a bijection, which means it is a ring automorphism.  

Moreover from the definition of ϕ it follows, that ( ) GG =ϕ , thus ϕ is a strong 
automorphism of Witt ring W. 
2. Define map )(),,(: WAutqQGAut →Φ  like this: ( ) σϕσ =Φ , where 

( ) ( ) ( )nn aaaa σσϕσ ,,:,, 11 ΚΚ = , for every ),,( qQGAut∈σ . 

Let ),,(, qQGAut∈ρσ . We shall show that ( ) ( ) ( )ρσρσ ΦΦ=Φ οο .  

In fact, we have  
( )naa ,,1 Κο ρσ ϕϕ ( )( )== naa ,,1 Κρσ ϕϕ ( ) ( )( )=naa ρρϕσ ,,1 Κ

( )( ) ( )( )naa ρσρσ ,,1 Κ= ( )( ) ( )( )naa ρσρσ οΚο ,,1= ( )naa ,,1 Κορσϕ= ,  
thus Φ is a group homomorphism. 

Let ϕ be an automorphism of Witt ring ( , , )W G Q q , i.e. ( ) GG =ϕ  and let σ be 

the restriction of ϕ to group G. We shall show that σ is an automorphism of  
quaternionic structure, i.e. ( ) ( ) ( )( ) θσσθ =⇔= baqbaq ,,  for all Gba ∈, .  

Notice, that ( ) ( )abqbaq ,1, ==θ  (see Remark 1.2), hence by the definition of the 

equivalence of binary forms we get ( ) ( )abba ,1, ≅ . Since ϕ is an automorphism of 

a Witt ring, thus ( ) ( )abba ,1, ϕϕ = . We have  

( ) ( ) ( )baba ϕϕϕ ⊕=, = ( ) ( )ba σσ ⊕ ( ) ( ),a bσ σ=  

and         ( )ab,1ϕ ( ) ( )abϕϕ ⊕= 1 = ( )abσ⊕1 ( )1, abσ=  
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Therefore forms ( ) ( )( )ba σσ ,  and ( )( )abσ,1  are equivalent and consequently 

( ) ( )( ) ( )( ) θσσσ == abqbaq ,1, .  

Finally routine calculation shows, that { }),,(ker qQGAutid=Φ , which means that 

Φ is a bijection.■  

2. Application 

The best examples are often the simplest ones. We shall present some applica-
tions of our theorem in simple cases. 
1. Let us consider the smallest Witt ring W ≅  Z/2Z. Then group G is trivial, so 

identity is the only automorphism. 
2. There are 3 non-isomorphic Witt rings with the two-element group G, namely  

W1 ≅  Z, W2 ≅  Z/4Z and W3 ≅  Z/2Z [C2]. By the definition of the automorphism 
of quaternionic structure it follows that }{),,(

iGiii idqQGAut =  for all Wi, 

31 ≤≤ i . 
3. Let W1 ≅  Z/4Z [C2] and W2 ≅  Z/2Z[C4], so-called Witt rings of the local type.  

The quaternionic structures associated to Witt rings Wi, 2,1=i  are triplets  
),,( iii qQG , where { }xxG −−= ,,1,11  ( 11≠−  in G1), { }xyyxG ,,,12 =  ( 11=−  in G2) 

and 2=iQ , say { }zQi ,1=  and maps qi are defined as follows: 

 
q1 1 −1 x −x    q2 1 x y xy 
1 θ θ θ θ    1 θ θ θ θ 
−1 θ θ z z    x θ θ z z 
x θ z z θ    y θ z θ z 
−x θ z θ z    xy θ z z θ 

 
One can calculate that ( ) { }σ,,, 111 GidqQGAut = , where σ is such an automor-

phism of ( )111 ,, qQG  that ( ) xx −=σ  and ( ) ( )GAutqQGAut ≅222 ,, .  

More examples of groups of automorphisms of Witt rings described with the 
use of their one-to-one correspondence to groups of automorphisms of quaterni-
onic structures can be found in [8], [9] and [10]. 
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