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Abstract. This article describes the system of difference-differential equations for the ex-
pected income in HM-network systems with priority requests and the method of its solution 
by means of difference schemes. Examples of finding the expected income for  networks 
with different number of states are presented. 

Introduction 

Queueing networks with income or HM (Howard-Matalytski)-networks were 
introduced in [1, 2]. A survey of the results on Markov HM-networks are given in 
[3]. Such networks with different characteristics are currently under study. In this 
paper we study a Markov HM-network with priority requests in the case where the 
intensity of their service is time-dependent. 

Consider a closed network in which K1 requests of the first type and K2 requests 
of the second type circulate, and requests cannot change their type. The matrix of 
transition probabilities between the systems network requests, nnijp ×|| ||

 
is irreduc-

ible. System 
iS  contains 

im  parallel lines of service, the service time requests of 

each type in every line of the system has an exponential distribution, ni ,1= . The 

probability of service requests type c in the lines of iS  during time interval 
] ,[ ttt ∆+  is ),()( tottic ∆+∆µ  where )(ticµ  - the intensity of service requests such 

as с  in every line system Si at time t, ni ,1= , .2,1=с  Functions )(ticµ  will be 

considered restricted for each time interval, ni ,1= , .2,1=c   

The same type of request in the queue of a queuing system (QS) is selected for 
service in random order, for example, FIFO. Requests of the first type have abso-
lute priority over the requests of the second type. In this case it means the fufill-
ment of two conditions: a) if at the time of the release of a QS line after the service 
requests in its queue has priority requests, then any of them can occupies the vacant 
line, and b) if  in the service system, all lines which are busy, but not only the prior-
ity of applications received priority application, it replaces the low-priority request 
from one of the lines and starts to service this line, the request is extruded into the 
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consideration all the QS. When the request goes to the repressed service again, it is 
served over the remaining service time. Since the service time is exponentially 
distributed, we can assume that the displacement re-application will be maintained, 
i.e. we have so-called non-identical service. 

Network states in this case given by vector ( ) ( , )k t k t= =

11 12 21 22 1 2( , ; , ;...; , ; ),n nk k k k k k t= where 
ick - the number of requests of type c  in QS 
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Let 1iI  - the vector of dimension n2  with zero components, behind an excep-
tion component with number 12 −i , which is equal to 1, Ii2 - the vector of dime-
sion n2  with zero components, behind an exception component with number 2i, 
which is equal to 1, 0I  - the vector of dimension n2  with zero components 
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The system of equations for state probabilities ),(tkP  has the form: 
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where: 

 ijjiiiiij pkKukukttk )()()()(),( 111111 −= εµβ   

 ijjiiiiiij pkKukukkttk )()(),()(),( 2222122 −= εµγ    (3) 
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It is displayed in the same way as in the case when the intensity of service requests 
in the lines of systems does not depend on time [4]. 
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1. Case when incomes of transitions between states depends  
on states and time 

Let us designate through ),( tkvi  - the full expected income which is received 

by system iS  at time t ,  if during the initial moment of time the network is in state 

k; ),( tkri  - the income of system iS  in unit of time, when the network is in state 

),( tk ; ),( 11
)1( tIIkr ji −+  - the income of system iS  (the expense or loss of system 

jS ), when the network changes state from ),(tk  to ( )ttIIk ji ∆+−+ ,11  during 

time t∆ , ),( 22
)2( tIIkr ji −+  - the income of system iS  (the expense or loss of 

system jS ), when the network changes state from ),(tk  to ( )ttIIk ji ∆+−+ ,22  

during time t∆ , nj ,1= , .ij ≠  

During time interval t∆ , the network may either be in state ),( tk  or change  

its state to ),,( 11 ttIIk ji ∆+−+  ),,( 11 ttIIk ji ∆++−
 

),,( 22 ttIIk ji ∆+−+  or

).,( 22 ttIIk ji ∆++−  If during t∆  the network passes to state ),( 11 ttIIk ji ∆+−+  

with probability ),()()()()(),( 11111111 totpkKukukttIIk jiijjjjjiji ∆+∆−=−+ εµβ  

the income of system iS  is equal to ),( 11
)1( tIIkr ji −+  plus the expected income 

