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Abstract. This paper consists of an analysis of existing methods and their limitations per-

taining to defining the dissipation rate as one of the components of the turbulent kinetic 

energy balance equation. Careful attention has been paid with reference to the method used 

during tests conducted in a burning round jet by means of laser Doppler anemometry. This 

paper covers the developed algorithms for digital signal processing of LDA, examples of 

output data sets for calculations and chosen profiles of energy balance components of dissi-

pation and production. 

Introduction 

Tests on structures of turbulent flow with combustion have been limited for 
many years to the analysis of average temperature fields and visual observations, 
which did not practically lead to a quantified description. The implementation of 
laser Doppler anemometry which undoubtedly is a noninvasive measurement 
method, caused a significant intensification of tests pertaining to phenomena oc-
curring in flames. The interest in the structure of burning jet turbulence was hither-
to more concentrated on thick-scale coherent vortices. Papers [1, 2], which pertain 
to the identification of generation mechanisms and the development of organized 
vortex structures in free diffusion flame, may be counted among the publications 
with respect to this group. Observations, made in a series of papers [3, 4], suggest 
that these structures have impact on the course of chemical reactions which ac-
company combustion, and that they are responsible for the processes regarding air 
extraction from the surroundings and its mix with fuel and hot products of combus-
tion. Organized movement in flows with combustion has been, therefore, deemed 
important with reference to the majority of processes occurring in the flame. 

Nevertheless, turbulent velocity field in the flame also contains a random com-
ponent. Hence, determination of the character of influences on the effectiveness of 
combustion processes by the random velocity fluctuations in the flame, occurring 
in the longitudinal and radial direction and their mutual correlation described by 
Reynolds turbulent stress tensor, is becoming significant. 
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Conducted literature studies make it possible to state that the existing tests usu-

ally pertain to diffusion flames [5, 6]. In a smaller, insufficient degree they focus 

upon the turbulence generated in strongly kinetic and kinetic-diffusion flames [7, 

8], and particularly in the high-temperature sphere in the area of combustion front. 

From the perspective regarding the effectiveness analysis of combustion process 

and its modeling, it is a particularly significant range, in which strong gradients of 

factor, specific volume and displacement effects lead to the intensification of sec-

ondary air extraction from the surroundings. 

In this paper, a problem concerning the influence of combustion on the flame 

turbulence structure, and particularly on the phenomena comprising the process of 

turbulence kinetic energy transportation, has been depicted. The principal aim was 

to conduct an analysis of turbulence kinetic energy balance in a burning jet on the 

basis of experimental values of elements representing all forms occurring in the 

energy transport flow. 

1. Turbulence kinetic energy transportation equation in free round jet 

The energy equation for axisymmetric jet in a non-dimensional form is present-

ed by the relation 
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in which particular elements mean: (1) pressure diffusion, (2) turbulence kinetic 

energy diffusion, (3) energy convection, (4) production of turbulence kinetic ener-

gy, (5) viscous stress work and (6) dissipation of energy into heat. 

The first element of the equation (1) depicts a kinetic energy stream generated 

by work of pressure forces, whereas the second element is responsible for kinetic 

energy distribution by means of diffusion. Convection term (3) represents the tur-

bulence energy stream transmitted by average movement. Production of turbulence 

energy (4) consists of energy transportation from average movement (thick-scale) 

to fluctuating movement (fine-scale). Viscous stress work included in the term (5) 
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of the equation describes an energy stream generated by this work and transmitted 

within the scope of turbulent movement. Dissipation is the final phase of the inner 

turbulence kinetic energy transport, occurs in the scope of the smallest vortex 

structures characterizing a given flow as a result of liquid viscosity and consists of 

energy conversion into heat. The dissipation value presents an energy stream dis-

persed into heat. 

All components of the given equation may be experimentally obtained except 

for the term (1) defining the pressure diffusion. It results from the fact that the 

measurement of velocity-pressure correlation is still insufficiently mastered with 

respect to metrology. In the dimensional analysis, concerning the evolution of par-

ticular terms of the equation of turbulence kinetic energy balance, this element 

is obtained as the closing value of the energy balance. 

2. Review of methods pertaining to obtaining turbulence 

kinetic energy dissipation 

2.1. Establishment of energy dissipation based on the measurement of 

variances pertaining to dimensional derivatives of fluctuating velocity 

Kinetic energy resulting from liquid movement is subjected to conversion into 

heat as a result of viscosity force influence. In the case of incompressible fluid 

flow (ρ = const.) dissipation rate of turbulence kinetic energy related to liquid 

mass unit may be formulated through the relations: 
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If the turbulence structure is homogeneous in the dimension, then formula (2) 

may be presented as follows: 
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During the analysis of the above-mentioned relations, the Kolmogorov hypoth-

esis of local isotropy is of the utmost importance, according to which in turbulent 

flows with sufficiently high Reynolds numbers there is a range of wave numbers, 

where vortex structures have an isotropic character. Due to the fact that dissipation 

occurs mainly in the area of the smallest vortices, common isotropic relations are 

