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Abstract. This article describes the system of differendéedéntial equations for the ex-
pected income in HM-network systems with priorigguests and the method of its solution
by means of difference schemes. Examples of findlvegexpected income for networks
with different number of states are presented.

I ntroduction

Queueing networks with income or HM (Howard-Matakj}j-networks were
introduced in [1, 2]. A survey of the results onrkiav HM-networks are given in
[3]. Such networks with different characteristiee aurrently under study. In this
paper we study a Markov HM-network with priorityquests in the case where the
intensity of their service is time-dependent.

Consider a closed network in whikh requests of the first type akd requests
of the second type circulate, and requests carranige their type. The matrix of
transition probabilities between the systems netwequests|| p; |lxn is irreduc-

ible. Systems containsm parallel lines of service, the service time retgies
each type in every line of the system has an exgialistribution, i =1,n. The

probability of service requests typein the lines of S during time interval
[t,t+At] is . (t)At +0(At), where 1 (t) - the intensity of service requests such

as ¢ in every line systen§ at timet, i =1n, ¢=12 Functions z_(t) will be
considered restricted for each time intervat,1,n, c=12.

The same type of request in the queue of a queyisigm (QS) is selected for
service in random order, for example, FIFO. Requetthe first type have abso-
lute priority over the requests of the second typethis case it means the fufill-
ment of two conditions: a) if at the time of théewse of a QS line after the service
requests in its queue has priority requests, thgrohithem can occupies the vacant
line, and b) if in the service system, all lingsieth are busy, but not only the prior-
ity of applications received priority applicatiahyeplaces the low-priority request
from one of the lines and starts to service thig,lthe request is extruded into the
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consideration all the QS. When the request go#isetoepressed service again, it is
served over the remaining service time. Since #mgice time is exponentially
distributed, we can assume that the displacemesgppbcation will be maintained,
I.e. we have so-called non-identical service.

Network states in this case given by vectok(t)=(k,t)=

= (K, Ko Kop K oK 1K, ot ), where k- the number of requests of typein QS

n n
i, Zkil =Ky, Zkiz =K,
i=1 i=1
Let I, - the vector of dimensio@n with zero components, behind an excep-

tion component with numbe2i -1, which is equal to 1, - the vector of dime-
sion 2n with zero components, behind an exception compowih number 2,
which is equal to 1|, - the vector of dimensio2n with zero components

K+ =1 = (K Kgyer ki + 1 K5 50 kg lklz’ Knr Kn2)

1)
k+ |i2 -1 i2 :(k111 k12""1ki1’ ki2 +1..0k j1 12 -I. knlv n2)
The system of equations for state probabilife& t (ha¥ the form:
dP(k,t) <
( Z [t (V) €1 (Kip) + 45 (1) €15 (Kig, Ki2)T P P (K, t) +
Wt
+ Z[/J’u(k,t)P(kHu i)+ (K Pk +1;, =15, 1)] (2)
i,j=1
i£]
where:
B; (k1) = () &4 (kiu (ki )u(K; = K1) py
Vi (K1) = o ()5 (Kig, K )u(ki ) )u(K, —k;,) p; (3
£ (k) =min{ky,m}, i =1n
K,, ki, +k,<m,
(kg ki) =em —kiy, kg <m, ki +ki, 2m, i=1n, (4)
0 ki, =m.

It is displayed in the same way as in the case wiheimntensity of service requests
in the lines of systems does not depend on time [4]
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1. Case when incomes of transitions between states depends
on states and time

Let us designate through (k,t) - the full expected income which is received
by system§ at timet, if during the initial moment of time the networkin state
K; r,(k,t) - the income of syster§ in unit of time, when the network is in state

(k,t); r®(k+ liy = 1;1,t) - the income of syster§y (the expense or loss of system
S;), when the network changes state frokt ( to) (k+ 1, —1,,,t +At) during
time At, r@k+1,, =1;,,t) - the income of systeng (the expense or loss of
system S;), when the network changes state froknt ( to) (k+ [, 1 j2,t+At)
during timeAt, j=1n, j#i.