),( 11 tIIkv jii −+
 
of the network over the remaining time under the assumption that 

the initial the network state was ),( 11 ji IIk −+  nj ,1= . If during t∆  the network 

passes to state ),( 22 ttIIk ji ∆+−+  with probability =−+ ),( 22 tIIk jijiγ  

),()()(),()( 2222122 totpkKukukkt jiijjjjj ∆+∆−= εµ  the income it is equal to 

),( 22
)2( tIIkr ji −+  plus the expected income of the network over the remaining 

time under the assumption that the initial network state was ),( 22 ji IIk −+   

ij ≠ . If during t∆  the network passes to state ),( 11 ttIIk ji ∆++−  with probabil-

ity )()()()()(),( 11111111 totpkKukukttIIk ijjiiiijiij ∆+∆−=+− εµβ , the income  

of system iS  is equal to ),( 11
)1( tIIkr ji +−  plus the expected income 

),( 11 tIIkv jii +−  over the remaining time under the assumption that the  

initial network state was )( 11 ji IIk +− , nj ,1= . If during t∆  the network  

passes to state ),( 22 ttIIk ji ∆++−  with probability =+− ),( 22 tIIk jijiγ  

)()()(),()( 2222122 totpkKukukkt ijjiiiii ∆+∆−= εµ , the income equals 

),( 22
)2( tIIkr ji +−  plus the expected income over the remaining time under the 

assumption that the initial network state was )( 22 ji IIk +− , ij ≠ . Similarly, if the 
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network remains in state ),( ttk ∆+  with probability +−∑
=
≠

)()(([1 111
,1
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kt εµ  

)(])),()()()(()),()( 21221112122 totpkktktpkkt ijiiiiiiijijjjj ∆+∆+++ εµεµεµ , the 

income of system iS  is equal to ),(),( tkvttkr ii +∆ .  
Then, using the total probability formula for conditional expectation, we can ob-

tain a system of difference-differential equations (DDE): 
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System (1) in the matrix form can be rewritten as 

 )()()(
)(

tVtAtQ
dt

tdV
iii

i += , ni ,1=   (6) 

where ( )),(,),,1()( tLvtvtV ii
T

i …=  - the vector of incomes of system iS ,  L  -  the 
number of network states.  

The number of priority and non-priority requests do not depend on each other, 
so the number of states in the considered network equals the number of ways to 
place priority requests 1K  and non-priority requests 2K  in the service systems, that 

is 1
1

1
1 21

−
−+

−
−+= n

Kn
n

Kn CCL . 

Consider first the example of a network with a small number of states. 
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Example 1. Consider a closed network with the following parameters ,2=n  

31 =K , 22 =K , 121 == mm . System (5) in this case is: 
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The initial conditions are .2,1,0)0,( == ikvi  

The number of network states are
 

,121
1

1
1 21

== −
−+

−
−+

n
Kn

n
Kn CCL  they are (0,0;3,2), 

(0,1;3,1), (0,2;3,0), (1,0;2,2), (1,1;2,1), (1,2;2,0), (2,0;1,2), (2,1;1,1), (2,2;1,0), 
(3,0;0,2), (3,1;0,1), (3,2;0,0). We number them from 1 to 12. 

Assume that the incomes from the transitions between states are linearly 

dependent on time. We define them by the means of matrices: 
1212

)1()1( )()(
×

= trtR ij  

and 
1212

)2()2( )()(
×

= trtR ij . In matrix )()1( tR  at the intersection of line i and column  

j, ( ji ≠ ) is the income from the transition from state i  to state j for requests of 

the first type; if ji = , then on the main diagonal incomes ),(1 tkr . In matrix )()2( tR  
at the intersection of line i and column j, ( ji ≠ ) is the income from a transition 
from state i  to state j for requests for the second type; if ji =  then, on the main 

diagonal incomes ),(2 tkr . Let incomes ),(1 tkr  and ),(2 tkr  depend linearly on 

time as well: tkrtkr )(),( 11 =  and tkrtkr )(),( 22 = . We define matrices )()1( tR  and 

