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Abstract. The aim of the paper is to derive the Green’s function of the Helmholtz operator 
in an elliptical region. The function is found in the form of a double series of Mathieu func-
tions, which are obtained as a solution to the associated boundary problem. The Dirichlet 
condition on the boundary ellipse is assumed. The eigenvalues are the roots of characteris-
tic equations, which are derived from the boundary condition. To construct Green’s func-
tion depending on time, the orthogonality condition of the eigenfunctions in the elliptical 
region was used.  

Introduction 

The problems of membrane vibrations have been the subject of many papers 
[1-4]. The theoretical and numerical investigations presented in these papers con-
cern rectangular, circular and arbitrary shaped membranes. For membranes of regu-
lar shapes (rectangle, circle), an exact solution to vibration problems can be de-
rived. In these cases, non-homogeneous problems can be solved by using Green’s 
function method. The problem of vibration of a non-uniform or non-regular shaped 
membrane is solved by using approximate (numerical) methods [5]. The method of 
fundamental solutions can be used as an example of such approximate methods [4]. 
The application of Green’s function method to the vibration problem of a mem-
brane, which occupies a finite region in the plane, requires the knowledge of 
Green’s function for the Helmholtz equation. The method of fundamental solutions 
applied to the vibration problems of arbitrary shaped membranes also requires 
knowledge of the fundamental solution (Green’s function) of the Helmholtz equa-
tion in the plane.  

Green’s functions of the Helmholtz equation in regular regions are well known. 
These functions for problems in rectangular and circular regions with various 
boundary conditions are given in [6]. In this paper, the derivation of  Green’s func-
tion for the Helmholtz equation in an elliptical region is presented. In order to  
separate the variables, elliptical coordinates are introduced. The solution is  
obtained in the form of a series of eigenfunctions of the associated boundary  
problem.  
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1. Problem formulation 

The transverse vibration of a homogeneous membrane under a uniform tension 

is described by the equation  

 ( )tyxfuS
t
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ρ ,   ( ) Dyx ∈,   (1) 

where D is the domain which occupies the membrane, 2∇  is the Laplace operator,  
S is the tension per unit length of membrane edge D∂ , ρ is density per unit area of 

the membrane, ( )tyxu ,,  is the displacement of the membrane point (x,y) at time t, 

( )tyxf ,,  is the external force per unit area of the membrane acting in the perpen-

dicular direction. Equation (1) is completed with initial and boundary conditions. 

We assume here zero initial conditions and the Dirichlet condition at boundary D∂  

 ( ) ( ) Dyxtyxu ∂∈= ,,,, 0 ,  t > 0  (2) 

Problem (1-2) in elliptical domain D is the subject of this paper. Boundary D∂  
of the considered domain is an ellipse in a canonical form with half-axes a and b 
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Fig. 1. Ellipses and hyperbolas in elliptical coordinates 

To solve the problem, we introduce elliptical coordinates ( )ηξ , , which are cou-

pled with Cartesian coordinates by the following relationships (Fig. 1): 
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where .20,0 πηξ <≤≥  The equation of ellipse (3) in the elliptical coordinates 

is: 0ξξ = , where 0
b

artgh
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. The Laplace operator in elliptical coordinates has 

the form  
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Differential equation (1) and boundary condition (2) in the elliptical coordinates 
are as follows: 
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 ( ) 00 =tU ,,ηξ   for  πη 20 <≤  (7) 

where ( ) ( )tyxutU ,,, =,ηξ , ( ) ( )tyxf
S

tF ,,,,
1−=ηξ  and  ρSc = . 

 The solution of boundary problem (6), (7) can be found in the series form  
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where functions ( )ηξΦ ,nm  satisfy the homogeneous Helmholtz equation  
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and boundary condition 

 ( ) 00 =ηξΦ ,nm   for  πη 20 <≤  (10) 

In order to derive eigenfunctions ( )ηξΦ ,nm , the method of separation of varia-

bles will be used. We assume that 

 ( ) ( ) ( )nmmnmmnm qqR ,,, ηΨξθξΦ =  (11) 

After the substitution of (11) into equation (9) and separation of the variables, two 
equations are obtained:  
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where a is the separation constant and 22 2 hq nmnm /=ω . Taking into account  

boundary condition (10) and equation (11), we found that nmq  are the roots of  the 

equation 

 ( ) 00 =nmm qR ,ξ  (14) 

Moreover, we assume that functions ( )nmm q,ηΨ  are periodic with period π or  2π. 

This property holds for particular values of separation constant a, which depends 
on the values of nmq . 

Equations (12) and (13) are well known as the radial Mathieu equation and the 
angular Mathieu equation respectively. The Pairs of the independent solutions of 
these equations are radial and angular Mathieu functions [2]: 
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Using (11) and introducing functions   

  ( ) ( ) ( ) ( ) ,...,,,,,, 101122 === ++ mqseqmeqceqme mmmm θθθθ   (16) 

  ( ) ( ) ( ) ( ) ,...,,,,,, 101122 === ++ mqSeqMeqCeqMe mmmm θθθθ   (17) 

function ( )ηξΦ ,nm  can be written in the form 

 ( ) ( ) ( )nmmnmmnm qmeqMe ,,, ηξηξΦ =  (18) 

The angular Mathieu functions create the set of the orthogonal system in inter-
val [0,2π], i.e. the following orthogonality condition holds: 

 ( ) ( ) nmnm dqmeqme δηηη
π
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where nmδ  is the Kronecker delta. This leads to the statement that eigenfunctions 

( )ηξΦ ,nm  given by (11) satisfy the condition  

 ( ) ( ) km
D

lknm dd δπηξηξΦηξΦ =∫∫ ,,  (20) 
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The orthogonality of the eigenfunctions will be used to determine an equation 
for functions ( )tT nm , which occur in series (8). First, we substitute function 

( )tU ,,ηξ  in form (8) into differential equation (6). Next, using the standard proce-
dure and condition (20), the following equation is obtained: 

  ( )2 2
m n m n m n mnT c T P tω+ = −ɺɺ   (21) 

where  
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The solution of equation (21), which satisfies zero initial conditions has the 
form 
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If function ( )tF ,,ηξ  at the right hand side of equation (6) equals [7] 
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where ( )⋅δ  is the Dirac delta function, then the solution to the problem is a time 
dependent Green’s function. Taking into account function (24) in equations (22), 
(23), next using equation (18) and (8) and the properties of the Dirac delta function, 
the Green’s function for the wave equation in elliptic coordinates with a Dirichlet 
boundary condition at the ellipse is obtained: 
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The assumption of function ( )tF ,,ηξ  occurring in the right-hand side of equa-
tion (6) in the form 
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leads to a so-called dynamic Green’s function  
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Conclusions  

The derivation of the Green’s function of the wave equation in an elliptical 
region with the Dirichlet boundary condition has been presented. In order to solve 
the problem, elliptical coordinates were introduced. The function has the form of 
a double series of Mathieu functions, which are eigenfunctions of the Helmholtz 
operator in the considered elliptical region. Although, the solution is obtained for 
the Dirichlet condition at the boundary ellipse, by applying a similar approach, 
a Green’s function satisfying the Neumann boundary condition can be derived. 
Using the Green’s function, the solution to the non-homogenous problem of the 
membrane vibration can be presented in an exact form. 
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