During time intervalAt, the network may either be in stafk,t) or change
its state to (k+|il—|j1,t+At), (k—|i1+|jl,t+At), (k+|i2—|j2,t+At) or
(k=li,+1,,t+Ab). If during At the network passes to stafie+1,, — | jl,t+At)
with probability 3 (K+1;; = 1;;,t) = 1, (1) €1 (K;)u(k; )u(K, —kiy) p; At +o(At),
the income of systens is equal tor ®(k+1, -1 i) plus the expected income
vi(k+1;; =1 ,,t) of the network over the remaining time under treuasption that
the initial the network state wak +1,, - 1,), ] =1,n. If during At the network
passes to state(k+1l;,—1,,t+At) with  probability y;; (k+1;, =1;,,t) =
= Ui, (1)€;,(Kjq, K )u(k;)u(K, —ki,) pAt +o(At), the income it is equal to
r@k+1,~1,,,t) plus the expected income of the network over émeaining
time under the assumption that the initial netwatite was (k+1,,-1;,),

j #i.If during At the network passes to stafle- 1, +1 ,,t + At) with probabil-

"
ity  Bj(k=1li+1;5,t) = ()& (kulkJu(K, —k;,) pijAtJ+o(At)’ the income
of system S is equal to r%k-1I,+1,,t) plus the expected income
vi(k=1,+1;,t) over the remaining time under the assumption ttie
initial network state was(k - I +1 jl), ] =1_n. If during At the network
passes to state(k—I;,+1,,t +At) with  probability y;; (k=1 +1;,,t) =

= iz (1) €i2(Kip ki )u(ki )u(K; — k) pyAt +o(At) the income equals
r@(k=1;,+1,,t) plus the expected income over the remaining timgeu the
assumption that the initial network state Was-1;, +1;,), | #i. Similarly, if the



182 M. Matalytski, O. Kiturko, N. Czhornaja

network remains in statgk,t+At) with probability 1- Z[(lujl(t)gjl(kjl) +
=
J#i
+ 1, (0)E(Ki, K 2)) Py + (i (O & (ki) + 14, (1) €2 (K, ki) Py 1AL +0(At) the
income of systens is equal tor, (k,t)At +v; (k,t).

Then, using the total probability formula for cotaihal expectation, we can ob-
tain a system of difference-differential equati¢D®E):

v, (k. t) _

ot _(jz;;[/ujl(t)gjl(kjl) + (D€ (Ki K Py +

j#i

+ (g (V)€ (ki) + 12 (1) €2 (Kig Kip)) Py IV (K, 1) +

+ Zﬂjl(t)fjl(kjl)u(kjl)U(Kl = ki) p;ilr Dk + g =1 t) +vi(k+ 1 =1, )] +
=
J#i

n

+Zﬂjz(t)512(k,’1,ka)u(ka)U(Kz — ki) pji[r(z)(k"' lig =12, ) V(K + 1, =155, )]+
=1
%

+ iluil(t)‘gil(kil)u(kil)u(Kl =k py[-r Olk=1;,+1 ) FVi(k=T + 1, 0]+
j=1
J#l

+ _Zn:/vliz(t)é]z(lﬁl’ ki2)u(ki)u(K, —kj,) py *
E

X[ A (k=1 + 1) + v (K= 1+ 1 5 0] +1 (K1), i =1n (5)

System (1) in the matrix form can be rewritten as

av, (t .

MO -qm+AOM©. i=1n ©)
where V' (t) =(vi @t),....v (L,t)) - the vector of incomes of syste®), L - the
number of network states.

The number of priority and non-priority requestsrdid depend on each other,
so the number of states in the considered netwguals the number of ways to
place priority request&; and non-priority requestk, in the service systems, that
is L= Cr?;]kl—lcrr:ﬁz—l'

