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Abstract. The article deals with an HM-network with time-dagdent service rates of ap-
plications in the systems. The presented methodniding the expected income systems:
the direct method, Laplace transforms, the metHadifterence scheme, are implemented
using the software packaddathematica. Expected earnings are important for solving
problems of optimization and control of HM-networkshich are used in practice as
stochastic models of various objects in computehnelogy, insurance, logistics, and
medicine.

Introduction

Consider a HM (Howard-Matalytski)-network of arhity structure with the
same type of requests consistingrofqueuing systems (QS3,,S,....,S,. A re-
quest moving from one QS to another QS bringsldbe QS some income and
respectively, the income of first system is redubgdhat value [1]. Consider the
case where incomes from the transitions betweersthies of the network are
deterministic functions, depending on the netwaokditions and time, and the
queuing network is a single line. It is assumed tha parameters of the requests
service in the QS are time-dependent, therefoa¢ tiime t service in the QS is
requested, then in intervdt;t+ At] the service will end with the probability
M (At +o(At), i =1n.

The paper presents methods for finding the expeictedime systems in the
network during time provided that we know of their income in the ilittime.
The examples of an HM-network in predicting inconfieen inter-bank payment
in a bank network, the Internet, insurance comgaaial logistic transport systems
at the cost of flexible computing clusters are dbsd in [1].

1. Expected incomes of networks systems

Let us denote by, (k,t) - the full expected income which is received bgtegn
S inatimet, if during the initial moment of time the netwdskin statek; r; (k)
- the income of syster§ in unit of time, when the network is in staéte 1, - the
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vector with dimensiomn with zero components, behind exception component
which is equal to 1; ry(k+1;,t) - the income of systeng, when the network
makes a transition from staték,t) to state (k+1,t+At) during time At;
-R,(k—1,,t +At) - the income of this system if the network makesaasition

from state K t )to state(k—1;,t +At); r;(k+1; —1;,t+At) - the income of sys-
tem § (the expense or loss of systegy), when the network changes state from
(k,t) to (k+1, -1, t+At) during At, i,j=1n.

Suppose that the network is in staket (. ,During time intervalAt, the network
may either be in state or change its state tk—1,),(k+1,),(k+1I; - 1,), i, ] =1n.
If the network remains in stat,t+At then the expected income of syst§mis
equal to r(k)At plus the expected incomey;(k,t), which it will
receive at the remainirtg time units. The probability of such an event isado

n 1x=0,
1-(A+ . k. ))At + o(A u(x) = - isi ion.

( jZ:;,uj(t)u( i )At +0(At), whereu(x) {0,x<0, the Heaviside function
If the network makes a transition to stafi&+1,,t+At) with probability
Apg At +o(At), then the income of systel® is equal to[ry (k+1;,t) +v,(k+1,,t)],
and if to state(k —1;,t +At) with probability s (t)u(k ) p,At +0(At), then the
income of this system equalsR, (k—1,,t)+v;(k—1,,t)], i =Ln. Similarly, if
the network passes from stafk,t) to state(k+1; —1;,t +At) with probability

H;(Ou(k;) p;At +0o(At), it brings to systen§ the incomer; (k+1; - 1,,t) plus
the expected income of the network over the remgitime under the assumption
that the initial network state wag +1;, -1, t ,)

Then, using the total probability formula for cotmial expectation, we can
obtain a system of difference-differential equagi¢DDE):

LD -2+
#3201+ D AR v, (1.0 + 21, (k) Py (k= 1,0+
j=1 j=1
+Z[,Uj Ouk;)pvi(k+1; = 1;,1) + (Qu(k) pyvi (k= 1; + 15, 0] +
B
+i[/”j Ouk;) pyirg (k+1; = 15,1) + (Qulk) pyry (k=15 + 15, 0] +

=1
j#i

+ i:us(t)u(ks) PV (K + 1o =1, t) +Apg o (K +15,1) = 4 (U (k) proRoi (K = 15,1) (1)

c,s=1
C,S%I

The number of equations in this system equals timeter of the network states.
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For a closed networks system of equations (1) esitic a system of finitely
many linear non-uniform DDE which in the matrixfocan be rewritten as

% = Q1) + AV, (M), i =1n 0

where V' (t) =(\/i @Lt),...,v, (L,t)) - the vector of incomes of systef, L - the
number of network states.

