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Abstract. In the present paper, a Green’s matrix used teesdbration problems of Timo-
shenko beams is determined. The problem formulaticlndes beam vibrations which are
described by differential equations with variablgrgmeters. To determine the Green'’s
matrix, the power series method was used.

Introduction

The analysis of the vibration problem of a non-anii Timoshenko beam was
the subject of papers [1-6]. In general, assuntiad the coefficients of differential
equations are variables of spatial coordinates|wisn in an analytical form is not
available. The exact solution by the dynamic st method for the free vibration
problem was given in [1] and [2]. The Authors ofppa [1] used the method of
Frobenius to obtain the exact fundamental solutmfndifferential equations. The
same method was proposed in [3] and [4], but isehgapers the authors reduced
two characteristic equations into one four-ordelirary differential equation. The
solution to the vibration problem of the non prisimdimoshenko beam, by using
Chebyshev series approximation was presented inTfg Green's function me-
thod (GFM) for a stepped beam was shown in [6thla paper a functional matrix
needed in GFM applied to solving the vibration peots of Timoshenko beams is
derived.

1. Formulation of the problem

Let us consider a set of two differential equations
d dy _
— —_—- +m(x) Y =M, [Y,
509 S| [+l =, [v.4

2IRM% o Se-v |+ w=m 1.

1)

The presented equations describe the motion ofmagfhienko beam for time har-
monic vibrations with angular frequenay The meaning of function, y is, re-
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spectively, beam lateral displacement and angleitaition due to bending) is
shear rigidityR - bending rigidity of a beanm - mass per unit length andlis the
mass moment of inertia of the beam per unit lengtie form of operatorsvl,
M, depend on the nature of the attached discretersgstAt pointsx = 0 and

x =L (ends of the beam), functiol¥sy satisfy the boundary conditions, which can
be written in a symbolical form as:

Bo[Y.¢]| = (2)

Introducing dimensionless coordinafe:%(L - length of the beam) into equa-

tions (1), (2) we obtain:

d%@%f)_w(aﬂmg) Qy(€) =M. [y () (€)]

3)
d%{r(f)dt//( )} E)( dy (&) w(f)}y(g),,gzw(g):Mz[y(a)m(f)}

dé A dé

and boundary conditions

Bo[v.#]],,=0. Bi[y.¢]|_ =0 @)
wherey="Y., q(¢)= gg; s(6)=mie) 1) = 19318
RO 30 . more
(o)’ m(o)L andQ R(0)

The set of equations (3) we can rewrite in a sinfipign as a matrix equation [1]:

[AJV 1A JV ) A v = ) ®
SRR E I RES e

e[g oo {2y

and q=q(¢), s=s(¢é), y=m14), r=r(é), y=y(¢), w=y¢(§). The form of

operato™M depends on the attached discrete elements [6].

where
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To find a solution to boundary problem (4), (5),eémn’s function (matrix)
method can be used.

2. Functional Green’s matrix

Let us suppose that the Green’s matrix of the mdifferential operator

g & ,dad e gd _dad
o= d¢® d¢ dé i o 5
B d d> dr d ) ©)
qd—{ Drd—fz+E¥+nyQ ry
is known, then the solution of (4), (5) may be teritas:
V(&)=[GT(£4IM ()& (7)

0

In the vibration analysis of the considered Timodtebeam, solution (7) is
used to obtain the frequency equation, which is th@lved numerically with re-
spect to eigenfrequencies. Matrix G, occurring in equation (7), has the form:

G(E0)=G,(6)+G(C)HE <) =
| 9u(60)+ 006 ~0)HE <) 9067 ) +9.€ <)
903(E'Z)+913(5_Z)H(£ _Z) go4g( )+gl4€( {)

HE € )] (@)
HE &)
(H(+) is a unit step function) and satisfies the ¢équna

£{G} =15(¢-¢) (9)

wherel is an identity matrix and (-) is a delta function. Matrices,, G; satisfy
the homogeneous equation

g{u} =o. (10)

Moreover, G, fulfills the additional conditions presented in.[@he solution of
(10) we want find in the form of a vector of then®y series:

W ={y(f)} _ gi::: (11)
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Let us assume that functiogss, y, r are also given as a sum:

a(¢)=s(e) =338 HO=r(9) =3¢ 12)

Substituting (11) and (12) into a homogeneous eégualve can write it as follows:

il

where:

Z IZ{ j[ (Dszl j+y|+lj +y|+2—] _p|+1j) ]+1p|—j:|

j=0

z (J y|+l— _pl J)+b (D”QZQ =j +p|+2 J) +b]+l p|+1—1:| (14)

It leads to the system of equations:

Z(ij)[aj (DQZYH tYuang t Vi p|+1—1) 4P -i] =0

j=0
i

Z[ij)[aj(ywl—j - p|—1)+b (DUQZP -j +p|+2 ]) +b]+l p|+1 ]:| =y, I = 0’1121" (15)

i=0

or, in another form:

Vo = Q%Y =Y +P o + aop- ZZ.,

e
Po == Y (a‘) Jﬂﬂﬂzj ——D P ZZ” , 1=0,1,2,.. (16)
b0 bO 0 j=1
where
i
Zij =£jj|:aj (Dszi_j +yi+1_j +yi+2—j _p|+1—j) _aj 4P, —j:|

_ i _
Zij =£jj[aj (yi+l—j - p|—j) +bj (D”QZP,_,- + p,+2_j) +bj P p,ﬂ_i} , 1=0,12,.. (17)

The values of unknown coefficienys., pi+» (i = 0,1,2,3,...) can be expressed
by means of coefficientg,y:,po,p:. It is possible to prove that four sets of condi-
tions:
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a) Y=0,¥,=1p,=0,p, =1
b) Y=0,y,=1p,=1Lp,=C
C) Yo=1Yy,=0,p,=0,p, =1
d) Y,=1y,=0,p,=1p,=C (18)

give us four linear independent solutions and dftee, we may write:

o CF O |
U — i=0 '+ i=0 '+ —

v P - P (19)
Csizzozi—!"{' +C4Z_O:i—?’£'

clAl(f)+CzA2(f)}
C,B,(£)+C,B,(¢)

Finally, matrixG(¢, ) corresponding to systelﬁ{V} =[M] , has the form:

CA(E)+CA(E-¢) CA[)+CAL <)
G(&,7)= _ _ (- 20
(£€)= e (o) reme <) caie)+cpie <) 0 @
Unknown coefficientsC;, i = 1,2,3,4 are determined by the use of boundary

conditions (4). For example, the boundary condgitor a simply supported end of
the beam are:

y=0, ¢/ =0 (21)
and for the rigidly fixed end of the beam:
y=0, ¢ =0 (22)

Conclusions

In this paper Green’s matrix of the linear matrpemator occurring in equations
of motion of a Timoshenko beam, was found. To deiee the solution of homo-
geneous equations, power series were proposedrélented method can be used
for numerical calculations of the vibration probl@fthe considered non-uniform
beam with attachments.
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