Consider first the example of a network with a dmamber of states.
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Example 1. Consider a closed network with the following partene n=2,
K, =3, K, =2, m, =m, =1. System (5) in this case is:

dv, (k,t)

o =1 (K, ) = [(£h1 (1) £21(Kay) + £ (1) €25 (Ko, Kpp)) Poy + (L4 (1) €15 (Ky ) +

+ ()15 (Kyg, Kip) Puo Vi (Kit) + 251 (1) €51 (Ko )UKy )UKy = Kyy) Ppy X
X[ O (k1 = g, ) V(K Ly = 1y D]+ Hpp (D) €55 (Kag, Kop)U(Kyp) X
XU(K; = ki) PorlF @ (Kt 1y =1 5,t) Vi (K 11y = 1, O] + 243 (D) &1 (Kyy) X
X UK UKy = Kop) Prol =T @ (K= g+ 150, 8) # V3 (K = 1y + 1o, O] + p235(t) X

X £15(Ky 3, K )UKy )UK = Kyp) Prol=1 @ (K =1y +155,t) + V4 (K = 15 + 155, 1)] @)

dv, (k,t)

ot =1,(K, 1) =[(£a1(t) €11 (Keq) + 20,0 E12(Ki1, Kip)) Pro + (L1 (1) E21(Kay) +

+ 15 (1) €25(Ka1, Ko2)) Poal Vo (K, 1) + 2415 (1) €14 (KU (kg UKy — ko) Prp X

X[ Ok + 150 =153,8) +V, (K+ 1oy = 13, O] + £, (0) 15 (kg ki) Uy p) X

X UK, = Kap) Prolr @ (K155 = 13,1) + Vo (K + 1y = 15 )] + £y ()€ (Kyp) X

X UKy )U(Ky = Kyg) Poal =1 @ (K= g +155,8) + V5 (K = 15y + 11y, £)] + i (£) X
X 25Ky, Kop)U(Kop )UKy = Kyp) Py =1 P (K =155+ 155,8) +V, (K= 15 + 11, 1)].

The initial conditions are (k,0)=0, i =12

The number of network states are= c:;ﬁl_lcggiz_l =12 they are (0,0;3,2),

(0,1;3,1), (0,2;3,0), (1,0;2,2), (1,1;2,2), (1,2, (2,0;1,2), (2,1;1,1), (2,2;1,0),
(3,0;0,2), (3,1;0,1), (3,2;0,0). We number thermnirb to 12.
Assume that the incomes from the transitions betwstates are linearly

dependent on time. We define them by the meansatfices: RY (t) :Hrij(l) (t)

12x12
and R (t) :Hrij(z) (t)”lmz. In matrix R® (t) at the intersection of lineand column
j, (i #]) is the income from the transition from statdo statej for requests of

the first type; ifi = j, then on the main diagonal incomegk,t). In matrix R® (t)

at the intersection of lineand columnj, (i # j) is the income from a transition
from statei to state for requests for the second type;iiE j then, on the main
diagonal incomes, (k,t). Let incomesr, (k,t) and r,(k,t) depend linearly on
time as well:r,(k,t) =r,(k)t and r,(k,t) =r,(k)t. We define matriceR® (t) and
R@(t) as:
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The matrix of transition request probabilities bedw QS networks has the form

a, =11

at,

ant, Uy (t) =aut, () =apt, ()=

(1)

13 a,,=7, a,,=9. Substituting the expressions for the intensitiesl a

transition probabilities between the requests ins@&em (3), we obtain

let

and
a

21~
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% =r(Kt- [ (L36,51(Ka1) = 9€55(Ka1, Kpp) =115 (K1) = 7€1,(Ky s, klz))]tvl(k,t) +
+136,, (Ko )u(Ko)U(Ky =k Jt[r Dk + Ly =Tt +vi(k+ 1, =15, )]+
+ 9655 (Ka, Kop)U(Kap)U(K =K I @ (K + 135 = 1)t +vi(K+ 1 = 155 )] +
+11g, (ki Ju(k Ju(K, = k21)t[_ r® (K=l + )t +v (k=1 +1 21,'[)] +

+7815(Kq, K )UK U(K, =k )t[-r @ (k=1 + It +v (K =1, +15,,1)] (8)

dvzcgi(,t) =1, (Kt - [(13:921(k21) =98,,(Kyy, Kyp) =11g (K1) = 7&,,5(Ky 4, klz))]tvz (k,t) +