2. About solution methods of system (2)

The decision of system (2) can be found, usinglthplace transformation
method. LetU,(s), G,(s), W(s) - the vector of Laplace transformations of

functions v, (j,t), Q(), A(), i=1L respectively. ThensU, (s) -V.(0) =G (s) +
+1,(W(s),U; (s)) . Solving this functional equation with respectUe(s), we will
receive:

Ui(9)=F (G(9hW(s)), i=Ln 3)

Taking the inverse Laplace transformations fromhlqmdrts of equality (3), it is
possible to find functions; (j,t), i =1,L.
Example 1. We will consider the Laplace transformations metloodan example
of a closed network with small dimensions. Let ¢hdre a network with the

following parametersn =2, the number of requests in the network, dd 2, a
the matrix of transitions probabilities of requestésween QS networks

01
) 0

The intensity of service is set by the functipp@) = at, 1, (t) =€™. As the

network is closed, the number of its states is eua = C/',_, =3, then will be
states (0,2), (1,1), (2,0). Let us designate thespectively 1, 2, 3. Let us assume
that incomes r(k,t), R(k,t) do not depend on time and are equal to
rh)=6, r(2)=4,r(3)=3, R 2,R (2r 1,R (3F ' System (2) in this
case looks like:

P=p,
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V(Lt)=3-47" - 2%t @ )+ F 7y (2)

V(2,1)=1- 27 + @t +aty, (1t )+ (€™ -at ), (2t )+ 87y, (3, (5)
V(Lt)= 6+ 2at +atv, (2t )- &tv; (3 )

Let us define for it a vector of entry conditioN%0) = (34, 25, 10..
Vectors Q(t), Q,(t), matrix A(t) in this case look like:

3-4¢e'™ 5-6e"°
Q(t)=|1-2e"" +6at |, Q,(t)=|1-6€"" +8at
6+ 2at 3+1at
_ zet—b 5et—b 0
At)=| at -—at—-e™® 3P
0 at — 2at

Integrating the left and right parts of equality {&m O tot, we receive:

[aVi(u) = [Q (u)du + [ AWV, (u)du (6)
0 0 0

We take the Laplace transformation from the left aght parts. From the pro-

perties of Laplace the transformation [2], it isdsthat expression¥; (s) G

] t
Gi(3) oY (Si) Y9 4re transformations of Laplace of functioj"ld\/i (u)
S S— S

0

t
IQ(u)du, Ié“b\4(u)du, Iau\/i(u)du respectively. Using these relations, from
0 0 0

(6), we received the following system of equations:

U,( )_ 34_2_6e" _5e"U,(s) N 4e™U ,(9)
' s s-1 s-1 s—1
b b
uz(s)__=6_3_3=; 2_3, g2 U2<s) 2()+6e Ua(s) -
s s-1 s s
3()_3)—5i %—a (S)+— (9
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having receivedJ,(s) through U,(s):

From the first equation

_ -b
2457 _e (7+U,(9) and having substituted it into the second and

U,(s) =
19 s(s-1+e®)  (s-1+e™®)
third equations, we will lead the received systenthe following system of differ-

ential equations:
ae®-a(s- 1+e‘b) . 2as e’ e‘b
S + U,(s S) =
297\ 5 remy Too1 )Y Ty

s(s-1+€®)
_7a+27s &° 2%e’s 23 6- 1)
- ) b\2 o3 b C))
& s-1 S(s-1+e®)® s’(s-1+eP)
7a® 14
+

Zux$+3§u4$—UA$:7§-

Solving the given system by means of tlathematica package, we receive
expressions for functiond,(s), U,(s), U;(s). For example, the expression for

U,(s) looks likes:
3™ 2as’ . e®(s-3 2(s—3)e‘b

Vol )_(s -1)? (s )%(s® -1)(s-1+e™®) s(s+1)(s+2)° (s+1)?
as e’ 5 +s—1+e'b+4+3e_m+
(s+2)(s+4) s* s(s-3)° a(s-3)°
voeb L nS7l, @€ | 3ePs  2e(s-3(s-4)
(s-2° s-5 (s-1)? s(s+1)(52—1) (s+2)%(s+3)?

+ das 3¢ + 11 +e 2 9)
(s+2)(s+4) s(s-1)° avs+1(s-3)?

