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Abstract. This paper consists of an analysis pertaining to the turbulence kinetic energy 

balance equation with the acknowledgement of burning medium density change influence.  

The evaluation of the convection element value and of the density change influence on the 

turbulence kinetic energy balance has been attempted. Experimental data obtained by means 

of laser Doppler anemometry and the radial distributions of average temperatures of a burn-

ing jet have been exploited in the present paper.  

Introduction 

The aerodynamic characteristics of flows with combustion, which covered av-

erage and fluctuating velocity components associated with a thermal field, have 

been presented in conducted tests [1]. Presented data allows one to assess the rela-

tionship between the flame type, the location of the combustion front and the par-

ticular components of the turbulence kinetic energy balance by revealing flow 

turbulence characteristics with combustion.  

It has been stated that, in particular, both generation and dissipation of the tur-

bulence kinetic energy is concentrated in the inner range of the burning jet limited 

by the combustion front surface. These processes do not equilibrate each other in 

any considered cross-section, which proves that remaining components thereof 

(convection and diffusion) have an essential role in closing the energy balance.  

The results presented in the work [1] pertain to a free axisymmetric burning jet 

produced as a result of combustion of a mixture of methane with air and a compar-

ative cold jet. Kinetic and kinetic-diffusion flame group has been covered by the 

primary studies. In order to differentiate their structures various mixture ratios of 

methane with air have been used, where the volume concentration has been chang-

ing within 11÷50%. This composition of the combustible mixture corresponded to 

the air excess factor values within the scope from λ = 0.85 (close to kinetic flame) 

to λ = 0.11. Jet velocity at the nozzle exit 
o
U  has been changed in the range 

Please cite this article as:
Grzegorz Grodzki, The convection term evaluation of the turbulence kinetic energy balance in a flame with medium
density changes, Scientific Research of the Institute of Mathematics and Computer Science, 2012, Volume 11, Issue 4,
pages 43-52.
The website: http://www.amcm.pcz.pl/



G. Grodzki 44

(6.67÷7.17 m/s) in order to maintain a constant Reynolds number in the presence 

of a various combustible mixture composition. 

Reynolds number defined by rates characterizing the conditions at the nozzle 

exit d = 8 mm in diameter has been maintained at Red = 3650, that guaranteed the 

turbulent character of the flow.  

The velocity field measurements of the analysed flow was conducted in the 

range of x/d = 4÷38, where particular measurement cross-sections were spaced 

with the value of ∆x = 2d. The radial range of the measurement zone was  

r/d = 0÷4. 

On the basis of the conducted tests an attempt to define the components of the 

turbulence kinetic energy balance has been made, where the medium density 

changes in the burning jet range were omitted in order to facilitate the process. In 

reality, however, strong temperature gradients occur in the range of the flame, thus 

strong medium density changes are also present. The turbulent character of the 

flow also leads to the occurrence of temperature fluctuation, which causes density 

fluctuation. The composition of the combustible mixture also changes, thus the 

change of the flowing mixture density is also dependent on the composition of 

combustion products which change in the jet range. The described mechanisms 

imply that the previous method defining the turbulence kinetic energy balance 

must be verified, and they particularly impose the necessity to consider medium 

average density changes.  

1.  The turbulence kinetic energy transport equation in a free round jet 

The energy equation [2] for the axisymmetric jet in a non-dimensional form is 

presented by the relation 
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in which kinetic energy has been formulated in the form:  

 ( )2 2 21

2
x r

q u u= +  (2) 
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The particular terms mean: (1) pressure diffusion, (2) turbulence kinetic energy 
diffusion, (3) energy convection, (4) the production of turbulence kinetic energy, 
(5) viscous stress work, and (6) the dissipation of energy into heat.  

The turbulence kinetic energy transport is carried out by the following process-
es:  
− convection (term l) captivating its stream which is lifted by the average move-

ment,  
− work executed by the turbulent pressure component (term 2) and stresses in the 

random movement caused by liquid viscosity (term 5), 
− diffusion carried out by random movement (term 3), production referring to the 

energy stream deriving from the average movement (term 4), 
− dissipation (term 6) presenting the turbulence energy convection into the inner 

medium energy.  
The equation analysis (1) indicates that the assigned form pertains to the in-

compressible flow, because it does not include the medium density change. The 
above-mentioned burning jet subjected to the analysis, which was formed as 
a result of methane with air mixture combustion, is characterized by a strong den-
sity change.  

An attempt to verify the established turbulence kinetic energy balance equation 
has been made in the present work because the acknowledgement of information 
on the conversion dynamics of the turbulence kinetic energy may provide very 
valuable experimental data, which may constitute the basis for the verification 
concerning the aerodynamic model of combustion.  