)()2( tR as: 

(7)
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The matrix of transition request probabilities between QS networks has the form 
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and let ,)(   ,)(  ,)(  ,)( 2222121221211111 tttttttt αµαµαµαµ ====  ,1111 =α  
.9   ,7  ,13 221221 === ααα  Substituting the expressions for the intensities and 

transition probabilities between the requests in QS system (3), we obtain 
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For various states of the network, this system can be rewritten in the form of 

two systems of differential equations: 
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We solve this system by means of difference schemes, for each node makes up 
a system of linear algebraic equations 
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where ( ),),12(,),,1()( tvtvtV ii
T

i …=
 2=n , ,01.0=h  ,30=T  ,3000=N  deciding 

to obtain the values of incomes at these points. Figure 1 shows a graph of the in-
come changing of system 1S  if the initial state of the network was ).2,0;0,3(=k  

 

 
Fig. 1. Income of system 

1S  for initial state of network )2,0;0,3(=k
 

 

Vectors )(1 tQ , )(2 tQ  and matrices )(1 tA  and )(2 tA  have a greater dimension 
equal to the number of states of a network. Their calculation takes a long time due 
to the fact that it is necessary to keep in memory a large number of elements (espe-
cially networks of a large dimension). Therefore, an algorithm for finding incomes 
significantly speeds up the process if one does not receive an explicit matrix in (2) 
and does not store any intermediate information, and immediately gets the final 
result for the expected incomes. 

Example 2. Consider a closed network with the following parameters ,20=n  

601 =K , ,402 =K  )2,4,3,1,2,3,1,2,3,4,2,3,5,1,4,1,3,1,1,2(=m , where component i of 

the vector is the number of service lines of QS number i , 20,1=i . Let the matrix 
of transitions probabilities of requests between QS networks: 

           2             4              6              8             10       t 

62 

 
45 
 
 
30 
 
 
15 
 

v1(k,t) 
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The intensity of service is set by such functions as tti 15)(1 =µ , ,10)(2 tti =µ  if 

modulo i  to 3 is 1; ,13)(1 tti =µ  tti 18)(2 =µ , if modulo i  to 3 is 2; ,17)(1 tti =µ  

tti 16)(2 =µ , if modulo i  to 3 is 0. 
Assume that the incomes from the transitions between the states of the network 

are linear functions of time. In this case we define the coefficients of random sof-
ware with built-in functions Delphi 7.0, which are based on a linear congruent 
random number generator. It is necessary to compute the members of a linear re-
curring sequence modulo with a positive integer m given by the following formula: 

mcaXX kk mod)(1 +=+  

where a  and c  - the integer coefficients. The resulting sequence depends on the 
choice of starting 0X  and its different values are obtained by different sequences 
of random numbers.  

We present the systems of differential equations for the expected income of 
some QS: 
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The initial conditions are given in the form ,0)0,( =kvi  .20,1=i   

 
Fig. 2. Income of system 1S  for initial state of network   

k = (3,2;3,2;3,2;3,2;3,2;3,2;3,2;3,2;3,2;3,2;3,2;3,2;3,2;3,2;3,2;3,2;3,2;3,2;3,2;3,2) 
 

         2              4              6              8              10       t 

5,00·108 

 

 
3,75·108 
 
 
2,50·108 
 
 
1,25·108 

 

v1(k,t) 



M. Matalytski, O. Kiturko, N. Czhornaja 190

The number of states of the network is equal to  

. 
These systems are solved by means of difference schemes. The schedule of in-

come in the first system for initial state (3,2;3,2;3,2;3,2;3,2;3,2; 
3,2;3,2;3,2;3,2;3,2;3,2;3,2;3,2;3,2;3,2;3,2;3,2;3,2;3,2) is shown in Figure 2. 
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