used during its establishment: 
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which after the inclusion in the relation (3), give: 
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In general, dissipation Є may be formulated as follows: 
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where: 
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The usage of the relations (5) requires the measurement of variances pertaining 

to dimensional derivatives ∂ui/∂xj, which in practice is limited to the determination 

of derivatives ∂ui/∂t. Nevertheless, it is necessary to use the Taylor hypothesis on 

the “frozen” character of vortex structures, which creates the possibility to write it 

as: 
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where: 1U - average velocity directed along the axis xi of local Cartesian coordi-

nate system 
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The usage of the Taylor hypothesis allows one to obtain 3 values of derivative 

variances measured in regard to the coordinate x1 that is why the dissipation value 

may be determined by means of the relation: 
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for which G11 = 1 
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2.2. Determination of energy dissipation on the basis of measuring 

one-dimensional spectral functions 

In the flow with isotropic and homogeneous turbulence structure, dissipation 

may be obtained by means of one-dimensional spectra functions Fii(k1) satisfying 

the conditions: 
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then in compliance with (3.1.3) one may write: 
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Relations (11) and (12) are mutually equivalent in the case when isotropic 

character of turbulence in dissipated range of energy spectrum may be observed. 

When Reynolds numbers are lower, for which the Kolmogorov condition of local 

isotropy does not have to be satisfied, it is advised to use the dependences (13), 

which give an averaged, hence more probable, dissipation value. 

2.3. Defining energy dissipation on the basis of turbulence energy spectrum  

in the inertial subrange of wavenumbers  

This method is based on the second Kolmogorov hypothesis, according to which 

sufficiently high Re numbers in the universal balance of energy spectrum range are 

accompanied by inertial subrange, in which the following conditions are satisfied: 
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where: 

α - Kolmogorov universal constant (1.4÷1.7), 

α1 - 18/55α, 

α2 - 24/55α. 

If we assume that k
*

1 defines the position of the arbitrary point on the curve 

F11(k1) in the inertial range, then the dissipation may be determined by means of 

relations: 
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The final dependence allows one to correct potential deviations from isotropy 

conditions and it is advised in the case when a simultaneous measurement of all 

three functions Fii(k1) is possible. 

The usage of the given method is possible when an average flow is character-

ized by a sufficiently high Reynolds number, which forms an inertial subrange in 

the universal range of energy spectrum. When the value of the Reynolds number is 

too low to form a sphere satisfying the law (−5/3) in the energy spectrum, then the 

results obtained by means of this method are characterized by great measurement 

uncertainty, thus it cannot be recommended. 

2.4. Defining energy dissipation on the basis of the velocity correlation 

function shape (indirect method) 

The acknowledgement of the standard autocorrelation time function R11(τ), 

which according to the Taylor hypothesis is identified as a function of dimensional 

and longitudinal correlation R11(r1), allows one to determine the rate of energy 

dissipation. This dependence may be depicted in the following form: 
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By developing the final dependence into a Taylor series in the zero point range 

and by transforming it accordingly we receive: 
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where: f(r1) = R11(r1) is the coordinate of longitudinal correlation with the isotropic 

turbulence structure. 

Dependence (21) is equivalent to the relation: 
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where: 

λf - longitudinal Taylor’s microscale of the turbulence, 

λg - transverse Taylor’s microscale of the turbulence. 

Nevertheless, the described method of determining dissipation is not recom-

mended in practice, because the implementation of the formulas (21) and (22) re-

quires high precision while defining the function shape f(r1) in the range of low 

values of distance correlation r1, what is an extremely complex task with respect to 

measurement. 

2.5. The evaluation of energy dissipation as an element closing 

the turbulence energy balance 

This method, although described by some authors [9], apart from being signifi-

cantly demanding, raises certain doubts of a methodological nature. In the turbu-

lence energy balance velocity-pressure correlation is impossible to be experimen-

tally determined, which leads to the conclusion that the closing rate of the balance 

equation is not only limited to dissipation, but its value is increased by this 

correlation. 

The credibility of the described method regarding free axisymmetric jet is 

examined in the paper [10], and its results are presented in [11].  

3. Implementation examples of the adopted method of obtaining 

dissipation with regard to burning kinetic-diffusion jet 

The method adopted in this paper, pertaining to defining the energy dissipation, 

is described in a broader scope in the point 2.3. This method has certain limitations 
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resulting from the value of Reynolds number which characterizes a given flow. 

When Re values are sufficiently high, then fine vortex structures become com-

pletely independent of external conditions, defined by the shape of average veloci-

ty; however, viscosity influence is increasing, which causes energy dissipation of 

fine-scale vortices. Within a limited scope of wavenumbers, the structure of the 

smallest vortices may adopt local isotropic character. The above-mentioned state is 

revealed in the examined flow when an inertial subrange is extracted from the 

turbulence energy spectrum. 

The necessary condition pertaining to the existence of local isotropy is the im-

plementation of high turbulent Reynolds number 
1

Re ,
λ

u λ ν=  which according to 

[12] should satisfy the ensuring condition that the energy and dissipation vortex 

ranges are not overlapping. 