2. The rules of averaging with the observance of density changes  

In accordance with the Reynolds hypothesis, the instantaneous value of the 
physical quantity characterizing the turbulent flow may be regarded as an aggre-
gate (averaged in time) of average and fluctuant values.  

 i i i
uU U= +  

 ρρρ
~

+=  

 pPP +=  (3) 

 υΘ = Θ +  

After the implementation of the above relations into the continuity and momen-
tum equations with the observance of the averaging in time procedure it converts 
them in the following form: 

 ( ) 0i i

i

ρ
ρU ρu

t x

∂ ∂
+ + =

∂ ∂
ɶ  (4) 
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 (5) 

After the observance of the Reynolds hypothesis, additional components: 

( );
i i j

ρu u uɶ  and ( )i j
ρu uɶ  have occurred in the above equations, which present cor-

relations between velocity and density fluctuating components. These correlations 

are the minor functions of dimension and time coordinates.  

Should the conventional averaging time procedure be substituted by the density 

weighted mean, used in the work [3] and developed in [4] and [5], the density av-

erage velocity rate 
o

iU  results from the defining relation: 

 
o

i i
U Uρ ρ=  (6) 

where 
o

i
i

U
U =

ρ

ρ
 

instantaneous velocity may be presented as follows: 

 
o

o

i ii i i
U U u U u= + = +  (7) 

The instantaneous velocity of the intersection 
i
Uρ : 

 ( )( )o o o
o o

i i ii i i
U U u U U uρ ρ ρ ρ ρ ρ= + + = + +ɶ ɶ   

after the averaging in time the expression is equal to zero 

 0
o o

i iU Uρ ρ= =ɶ ɶ   

may be formulated in the following form: 

 
o

o

i ii
U U uρ ρ ρ= +   

The comparison to the relations (6) creates the possibility to formulate a notation: 

 ( ) 0
o o

i i
u uρ ρ ρ= + =ɶ  (8) 
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where the dependence is: 

 o o

i i
u pu= −ɶρ   

and 
o

o i

i

ρu
u

ρ

−

=

ɶ
 (9) 

It indicates the basic difference between both averaging methods considered in 
this paper, which may be summarized by the following arrangement: 

conventional averaging:  0;
i
u =   0;

i i
ρu ρu= ≠ɶ  

density-weighted averaging:  0;
i
u =   0;

i i
u u= ≠ɶρ ρ  

The relations between average velocities result from the equation (7), which af-

ter averaging may be formulated as follows: 

 
o

o

i ii
u U U= −  (10) 

Because conventional average 

 
o

i iii
U U u Uρ ρ ρ ρ= + =ɶ  

thus 

 
o

o i
i ii

u
u U U

ρ

ρ
= − = −

ɶ
 (11) 

that, after the comparison to (9), entitles to formulate a notation: 

 o

i i
u uρ ρ=ɶ ɶ  (12) 

The dependency (7) combines the density and velocity covariance, determined 
with respect to both considered averaging procedures. 

The described density averaging procedure reduces the continuity equation and 

momentum conservation in a significant manner, eliminating the covariance 
i
uρ
~  

of the first equation, whereas 
i
uρ
~  and 

j
uρ
~  from the second equation. Covari-

ances eliminated in this manner have significant values in the case of compressible 

flows, thus they cannot be omitted.  

3. The temperature field analysis of the burning kinetic-diffusion jet 

The velocity field structure in the flow with combustion remains in a tight rela-
tion with temperature variability, which leads to the diversification of medium 
density in the flame. The presented results reveal that the development of radial 
temperature distributions is affected by the fuel-air mixture composition which 
characterizes the group of kinetic-diffusion flames subjected to testing.  
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Fig. 1. The average temperature  

radial profiles of the flame group 

subjected to testing at a distance  

of x/d = 4 

Fig. 2. The average temperature  

radial profiles of the flame group 

subjected to testing at a distance  

of x/d = 30 

Data depicted in Figures 1 and 2 indicate that as the distance from the nozzle 

exit becomes grater then the average temperature radial profiles are subjected to 

evolution, which is characterized by, inter alia, the higher temperature zone exten-

sion with simultaneous distance growth from the flame axis. It should be empha-

sized that the temperature in the middle section of the flame maintains a relatively 

low level at a great distance from the nozzle exit. It pertains to the whole flame 

group subjected to the analysis. Differences resulting from the volume changes of 

the mixture composition are difficult to apprehend while the methods of data 

presentation in Figures 1 and 2 are observed. They are, however, more visible in 

the following graph, in which the temperature field heterogeneity measure in 

a flame has been defined by its maximal difference in the flame cross-section 

∆Tmax = Tmax − Tc. 
 