Taking the inverse Laplace transformation from thera will receive expres-
sions for expected incomeg (j,t), i =1,n. For example, for income, (2,t)

whena=1, b=1 we receive:

t
24—

1 32 g 126 ., 18" e' e e gt
vw(2t)=—=+— -10% """ +—=e + -_ - - 4
2(2.1) 9 8¢ 8 4 8 4 e

1
2t+4+7 - -
_t t
L5 +§—2—+3at 4 € : +263 2 ° (10)
3 t

e 27 "2 3
8&2 Jnt?
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e 2
+

3t
+ & _oge iy 2e” 1_12te—1—2t _ E—te—l—t +
Jir e t 4
i t 2 3 4 3
+tet"1+5t—e+—(t+e)e IO SIS S I S
€ 9 e 4 2e 13 18

In Figure 1 the expected income of syst&n for an initial condition of net-
work k = (LD).

vz(k,t)
140

>

105

70

35

2 4 6 8 10 t
Fig. 1. Income of system in state= (1,1)

Consider the case when the intensity of requesicgeapplications in the net-
work systems are step functions of time with sehietarvals of constancy that are
the same for all systems on the network:

p®, to[po,y],

()= @, t0[t,t,], i=In (11)

Ui(m)v tO[t, ., T]

Then the system of equations (2) may be represeattelifferent intervals in
a matrix form:
dVi(q) (t)

= — Q|(q) (t) + A(Q)Vi(Q) 0 (12)

where V,@ (t) = (v¥ (L t),...,v{?(1,1))" - the vector of income§ on theq time
interval. We define the vector of initial condit@nV, (0), V¥ (t,,) =V (t,),

q =1,m. We describe how to find the solution of (4) atieas time intervals. Mul-

—A(qt

tiplying both sides of (6) bg ) , We get
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&Mt (V) - A (1) :%(e“\“”‘vi 0)=e""Q (13)
which implies
eV, (1) =V, (0) + je"“‘”fq (r)dr, (14)
that is O
v, () = eV, (0) + je‘“‘“ “NQ (1)dr (15)

0

2 n
wheree®™t = | + A@¢ + A +o+ AL
2 n!
The number of statek = C'«_, is large enough even for a relatively small

and K, and therefore the number of equations in (11) aldb be large enough.
The direct method involves the problem of finditg texponent of a matrix with
constant elements. Implementing these algorithmsmithematical packages
requires huge expenditures of computer memory aRd @me. For more rapid
and efficient computation of matrix exponents, caa use a special algorithm for
“fast” computations [3], based on the formula:

+... - the matrix exponential.

N (@)ys s 2
eA@tz[Z (A;) (ZLMU (16)

whereN > 1, M >0 - are integers. The algorithm for finding matrixpenent

(a) . . .
e™ " with this accuracy is as follows.

1. FinoﬂA(‘*)Ht, whereHA(Q)H = Eg}%‘(a(q))u ‘ where (a?); - a component of

matrix A@
2. For a giveng, selected valudgl andN of the following relations:
[+1 [A>v (a0 .
1
= , Z=—— - N - = (N+1)
0 [a@f<v n2l N1 aap| TN VIR (N
oo
where N may be found from mequalltyms £

3. We assumé:=0 and organize a cycle.

N A@)s s

A t
4. We assume, th&® :=Z( ) (—MJ .
s=0 s 2
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5. Increment counteérper uniti ;=i +1.
6. In 4 instead of5 write G.
7.1f i <M, then go to step 4.

8.1f i =M, then assume™”' =G.
9. End of algorithm.

Example 2. In this example, we consider the solution of digus (2) by the direct
method. Consider a closed network with the follayvparameters1=4, K =4,

T=10, m=3,t =4,t, =6 and a matrix of transition probabilities betweée t
QS network applications

P :H Pi H4><4 -

P B P O
O owlr
O owlk

O O owlkr

00

The intensity of requests service is defined inftme:

20t 0[04], 12t 0[04], 12t0[04], 15t0[04],
M (t) =410t 0 (48], w,(t) =415t 0 (46], i) =117t 0 @46], Ha(t) =118t0(4,6],
11t 0 (610, 9,t0 (610, 14t0 (614, 13t0 (610].