+11e;, (K Ju(k YUKy = kot Ok+1 o1~ Lt V(K + 1, =1, )]+

+ 7615 (Ky1, k)UK )UK, =Kot @ (K + 155 = L)t + v, (K + 15, = 155, 0] +
+1365 (K U(kp)U(K; = kg Jt[—r ® (K=l + 1)t +vy (k=1 + 15, )]+

+ 96, (Ka1, Kop)U(Kap)U(K, =K =1 @ (K =155 + 1)t + 1, (K= 1 55+ 155, 1)]

For various states of the network, this system lmamewritten in the form of
two systems of differential equations:

% =-20tv; (Lt) +13%; (4,1) + 787 +t,

% =-20tv; (2,t) + 7t (Lt) +13% %y, (5,1) +18% + 3,

% =-20tv, (3,t) + 7t2v; (2,t) +13%v; (6,1) +13% + 3,

% = -24tv; (4,t) + 117, (L) +13%, (7,t) +104° +t,
% =—24tv; (5,t) +11t%; (2,t) +13%; (8 1) + 782 +t,

% = —24tv, (6,t) +11t%; (3 ) +132%y, (9,t) + 652 + 4t,
% =—24tv, (7,t) +11t%; (4,t) + 132, (O t) + 32 +t,
% =-24tv; (8,1) +11t%, (5,t) +13%y, (L1t) + 26> + Tt,
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v, (9t) _
dt

w =-20tv; (LO,t) + 112y, (7,t) + 9t%y, (L1 t) +81% +t,

MY _ ooy, (1t) + 112, (8.1) + 92y, (12,4) + 2717 + 4,

—20tv, (9,t) +11t%v, (6,t) +13°v; (12t) +1047 +5t,

%zlﬂzvl(at)—3¥+9t,

Vl(jvo) :O!j =E2;

leratzv2 (4,1) +t,
dt

% =-201v, (2,t) + 7tv, (Lt) +13°v, (5,t) + 214% + 3,
% =-20tv, (3 t) + 7t2V, (2,t) +13%V, (6,t) + 42t% + 4t,
% ==24tv, (4,t) + 117, (Lt) +13%, (7,t) +13% +t,
% ==24v, (5,t) +11t%v, (2,t) +1& %, 81) +3%° + 71,
% ==24tv, (6,1) +11t%v, (3t) +13%v, (9,t) + 66t +5t,
% = =24, (7,1) +11t%, (4,1) +13%v, (L0t) + 661" +5t,
% =-24tv, (8,t) +11t%v, (5,t) +13%t%v, (L1t) + 3% + 9,
% ==24tv, (9,t) +11t%v, (6,t) +13%v, (12,t) +22° + 2,

w = —18v, AL0,t) + 112V, (7,t) + Oy, (L1 1) + 772 + 6,

% =—18v, (L1t) + 112, (81) + %, (21) + T2 + 2,

% =—11tv, (2,t) —11t%v, (9,t) + 332 + 4,

v, (j0)=0j=112
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We solve this system by means of difference schefoegach node makes up
a system of linear algebraic equations

Vi(tj.) =Vi(t) +Qi(t)h+ A (t)Vi (t)h,

t =ty +jh, t, =0, h:%, i=1n.

where VT (t) =(v; (Lt),... v @21)), n=2, h=001 T=30 N=300Q deciding
to obtain the values of incomes at these pointgurei 1 shows a graph of the in-
come changing of systei®, if the initial state of the network was= (3,0,0,2).

vl(k,t))
62 -

45
30

15

.
T T T T T

2 4 6 8 10 t

Fig. 1.Income of systeng, for initial state of networkk = (3,0,0,2)

Vectors Q,(t), Q,(t) and matricesA (t) and A,(t) have a greater dimension

equal to the number of states of a network. Thaitwdation takes a long time due
to the fact that it is necessary to keep in menaolgrge number of elements (espe-
cially networks of a large dimension). Therefone,adgorithm for finding incomes
significantly speeds up the process if one doegeu#tive an explicit matrix in (2)
and does not store any intermediate informatioml, iammediately gets the final
result for the expected incomes.