  

Fig. 3. Maximal temperature differ-

ences in the flame cross-section with 

a variant mixture composition 

Fig. 4. Temperature evolution in the 

burning jet axis for the kinetic-diffusion 

flame group subjected to testing  
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The change pattern of this rate in the direction of the flow is depicted in Figure 

3, whose supplementation is Figure 4 that presents the temperature evolution in the 

burning jet axis. Applied patterns in Figures 3 and 4 pertain to the various volume 

values of the fuel portion in the combustible mixture. Differences between the 

maximal temperature in a given cross-section of the burning jet and its axis tem-

perature ∆Tmax = Tmax − Tc start to decline not until the distance is greater x/d ≥ 22 

(Fig. 3). Temperature field equalization in the inner range of the flame occurs 

mainly by its growth in the flame axis, and the observed changes begin  

to be more visible in flames with a lower fuel portion in the combustible mixture 

(Fig. 4).  

 

 

Fig. 5. The influence of the combustible mixture composition on the maximal  

temperature lines in burning jets  

Average flame front position, described by the radial coordinate value 

(r/d)T=Tmax, where the temperature reaches its maximal level, is important infor-

mation that results from the profile shape analysed herein. Maximal temperature 

lines, indicating the average position of the reaction zone within the flames sub-

jected to testing are presented in Figure 5. Applied results indicate the increase of 

the values (r/d)T=Tmax in the initial range of the flame, and then they stabilize on the 

levels dependent upon the fuel-air mixture composition. The line corresponding to 

the kinetic flame type (rm = 11%) is closest to the flame axis.  

The inner range of the burning jet contained within the limits set by the com-

bustion front line is characterized by strong radial temperature gradients. There-

fore, the increased stream of the volume factor is concentrated in this region.  

A zone, in which a low temperature level is maintained, is positioned along the 

flame axis.  
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4. The influence of temperature on the turbulence kinetic energy 

balance structure on the example of the convection term   

The cited description of the turbulence kinetic energy transport processes in 

free burning round jets was based on the analysis of the energy stream distribution 

variation on the example of the convection element in the flow range subjected to 

testing. The radial distribution of the analysed values was determined by the exper-

imental data collected in the following control cross-sections of the jet. 

 

 

Fig. 6. The evolution of the convection term in the flame with large fuel portion r
m 
= 50% 

in the combustible mixture without the observance of density changes 

 

Fig. 7. The evolution of the convection term in the flame with large fuel portion r
m 
= 50% 

in the combustible mixture with the observance of density changes 

In order to define the stream values of the turbulence kinetic energy transferred 

by means of convection it was necessary to determine the dimensional derivatives 

of the chosen flow parameters in the longitudinal and radial direction. These deriv-

atives were determined by the numerical analysis by means of the experimental 

values from adjacent test points.  



The convection term evaluation of the turbulence kinetic energy balance … 51

The term (l) of the energy balance equation (1) presents the element responsible 

for the convection of the turbulence kinetic energy. The analysis of the term com-

ponent (l) results from the necessity to simultaneously use the dimensional differ-

entiation in the longitudinal and radial direction.  

During the determination of its values object files, which were made from the 

digital measurement signal processing recorded by the laser Doppler anemometry, 

have been the basis for calculations. Data recorded in each set in the form of rec-

ords include the values: ,,,,,

22

rxrxrx uuuuUU  respectively, in individual test points. 

Sets prepared in this manner constituted the basis for the calculations of the devel-

oped numerical computational algorithm of the convection element.   

 

 

Fig. 8. The convection term change course for the analysed flame group without the ob-

servance of density changes  

 

Fig. 9. The convection term change course for the analysed flame group with the ob-

servance of density changes   

The comparative analysis (Figs 6 and 7), depicting the evolution of the convec-

tion element in the flame rm = 50% for the case pertaining to the constant density 

(Fig. 6) and with the observance of the medium density change (Fig. 7), indicates 
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that in all control cross-sections the qualitative changes of the energy distributions 

transferred by means of convection are not visible. A similar conclusion may be 

made on the basis of Figure 8, in which analogical distributions set at a distance of 

x/d = 38 for chosen kinetic-diffusion flames have been presented.  

The analysis of the consecutive Figure 9 indicates that in the case of the con-

vection element with a constant density the energy values determined in the high-

temperature zone in the combustion front region are approximately five times 

higher than in the case when the changes ρ are observed.  

Conclusions 

Due to the fact that the acknowledgement of information pertaining to the 

change dynamics of turbulence kinetic energy may provide very valuable experi-

mental data, which may constitute the basis for the verification of the aerodynamic 

model of combustion, an attempt was made in this work to verify the turbulence 

kinetic energy balance equation.  

In order to define the values of the turbulence kinetic energy streams by means 

of convection it was necessary to determine the dimensional derivatives of chosen 

flow parameters in the longitudinal and radial direction. These derivatives were 

determined by the numerical method by using the experimental values obtained 

from the adjacent test points.  

The analysis of the energy balance equation, especially of the element compo-

nents responsible for the turbulence kinetic energy convection, indicates that the 

simultaneous implementation of dimensional differentiation in the longitudinal and 

radial direction is necessary.  

In summary, it may be stated that the observance of temperature changes does 

not change the qualitative character of the equation elements of the flow kinetic 

energy balance, it may, however, change the relations between individual equation 

elements.  
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