In this case, the number of stateslis C;~_, =35, it is (0,0 ,0,4), (0,0,1,3),
(0,0,2,2) and etc. We rename them respectively fitbnbo 35. Let incomes
r(k), R(k) have the values:

r=r@23 =5 r@=r@7)=r9Y=r@4) =4 rG)=r@5=r26)=r@2 =6,
r@=8 r=r29=3 rQ=r@18=r@H=9,
r(=r@)=r@=r@Y=r@7N=7,rE)=10r@=re=r28=rE@3 =2
rad =r0=r22=r24=r29=r@B0)=r@9 =1 RU)=RE24 =1 RB3 =3
R@7) =R27) =2, RO =R(7) =RB) =R4 =R@8 =R(23 =5 R(28 = R(29 =8,
R(2) = R@0) = R =R(6) = R(25 =REB4) =10, RO =REBY =9,
R@B) =R(6) =R@1) =REB0)=REB2 =7, RB) =R{2 =R2] =4,
R(4) = R(19) = R(20) = R(22) = R(26) = R(35) = 6.

We define the vector of initial conditions:

V (0) =( 7,4910,7,8595 0 1 ,2,7,],],5,5,1,2,3,ZI.,2,4,6,7,8,2,3,4,L2,3,1,2,1,1)

Performing all the necessary calculations, we abthe following system of
differential equations for the incomes:
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% = =67V, (t) + 6,7v5(t) + 726; % ==6,7v,(t) + 6,7v,(t) + 163

% = 20V, (t) —16v,(t) + 6,7V, (t) —1833; MO —6,7v,(t) + 6,7V, (t) + 44
% = -6 7v (1) + 6v;,(t) + 608 261 = 20, (1) ~16v, (1) + 6.7v,,(1) - 513
L) = 67, )+ i) + 48 : V21 = 200, 1) - 1670, + 6, (0 1883
% = 207, (t) — 16V, (1) + 6,7vyq(t) +136; % ==6,7vy(t) + 6,7vyo(t) + 423,
% = —6,7v, (1) + BV, (1) + 423 dvszt(t) = 2005 (t) ~16v;,(t) +16v,,(t) + 286,
% = ~Buya(t) + 67V, (1) + 413 % = 2005 (1) ~ 167v34(1) + 67 (1) + 22
% = 20V, (1) + 6,7v,5(t) —1427; % ==6,7vy5(t) + 6,7V, (t) +47,
D20 — 20,0+ 67w, (): 221 = 200, = 167030) + 6050 +2007;
% = 20V, (t) —16v,4 () + 6,7V (t) —33 % ==6,7V,(t) +6vy,(t) — 767,
d"éi(t) =2 dvézt(t) =-10v,,(t) -116 dvéi(t) =5 dvé‘;(t) ==10v,,(t) -15%
% =—6,7v;;(t) + 6,7va5(t); dvf;(t) =7 dvgt(t) ==10v,(t) -19

d"zdi(t) =~100,,(t) -112

% = —6,7Vy(t) + 6,7V5,(t) + 487; % == 167v5(t) + 6,7v55(t) - 22
Dl — 670, + 670+ 227, 2 =100, -134

Vo) gy i) 10,9 -05 20 219

It is a system of linear nhon-homogeneous diffeetrgfjuations with constant
coefficients. Solving it with the Mathematica pag&awe can obtain expressions

for the incomes, for example, (k,t) = 56+18 + 42t + 21329+ g24t%'8,

We describe another way of finding the expectedrnmes. From the system of
linear inhomogeneous differential equations (2),caa move to a system of dif-
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ference equations. We divide time inter\,[é).T] by net{t;}\; with step h,

. T dvi(t;) _ Vit —Vi(t)
t =t,+jh t,=0, h=— e =—" !
i =T 0 N We assum at h . Then we
Vi(t) =Vilt)) +Q (t;))h+ Al )V, (¢ )h,
obtain the difference scheme; T . — . The

t=to+ jh, 1, =0, h=—r, i=1n

initial conditions are as follows, (0) =0, Q;(0)=0. Then for eacht; =t; + jh

we obtain a system of linear algebraic equatioolsjrey them with the help of the
Mathematica package, we obtain valved,),V, (t,).,....V; (ts) .

Example 3. We will consider a closed network with followingrpanetersn = 5,

K =10,h=0.01,T = 10,N = 1000. The number of its states equat1001. Let us
designate states from 1 to 1001. Let the intensitgervice of requests for every
QS look like:

() =1+2t, (1) =1+t, () =1+5t, p,(t) =1+3, () =1+8t

kit
v A
80

60
40

20

|

2 4 6 8 10
Fig. 2. Income of system in stake= (1,2,21)

For each node of the net we make a system of lialgabraic equations and by
solving we receive values of incomes at the indidgioints. On them it is possible
to construct a graph of functions(k,t) . In Figure 2 ¢éx@ected income of sys-
tem S, for an initial condition of a network= (1221).
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