The extraction of a spectral range, in which the dependence (15) is in effect, 

constitutes the foundation for the adopted method defining the dissipation of 

turbulence kinetic energy, based on the dependence (17), where rates k
*

1 and F
*

11 

are the coordinates of the center point in the inertial subrange. It is also necessary 

to adopt a constant α1, which was set in this paper at 0.51 adopted for Reλ ≥ 100. 
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Fig. 1. Spectral function in wavenumber dimension obtained for the kinetic diffusion 

flame r
m = 18% at a distance from the nozzle exit of x/d = 38 

Figure 1 presents an exemplary spectrum of a spectral function obtained for the 

flame rm = 18%, for coordinate measurements x/d = 38 and r/d = 0.625. The course 

of the presented spectral function is accompanied by a significant noise level, 

which results from the characteristics of LDA system work, which recorded 

a signal at random intervals. Limitation pertaining to the recording length of 

datasets was an additional flaw (limitation of software controlling the 

anemometer). The quantity of measurement sets, from which energy spectra have 

been extracted, was equal to 30000 samples; however, the fact that they are 
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a randomly sampled time series imposed the necessity of additional averaging 

thereof. Figure 2 presents a result of the already averaged spectrum and the drawn 

law (-5/3). 
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Fig. 2. Averaged spectral function with highlighted curve depicting the law (-5/3) 

Figures 3 and 4 depict exemplary radial distribution of determined dissipation 

in flames with decreasing stoichiometric composition of a combustible mixture. 

The presented results have been additionally differentiated by the distance from 

the nozzle exit x/d. 
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Fig. 3. Radial distributions of dissipation values obtained at the distance x/d = 38 

for various compositions of a combustible mixture 
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Fig. 4. Radial distributions of dissipation values obtained for the flame r

m = 30% 

at various distances from the nozzle exit 

The analysis of Figures 3 and 4 indicates that the range of maximal dissipation 

values for all gatherd flames is located in the region of the coordinate r/d = 1. 

Moreover, maximal values are noted for flames with a moderate methane content 

in a combustible mixture i.e. rm = 18 and 30%. It is also noteworthy that the dissi-

pation value increases as the distance from the nozzle exit grows. 

4. Methodology pertaining to production elements 

of turbulence kinetic energy 

In the second point energy equation (1) for axisymmetric jet in a non-

dimensional form has been depicted, in which element (4) presents the production 

of turbulence kinetic energy. During the analysis of particular components thereof 

and experimental data certain observations have been made, which create a possi-

bility to avoid some of them as insignificant in a general production balance of 

turbulence kinetic energy. The following element has been chosen for further anal-

ysis:  
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Radial distributions of normal stresses in axial and radial direction, shear 

stresses and average velocity in a longitudinal and transverse direction with respect 

to the flow direction were the basis of the analysis. These data have been acquired 

due to the numerical measuring signal-processing recorded by means of the LDA 

system and they were the foundation for determination of production values of 
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turbulence kinetic energy. An output database, recorded as datasets in the function 

of the distance from the nozzle exit, has been created for all examined flames. 

A standard production value has been determined by means of developed 

numerical software, in which, inter alia, the following relation has been used: 
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where: 

d - nozzle exit diameter d = 0.008 m, 

oxU  - average velocity value at the nozzle exit characteristic for the composition of 

a combustible mixture, 

∆r - radial distance between the measurement points (this rate was fluctuant and 

depending on the distance r/d it had the following values: 0.001, 0.002, 

0.004, 0.008). 

( ) ( )[ ] 2
1

/uuuu
irxirx
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- arithmetic mean value of shear stresses, 

( ) rUU
ii
xx ∆−

−

/
1

- value increase of longitudinal velocity. 

Figure 5 depicts radial distributions of energy production and dissipation for 

exemplary flame and distance from the nozzle exit. The analysis thereof testifies to 

the fact that radial distributions of this rate indicate to the existence of ranges, 

in which random fluctuation energy is especially intensively generated. 

 

 

Fig. 5.  Radial distributions of production and dissipation associated with the tempera-

ture profile of a flame r
m = 50% obtained at the distance of x/d28 

Figure 5. depicts the arrangement of production and dissipation elements against 

the distribution of temperatures, whereby results pertaining to the flame rm = 50% 

have been obtained at the distance of x/d = 28. 
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Conclusions 

This paper presents a method to determine turbulent kinetic energy dissipation. 

Particular attention was paid to the second method, based on the Kolmogorov 

hypothesis, according to which, in sufficiently large numbers Re in the energy 

spectrum of the universal balance is sub inertia. The examples of  application of 

this method in the case of premixed jet flames were seven. The evaluated value of 

dissipation was compared with the member production of turbulent kinetic energy 

balance. 

The analysis of the presented progresses resulted (Fig. 5) in the establishment of 

position correctness of spheres regarding maximal turbulence kinetic energy 

production and maximal dissipation. The fact that this sphere is located in the 

inner range of the flame is also noteworthy. 
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