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Abstract. The paper concerns the problem of static analyses deep-profiled sandwich
panel. Equilibrium conditions in the form of difémtial equations are discussed. The solu-
tions to example problems are given taking intooaot boundary conditions. The effects
of transversal load and thermal excitations areged and discussed.

I ntroduction

Sandwich panels are commonly used in many brarafhieslustry. This type of
structures is made of three layers: two exterah, &nd relatively rigid steel fac-
ings and a thick, but light and flexible core. Tfaeings can be flat or deep-
profiled. Sandwich structures are very attractieeduse of their high load-bearing
capacity at low self-weight and excellent thernmalilation. This type of structures
requires taking into account various aspects ofctitral behaviour, like the shear
flexibility of the core, influence of thermal acti® and diverse failure mechanisms.

A wide variety of problems concerning sandwich pensas presented by
Zenkert [1] and Davies [2]. The papers also pretnproblem of the mechanical
behaviour of flat and deep-profiled sandwich panélse engineering aspects of
the structural response of flat panels were preskint [3]. The paper analyses the
mathematical relations of the solution of diffeiehtquations. The modern point
of view on the process of the design and analyfsisenstructures was presented in
[4]. The mathematical optimization of sandwich stawes taking into account var-
ious boundary conditions was discussed in [5].

Despite the great importance of sandwich structugesrance of the principles
of mechanics leads to many misunderstandings on evistakes in design and
usage. The authors present the problem of the mactanalysis of deep-profiled
sandwich panels. The issue is described by usimgdifferential equations. The
class of equations and form of the solution infeetthe internal force and stress
distribution.
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1. Sandwich panel theory

This paper discusses single-span and multi-spaelpamith parallel, deep-
profiled facings and a soft core. The model oftike-span panel is shown in Fig-
ure 1.
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Fig. 1. Multi-span sandwich panel loaded mechalyidg) and thermallyJT =T, —T,)

The sandwich panel theory was originated by Hoff Reissner [7] and the
people working for Forest Product LaboratoriesdBfl NACA (NASA at present)
[9]. The theory was popularized by Allen [10] aridrRema [11].

In the theory, it assumes that the strains arelsamal the materials are iso-
tropic, homogeneous and linearly elastic. The nbrst@ss in the foam core is
negligible gyc= oyc= 0) because the modulus of elasticity of the ec®much low-
er than the steel faces (about 50 000 times). Torexgthe shear stresses in the core
are constant along transverse axig.c = 7,,c = const.).

The cross-sectional equilibrium condition for a @lanith thick or deep-profiled
faces can be written in the form of two independédiiferential equations
[12]:
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where vertical displacementand shear straipare the functions of position coor-
dinatex. The horizontal displacementof the mid-plane of the panel is equal to
zero. The superscripts of andy denote the order of the derivative with respect to
X. GcandA¢ denote the shear modulus and cross-sectionabétba coreg is the
distributed transverse load addis the initial curvature induced by temperature
differenceAT = T, —T;. In Equations (1) and (2) the normal force is oot

Because the bending stiffness of the core is nibigigthe total bending stiff-
ness of pand® consists of three parts:

B=B+B,+B, 3)
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Term Bs represents the bending stiffness of the facingb wéspect to the global
centre line of the sandwich panel, wherBasandBg, are the bending stiffness of
the upper and lower facings with respect to thein centre lines.

Integrating twice Egs. (1)-(2) and using differahtielationsM’ =V, V' =—q,
the following constitutive equations are obtained:

_BF1+B|=2HNJV+E@\/:—M— 9 _g (4)
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TermsM andV denote the bending moment and the shear forgeecteely. It is
worth noticing that Equations (4) and (5) are ondeful in the case of statically
determined systems because the moment and shear fianctions should be
known.

Taking into account the assumptions concerningwadelement deformation
[12, 13], the bending moment and shear force cativiéed into three parts:

M =Ms+Mg +Mg, =Bg(y/ -W) —ByW B, Iv (6)

V =Vg +Vey +Ve, =G Ay = BeyW' = B oW (7)

whereMs andVs correspond to the pure “sandwich” effect and drens with sub-
scriptF1 andF2 denote the forces which are taken over by thereat facings.
Introducing the span of bedmand non-dimensional quantities:

a= BFl + 332 (8)
B
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differential equations (4) and (5) can be written a
v (AY ,_1(AY , B

w (fj _E(IJ [M +,8Lq+1+a6?} (11)
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According to [13], the bending stresses in thedare calculated using:

M M
On =0pr +0p7 = —— S +—Fz (13)
e I
M M
O, = Oy +0py° =— S +—F2 7, (14)
A,

where e, A;; and Ar; denote the distance between the centroids of dlesf

the cross-sectional area of the external (upped)iarernal (lower) face, respec-
tively. Symbolslg; and I, represent second moments of the area of the faces,
whereasz; and z, are the coordinates of a point belonging to thepeetive
facing (Fig. 2).
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Fig. 2. Geometrical parameters and normal strestslalition within deep-profiled
cross section of sandwich panel

The shear stresses in the core and faces areatalt@ccording to:

Ic =— (15)

== (16)

where A,; and A, represent the cross-section area of the webseofespective
facing.
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2. Solution of differential equations

The general solution of differential equations (ahd (12) has the following
form:

w(x) = QCOSh/]TX+ G sinh/]rx + G+ Gx+w (X (17)
y(x)= choshATX+ D, sinh/]tX +y, & (18)

wherew,y(x) and yy(x) are the particular integrals of respective dédfgral equa-
tions. It is worth noticing that separate analydishe temperature influence repre-
sented in Egs. (11)-(12) kg and the influence of transverse laads very com-
fortable. If the system is statically undetermingd, problem comes down to a few
statically determined problems with additional kivegic conditions.

Particular integralsv,(x) and y4(x) can be found assuming the polynomial form
of the solution of (11) and (12). The power of fludynomial should correspond to
the form of functiong andé.

The constants of the general solutions are detigkithg into account the pre-
scribed boundary conditions. Let us note that émghe case of a simply support-
ed sandwich panel with deep-profiled facings, sburdary conditions are de-
manded, whereas in the case of flat facings, ooly boundary conditions are
necessary. The examples of solutions are presbeted.

3. Influence of tanver se load

Consider a simply supported sandwich panel with@rer deep-profiled facing
and lower flat facing subjected to uniform transeeloadg. The structure is pre-
sented in Figure 3 and the boundary conditiongsar®llows:

W(O)=O, V\/(O)=O, V(C)=( (29)
w(L)=0, w(L)=0, y(L)=0 (20)
cross-section normal stress
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Fig. 3. Simply supported, deep-profiled sandwichgyaubjected to uniform load
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The solution of the problem has the form:

o)=L L2t L damg)- B oot eostoli-a0)2)
(21)
V=L s [ (1-2¢) - ismhfosw ,alﬂ 22)

whereé = x/L. Bending momentl and shear forc¥ can be divided into:

Ms(X)zqfﬁléf(l—&r)—A—icosm/‘ ’i;s‘;fj% £ /)2] (23)

L an 1 cosh(A /19— cosfA( & &) /P
Mg, () = ot 1+a{§{(1 %)+ al? cosHA /3 (24)
oG, |1 1 cosh(A /- cosfA( & &) /Y
Mea (x) = at 1+a[2£(1 %) ah® cost{A /2 (23)
and
_ 1 (1, 1S|nh( %) 12
VS(X)_qulz(l %) - A cosl‘(/l /2 ] (26)
— ol 9k 1 Smh( /3
VFl(X)_qL1+a[ (1=20)+ ar cosl‘()l /2 @)
Y 1 sinh(A(1- Z) /2
Vez (X) = qu{E(l 2£)+a/1 cosi(A /3 ] (8)
with:
aFlz%’ anz%’ Ap¥0g, =0 (29)
S

The stresses are calculated using (13) and (14. displacements, internal
forces and extreme stresses are presented in Eiguaad 5. The geometrical and
mechanical parameters used in the example corrdsjgotypical roof sandwich
panels, namely: width of pandd = 1.0 m, spanL = 6.0 m, e = 85.3 mm,
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Gec = 3550 MPa, Ac = 85300mm Ag = 550 mm, As, = 480 mn,
Bs = 393.3 kNm, Bg; = 20.56 kNM, Bg, = 0.0018 kNM, g, = 97920 mrfy
A,. = 62 mnf. The structure is loaded uniformly ly= 1.0 kN/m. To find the ex-
treme stresses in the deep-profiled face, coomlinat —34.45 mm, of the most
distant point belonging to the upper face was used.