Example 2. Consider a closed network with the following paréene n=20Q
K, =60, K, =40 m= (21131,415324.32132134,2) , where componeritof

the vector is the number of service lines of QS Inem, i =E). Let the matrix
of transitions probabilities of requests betweenn@®vorks:
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I
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O O ORN|FPFO O OO O OO O OO0 OO oo o
O O OM|FPO O O OO OO O OO0 OO oo o
O O OMN|FPO O O OO OO O OO0 OO o o o

The intensity of service is set by such functioaga(t) =15, g;,(t) =10, if
moduloi to 3 is 1; u,(t) =13, w,(t) =18, if moduloi to 3 is 2; x4, (t) =17,
U, (t) =16t, if moduloi to 3is O.

Assume that the incomes from the transitions betvike states of the network
are linear functions of time. In this case we define coefficients of random sof-
ware with built-in functions Delphi 7.0, which abased on a linear congruent
random number generator. It is necessary to contpetenembers of a linear re-
curring sequence modulo with a positive intemeagiven by the following formula:

X = (@X, +c)modm

wherea and ¢ - the integer coefficients. The resulting sequetegends on the
choice of startingX, and its different values are obtained by differeefjuences
of random numbers.

We present the systems of differential equatiomsttie expected income of
some QS:
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dv, (k. t)

at =r,(kK)t - [(15511(k11) — 106, (Kyq, i) =1365,(Ky1) =185, (Ko, k22))]tV2 (k,t) +

+ 156, (K DUk DU(K, =Ko )r @ (K + 1y = 1)t + vy (K + 1y =1y, )] +
+108;5(Ky 3, K )U(Ky )UK = Koot @ (K + 1oy = I )t + Vo (K + 155 =15, )] +
+13,; (Ko U(Kyy)U(Ky = K D= @ (k=15 + 1t vy (K= 15 + 15, )] +
+188,,(Kyy, Koo U(Kop)U(Ky = Kt =T @ (K= 1oy + 1)t + V(K = 155 + 155, 1)],

% = re(k)t- [(15851(k51) —1065,(Ksy, Ksp) =17651(Ks1) —1666,(Ksy, kez))]tve (k,t) +

+1565, (ks JU(Ks JU(Ky = ket @ (K + 16y = Is )t +Vg (K + gy = I, )] +

+1065,(Ks 1, Ksp)U(Ks)u(K, = kg ) t[r @ (k+ lex = Is)t + Ve (K+1g, =155 )] +

+1764,(Ks1)U(Ks ) U(Ky = Ks)t[-r Ok~ o1 Fls)t +Ve(K—=lg + 15, 1)+

+166,,(Ks1, Ks2)U(Ks)U(K, = k) t[-r (2)(k —lea 15t +Vg(K =1y + 155, 1)]
w =r,(kK)t - [(1551l1(k111) =10ey;, (K, Kyg0) =

~13e141(Kyg1) —188145(Kyy, k14,2))]‘V14(k,t) +
156153 (Kyg UKy 3 )UKy = kgt O (k10 = g )t v (K 1y = 13)] +
+108, 5 (Kpq1, Ky )UKy )UK, =Ky )T @ (k+ L4z = lpa UV (K+ 1, = 10)]+
136143 (Kyg )U(Ky 4 )UKy =Ky g =1 O (k=10 1300 )t Vg (K= g + 1350, 0)]
+186,, (K1, Kap)U(Kap)U(K, =Ky )T P (K =115 + 1)t # V(K= 1105 + 1515, 1)]

The initial conditions are given in the form(k,0) =0, i =120,

vi(k.t)
5,00-16 /

—

3,75-16
2,50-18

1,25-16

2 4 6 8 10 t

Fig. 2.Income of systen§, for initial state of network
k=(3,2;3,2;3,2;3,2;3,2;3,2;3,2;3,2;3,2;3,2;3,2,3,2,3,2;3,2;3,2;3,2;3,2;3,2;3,2)
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The number of states of the network is equal [te cg;ﬁl_lcr?;iz_l:

=1234957962514650786377557949700,

These systems are solved by means of differencarseh The schedule of in-
come in the first system for initial statek= (3,2;3,2;3,2;3,2;3,2;
3,2;3,2;3,2;3,2;3,2;3,2;3,2;3,2;3,2;3,2;3,2;3,2,32) is shown in Figure 2.
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