Figures 5a and 5b show that internal forbks and Ve, corresponding to the
bending stiffness of the upper face are relatigehall comparing to the total val-
ues ofM andV. In fact, momentMg; gives a higher stress100.2 MPa) in the
upper face than momemMs (—-89.8 MPa). This fact is presented on Figure 5c. The
total extreme stress in the upper face is equalé®.0 MPa, whereas in the lower
flat face it is only 102.95 MPa. The shear forcagse at the support an extreme
shear stress in the core= 30.6 kPa and in the upper fagg = 6.30 MPa. The
stress in the face is much higher than in the doug,it is still a very low value
comparing to the shear strength of the steel. Fikrarsstrength of the core material
is 100+120 kPa.
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Fig. 4. Solution of simply supported, deep-profitzthdwich panel subjected to
uniform transverse loagt a) displacement, b) shear straip
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Fig. 5. Solution of simply supported, deep-profishdwich panel subjected to uniform
transverse load: a) bending momentd, Mg, Mg, b) shear force¥, Vs, Vi
c) extreme normal stress in upper face: sl - sitaks
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4. | nfluence of thermal action

Let us consider the same simply supported sandpackl, subjected to thermal
action. Temperature differenad = T, — T; between the internal and external faces
triggers initial (constant) curvatuée
a I, —agl,

e

6= (30)

wheree s the distance between the centroids of the fandsr, a, are the thermal
expansion coefficients of the respective faceshéncase of panels with flat faces,
this kind of excitation results only in displacertefmaximum deflectioL%8)
and does not cause internal forces. In the casa pénel with deep-profiled
faces, bending moments and shear force appearnwitié structure. Using
differential equations (11), (12), arbitrary soduts (17), (18) and boundary condi-
tions (19), (20), knowing that= 0,V = 0,M = 0, we obtain the displacement func-
tions:

12 .y 1cosh(A /- cosfu( & @ /P
w(x)= 1+a 25(1 ) 2 cosh(A /2 (1)
gL sinh /
y(x)= /1L c(osf(/i 12 3 (32)
and internal forces:

__a@B, cosh(A /9~ cos( £ & [}
Ms (x) = 1+a cosh(A /3 (33)

_ 0,08, cosh(A /)~ cosfA( & &) /P
Mes (x) = 1Fia cosh(A /3 .

_a.,0B,cosh(A /)~ cosu( & @) /¥
Mea(x)= 110' coshA /32 (39)

6B, sinh(A(1- Z) /2

Ve (3= a0 cosh(A /3 .
Ver (%)= a..08; sinh(A(1- Z) /2 37)

apeL cosI'(A / 2
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_ a8 sinh(A(1- Z) /3

Vez(X) apéL  cosh(A /2 (38)

The displacements, internal forces and extremss#eeare presented in Figures
6 and 7.

a)
0 1 2 3 4 5 6
0 ' X [m]
0,01
- \—/
0,03
w [m]
b)

0,002

0,001 J
* X [m]
F 2 3 4 5
-0,001

-0,002

Fig. 6. Solution of simply supported, deep-profigmhdwich panel subjected to
uniform curvatured: a) displacement, b) shear straip

Resultsw, y presented in Figure 6 andl V, ¢ 7 in Figure 7 should be compared
to Figures 4 and 5, respectively. The deflectiomsea by temperature is compara-
ble to the deflection of the structure loaded tvansely. In the case of thermal
action, the shear strains are essential only measupports. The bending moments,
shear forces and normal stresses have very lovesahut indeed the existence of
such quantities is interesting. This is the effetthe fundamental assumptions
of the theory and type of differential equations.
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Fig. 7. Solution of simply supported, deep-profigshdwich panel subjected to uniform
curvatured: a) bending momentd, Mg, Mgy, b) shear force¥, Vs, Vg, corresponding to
sandwich effect, ¢) extreme normal stress in ufgeEs: sl - total stress
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Conclusions

The presented analysis shows that the structudadvibeur of deep-profiled
sandwich panels is much more difficult than pamveith flat facings. The total
bending moment is divided into parts which corregpto the sandwich effect and
bending stiffness of the faces. It results in vieigh stress in deep-profiled faces.
This fact is even more important in multi-span pamehere high stresses lead to
yielding of the face at the internal supports.

In the case of a simply supported structure, theexgitation results in relative-
ly high displacements and very low forces and seesNevertheless, the distribu-
tion of the quantities seems to be very interesfiig final stresses depend on the
complicated relations between the bending and sidfresses of the panel. In the
end, very often engineering intuition fails. Theoper analysis of deep-profiled
sandwich panels is crucial to ensure servicealwfitye structures.
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